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Preface 


This book is designed primarily to supplement standard texts in elementary 
differential equations. All types of ordinary and partial differential equations 
found in current texts, together with the various procedures for solving 
them, are included. Since the beginning student must be concerned largely 
with mastering the methods of solving a variety of different type equations, 
it is felt that there is need for a comprehensive problem book such as this. 
It should prove also of equal service to practicing engineers and scientists who 
feel the need for a review of the theory and problem work in this increasingly 
important field. 

Each chapter, except for the third which is entirely expository, begins with 
a brief statement of definitions, principles, and theorems, followed by a set of 
solved ahd supplementary problems. These solved problems have been selected 
to make a careful study of each as rewarding as possible. Equal attention has 
been given to the chapters on applications, which include a wide variety of 
problems from geometry and the physical sciences. 

Much more material is presented here than can be taken up in most first 
courses. This is done not only to meet any choice of topics which the instructor 
may make, but also to stimulate further interest in the subject and to provide 
a handy book of reference. However, this book is definitely not a formal text* 
book and, since there is always a tendency to “get on” with the problems, those 
being introduced to the subject for the first time are warned against using it as 
a means of avoiding a thorough study of the regular text. 

The author is pleased to acknowledge his indebtedness to Mr. Louis Sand¬ 
ler, associate editor of the publishers, for invaluable suggestions and critical 
review of the entire manuscript. 

Frank Ayres, Jr. 

Carlisle, Pa. 

September, 1952 
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CHAPTER 1 


Origin of Differential Equations 


A DIFFERENTIAL EQUATION is an equation which involves derivatives. For example. 


1) 

II 

■&I-S 

x + 5 

5) 

(y") 2 + (y') 5 + 3y = 

2) 

d -L * 

3 — + 2y =0 

6) 

dz , dz 

— - z + X — 

dx 2 

dx 

Bx By 

3) 

xy' + 

y = 3 

7) 

Li + 1_£ = X 2 + y. 

4) 

y"' + 

2(y") 2 + y' = cos x 

Bx 2 By 2 


If there is a single independent variable, as in l)-5), the derivatives are 
ordinary derivatives and the equation is called an ordinary differential equa ¬ 
tion . 

If there are two or more independent variables, as in 6)-7), the deriva¬ 
tives are partial derivatives and the equation is called a partial differen ¬ 
tial equation . 

The order of a differential equation is the order of the highest derivative 
which occurs. Equations 1), 3), and 6) are of the first order; 2), 5), and 7) 
are of the second order; and 4) is of the third order. 

The degree of a differential equation which can be written as a polynomial 
in the derivatives is the degree of the highest ordered derivative which then 
occurs. All of the above examples are of the first degree except 5) which is 
of the second degree. 

A discussion of partial differential equations will be given in Chapter 28. 
For the present, only ordinary differential equations with a single dependent 
variable will be considered. 

ORIGIN OF DIFFERENTIAL EQUATIONS. 

a) Geometric Problems. See Problems 1 and 2 below. 

b ) Physical Problems. See Problems 3 and 4 below. 

c) Primitives. A relation between the variables which involves n essential 
arbitrary constants, as y = x 1 * + Cx or y = Ax 2 + Bx, is called a primitive . 
The n constants, always indicated by capital letters here, are called essen¬ 
tial if they cannot be replaced by a smaller number of constants. See Prob¬ 
lem 5. 

In general, a primitive involving n essential arbitrary constants will give 
rise to a differential equation, of order n, free of arbitrary constants. This 
equation is obtained by eliminating the n constants between the (n +1) equa¬ 
tions consisting of the primitive and the n equations obtained by differen¬ 
tiating the primitive n times with respect to the independent variable. See 
Problems 6-14 below. 
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ORIGIN OF DIFFERENTIAL EQUATIONS 


SOLVED PROBLEMS 


1. A curve is defined by the condition that at each of its points (x,y), 
its slope dy/dx is equal to twice the sum of the coordinates of the 
point. Express the condition by means of a differential equation. 


The differential equation representing the condition is 


dy 

dx 


2 (x + y). 



2« A curve is defined by the condition that the sum of the x- and y-intercepts of its tangents is 
always equal to 2. Express the condition by means of a differential equation. 

The equation of the tangent at ( x,y ) on the curve is Y-y - ^L(X-x) and the x- and y- 

dx 

intercepts are respectively X = *-y-r- and Y = y-x^. The differential equation represent- 

ay dx 

ing the condition is X + Y = *-y^ + y- * ^ = 2 or x$) 2 - (x + y - 2)^ + y = 0. 

* ay dx dx dx 


One hundred grams of cane sugar in water are being converted into dextrose at a rate which is 
proportional to the amount unconverted. Find the differential equation expressing the rate of 
conversion after t minutes. 

Let q denote the number of grams converted in t minutes. Then (100- q) is the number of grams 

unconverted and the rate of conversion is given by — = fe(lOO-q), k being the constant of 

dt 

proportionality. 


4. A particle of mass m moves along a straight line (the x-axis) while subject to 1) a force pro¬ 
portional to its displacement x from a fixed point 0 in its path and directed toward 0 and 2) 
a resisting force proportional to its velocity. Express the total force as a differential equa¬ 
tion. 

jj. 

The first force may be represented by -k ± x and the second by -k 2 — » where k x and k 2 are 

dt 

factors of proportionality. 

d 2 x A 

The total force (mass x acceleration) is given by m -— = - k±x - k 0 — • 

dt 2 dt 


5* In each of the equations a) y = x 2 + A + B, b) y = Ae X+B 9 c) y * A + InBx show that only one 
of the two arbitrary constants is essential. 

a) Since A +B is no more than a single arbitrary constant, only one essential arbitrary con¬ 
stant is involved. 

, A x+B , x B q 

0) y = Ac = Ac e , and Ac is no more than a single arbitrary constant. 

c) y = A + In Bx = A + In B + In x, and (A + In B) is no more than a single constant. 


6# Obtain the differential equation associated with the primitive y = Ax 2 + Bx+C. 


Since there are three arbitrary constants, we consider the four equations 
y = Ax 2 + Bx + C, 


^ = 2 Ax+B, 
dx 


dx 2 


dry n 
<h r 5 


d\ 

The last of these —— • being free of arbitrary constants and of the proper order, is the 
dx* 
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required equation. 

Note that the constants could not have been eliminated between the first three of the above 
equations. Note also that the primitive can be obtained readily from the differential equa¬ 
tion by integration. 


2 3 3 5 n 

7. Obtain the differential equation associated with the primitive x y + x y = C. 

Differentiating once with respect to x, we obtain (2xy 5 + 3x 2 y 2 ~) + (3* 2 y 5 + 5x 5 y ~) = 0 

or, when *y ? 0, (2y + 3x ^) + xy 2 (3y + 5* £) = 0 as the required equation. 

dx dx 

When written in differential notation, these equations are 

1) (2 xy>dx + 3 x 2 y 2 dy) + (3 x 2 y > dx + 5 x 5 / dy) = 0 
and 2) (2y dx + 3 xdy) + xf(3ydx + 5 xdy) = 0. 

Note that the primitive can be obtained readily from 1) by integration but not so readily 
from 2). Thus, to obtain the primitive when 2) is given, it is necessary to determine the fac¬ 
tor xy 2 which was removed from 1). 


8. Obtain the differential equation associated with the primitive y - A 
and B being arbitrary constants, and a being a fixed constant. 


cos ax + d sm ax, 


Here 


and 


= -Aa sin ax + Ba cos ax 
dx 
,2 

d y . 2 

—- = -Aa cos ax’ 

dx 2 


- Ba 2 sin ax = -a 2 (A cos ax + B sin ax) = -a 2 y. 


The required differential equation is —^ + a 2 y = 0. 

dx 2 


9. Obtain the differential equation associated with the primitive y = Ae 2x + Be X + C. 


Here 


Then 


£ = 2Ae 2 * + Be*. ^ = 4Ae 2 * + Be*. ^ = SAe 2 * + Be*. 

dx dx 2 dx i 

- *JL = 4/4e 2 *. ^ - £ = 2Ae 2 *. and & - ^ = 2(2^ - £■) 

. * .2 ’ . 2 a, dx 2 dx 2 


dx^ dx 


The required equation 


dx 2 

.2 


is ±1 _ + 2^ = 0. 


dx 


dx* dx 2 

10. Obtain the differential equation associated with the primitive y = C 1 e ,x + C s e 2x + C 3 e* 


Here 


£ = 3 cj x + 2C 2 e 2 * + C 3 e*, ^ = 9C ie 5 * + 4C a e 2 * + Qc*. 

dx dx 2 


and 2 27C^e 5 * + SC^e 2 * + Cse*. 

dx 5 


The elimination of the constants by elementary methods is somewhat tedious. If three of 
the equations are solved for C 1# C 2 , Q, using determinants, and these substituted in the 
fourth equation, the result may be put in the form (called the eliminant): 
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JX 

2x 

X 








e 

e 

e 

y 



1 

1 

1 

y 

3e 3 * 

2e 2x 

X 

e 

y' 


tx 

3 

2 

1 

y f 

9e 3 * 

4e 2x 

X 

€ 

y" 


e 

9 

4 

1 

y" 

27e 3 * 

X 

CM 

V 

00 

X 

e 

m 

y 



27 

8 

1 

in 

y 


e bX (-2y'" + 12y" - 22 y' + 12y) 


The required differential equation is 


& 

dx* 


6 & + U 4 

oi * 2 fit* 


6y = 0. 


0. 


11. Obtain the differential equation associated with the primitive y = G* 2 + C S 

C 


Since ^ = 2Cr, 
dx 


1 dy 

- - m » - a 


* ♦ c ! . 1 * ,• * -L<4,*. 

2* dx ^2 


The required differential equation is (^) 2 + 2x 3 ^ - 4* 2 y = o 

etc dx 

Note. The primitive involves one arbitrary constant of degree two and the resulting dif¬ 
ferential equation is of order one and degree two. 


12. Find the differential equation of the family of circles of fixed radius r with centers on the 
x-axis. 


The equation of the family is (x-C) 2 + y 2 = r 2 , 
C being an arbitrary constant. 

Then (x-C) + y j = 0, x-C = -y and the 

dx dx 

differential equation is y 2 fe) 2 + y 2 = r 2 . 



13. Find the differential equation of the family of parabolas with foci at the origin and axes 
along the x-axis. 



x 2 + y 2 = (2A+x) 2 
y 2 = 4 A(A + x) 



y 2 = 44(4+x) 


The equation of the family of parabolas is y 2 = 4A (A + x). 
Then yy' = 2.4, 4 = iyy', and y 2 = 2yy '(£yy' + x). 

The required equation is y(~) 2 + 2x ^ - y = 0. 

dx dx 
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2 

14. Form the differential equation representing all tangents to the parabola y * 2x. 

At any point ( A.B) on the parabola, the equation of the tangent is y-B = ( x-A)/B or, 
since A = iB 2 , By = x + ±B 2 . Eliminating B between this and By' = 1, obtained by differenti¬ 
ation with respect to x, we have as the required differential equation 2x(y') -2yy' + l = 0. 


SUPPLEMENTARY PROBLEMS 


15. Classify each of the following equations as to order and degree. 

a) dy + (xy - cos x)dx =0 Ans. Order one; degree one 


b) 


L& . 2 • 0 


dr 


dt 


c) y"' + xy" + 2y(y') + *y = 0 


Ans. Order two; degree one 

Ans. Order three; degree one 


d) 

e) 


2 

d v dv dv 2 

— — + xi-p) + v 
dx 2 dx dx 


,2 

d 


( A )2 _ + . o 


dv 3 


dv* 


Ans. Order-two; degree one 

Ans. Order three; degree two 


f) 

g) 

h) 

i) 


- xy" + y = 0 


i/yo' + p = sin ^ 

y ; + x = (y-*y')~ 5 


dS 2 




Ans. Order three; degree does not apply 

Ans. Order one; degree one 

Ans. Order one; degree four 

Ans. Order two; degree four 


16. Write the differential equation for each of the curves determined by the given conditions. 

a) At each point (x,y) the slope of the tangent is equal to the square of the abscissa of the 

point. Ans. y' = x 2 

b) At each point (x.y) the length of the subtangent is equal to the sum of the coordinates of 

the point. Ans. y/y' = x + y or (x + y)y' = y 

c) The segment joining P(x,y) and the point of intersection of the normal at P with the x-axis 

is bisected by the y-axis. Ans. y + x— = iy or yy' + 2x = 0 

d) At each point (p 6) the tangent of the angle between the radius vector and the tangent is 

* d0 1 

equal to 1/3 the tangent of the vectorial angle. Ans. p— = - tan 6 

e) The area bounded by the arc of a curve, the *-axis, and two ordinates, one fixed and one 
variable, is equal to twice the length of the arc between the ordinates. 

Hint: J y dx = + (y' ) 2 dx . Ans. y - 2 i/l + (y') 
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17. Express each of the following physical statements in differential equation form. 


a) Radium decomposes at a rate proportional to the amount Q present. 4ns. dQ/dt = -kQ 

b) The population P of a city increases at a rate proportional to the population and to the 
difference between 200,000 and the population. Ans. dP/dt = kP(200, 000 - P) 

c) For a certain substance the rate of change of vapor pressure (P) with respect to temper¬ 

ature (T) is proportional to the vapor pressure and inversely proportional to the square 
of the temperature. 4 „ s . dP/dT = kP/T 2 


d) The potential difference E across an element of inductance L is equal to the product of L 
and the time rate of change of the current i in the inductance. Ans. E = L — 


e) Mass x acceleration = net force. 


i inductance. Ans. E = L — 

2 dt 

Ans. m ^ = F or m — * F 
dt dt 2 


18. Obtain the differential equation associated 


constants. 



a) y = Ax 

Ans . 

n 

b) y = Ax + B 

Ans . 

o 

ii 

. x +A _ % 

c) y = e = Be 

Ans . 

II 

d) y = A sin x 

Ans . 

y r = y cot x 


with the given primitive, A and B being arbitrary 

e) y = sin(x + 4) 4ns. (y') 2 = i _ y 2 

f) y = Ae X + B 4ns. y« = y r 

g) x = A sin (y + B) Ans. y" = x(y') 5 

h) In y = Ax 2 + B 

Ans. xyy" - yy' - x(y') 2 = 0 


19. Find the differential equation of the family of circles of variable radii r with centers on 
the x-axis. (Compare with Problem 12.) 

Hint: (x-A) 2 + y 2 = r 2 , A and r being arbitrary constants. 4ns. yy" + (y 1 ) 2 + l = o 

20. Find the differential equation of the family of cardiods p = a(l -cos 6). 

Ans. (1 - cos B)dp = p sin 6 dQ 

21. Find the differential equation of all straight lines at a unit distance from the origin. 

4ns. ( xy’-y ) 2 = 1 + (y') 2 

22. Find the differential equation of all circles in the plane. 

Hint: Use x 2 + y 2 -2Ax-2By + C = o. Am. [1 + (y') 2 ]y'" - 3y'(y") 2 = 0 


CHAPTER 2 


Solutions of Differential Equations 


THE PROBLEM in elementary differential equations is essentially that of recovering 
the primitive which gave rise to the equation. In other words, the problem of 
solving a differential equation of order n is essentially that of finding a 
relation between the variables involving n independent arbitrary constants 
which together with the derivatives obtained from it satisfy the differential 
equation. For example: 


Differential 

Equation 

Primitive 


o 

It 


y -Ax 2 + Bx + C 

(Prob.6, Chap. 1) 

£ y . ♦ 

dx 5 dx 2 

11^ - 6y = 0 
dx 

y = C 1 e 5 * + C 2 e 2x + Cj e x 

(Prob.10, Chap.1) 

y ! <*> ! + y ! = 

dx 

r 2 

(x-C) 2 + y 2 = r 2 

(Prob.12, Chap.1) 


THE CONDITIONS under which we can be assured that a differential equation is solv¬ 
able are given by Existence Theorems. 

For example, a differential equation of the form y' = g(x,y) for which 

a) g(x,y) is continuous and single valued over a region R of points ( x,y ), 

b) exists and is continuous at all points in R, 

By 

admits an infinity of solutions f(x,y,C) =0 (C, an arbitrary constant) such 
that through each point of R there passes one and only one curve of the fam¬ 
ily f(x,y,C) =0. See Problem 5. 

A PARTICULAR SOLUTION of a differential equation is one obtained from the primitive 
by assigning definite values to the arbitrary constants. For example, in 1) 
above y=0 (4=B=C = 0), y = 2x + 5 (4=0, B = 2, C = 5), and y = x 2 + 2x + 3 (4 
= 1, B = 2, C = 3) are particular solutions. 

Geometrically, the primitive is the equation of a family of curves and a 
particular solution is the equation of some one of the curves. These curves 
are called integral curves of the differential equation. 

As will be seen from Problem 6, a given form of the primitive may not in¬ 
clude all of the particular solutions. Moreover, as will be seen from Prob¬ 
lem 7, a differential equation may have solutions which cannot be obtained from 
the primitive by any manipulation of the arbitrary constant as in Problem 6. 
Such solutions, called singular solutions, will be considered in Chapter 10. 

The primitive Of a differential equation is usually called the general so¬ 
lution of the equation. Certain authors, because of the remarks in the para¬ 
graph above, call it a general solution of the equation. 
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SOLUTIONS OF DIFFERENTIAL EQUATIONS 


A DIFFERENTIAL EQUATION ^ = g ( x , y ) associates with each point (x 0 ,y 0 ) in the re 


gion R of the above existence theorem a direction m = — 

(*o,yo) 


y 0 ). 


The direction at each such point is that of the tangent to the curve of the 
family /(x,y,C) =0, that is, the primitive, passing through the point. 


The region R with the direction at each 
of its points indicated is called a direc ¬ 
tion field . In the adjoining figure, a num¬ 
ber of points with the direction at each is 
shown for the equation dy/dx = 2x. The in¬ 
tegral curves of the differential equation 
are those curves having at each of their 
points the direction given by the equation. 
In this example, the integral curves are 
parabolas. 

Such diagrams are helpful in that they 
aid in clarifying the relation between a 
differential equation and its primitive, but 
since the integral curves are generally 
quite complex, such a diagram does not aid 
materially in obtaining their equations. 



SOLVED PROBLEMS 


1* Show by direct substitution in the differential equation and a check of the arbitrary constants 
that each primitive gives rise to the corresponding differential equation. 


a ) y = C x sin x + C 2 * 

b) y - C^e + C 2 *e + C 2 e + 2x Z e x 


(1 - x cot x) - * — + y = 0 
dx 2 

d 5 y d Z y dy x 

dx ^ dx 2 dx + y = 6 


а) Substitute y « C x sin* + C^x, —- = C* cos* + C 2 , —- = -C t sinx in the differential equa- 

dx c&2 

tion to obtain 

(1 - * cot x)(-C t sin*) - *(C t cos* + C 2 ) + (C ± sin* + C 2 *) = 
sin* + C t * cos * - Q* cos * - C 2 * + C t sin* + C^x - 0. 

The ord6r of the differential equation (2) and the number of arbitrary constants (2) agree. 

б ) 


y 

r> x 

= C 1 e 

+ 

r x 
C 2 *e 

+ 

n -X 

Cq€ 

+ 

0 2 X 

2* e , 



y r 

~ (Cx + C 2 )e 

+ 

C 2 xe x 

- 

C 3 e~ x 

+ 

o 2 X 
2* e 

+ 

4*e*, 

y" 

= (C 1+ 2C 2 )e* 

+ 

C 2 xe x 

+ 

C 3 e~ x 

+ 

0 2 x 
2* e 

+ 

8xe x + 4e x , 

y" 

= (C 4 + 3C 2 ) e 

+ 

C 2 xe x 

- 

C 3 e~ x 

+ 

O 2 x 
2* e 


12xe x + 12e X , 

y r + 

y = 8e % . The order of the 

differential 

equation and the number 


constants agree. 


2. Show that y = 2*+Ce* is the primitive of the differential equation - y = 2(1-*) and find 

dx 

the particular solution satisfied by * = 0, y =3 (i.e., the equation of the integral curve through 
(0,3). 
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Substitute y = 2x + Ce X and ^ = 2+Ce* in the differential equation to obtain 2 + Ce X -(2*+Ce x ) 
= 2 - 2x. When * = 0. y = 3. 3 = 2-0 + Ce° and C = 3. The particular solution is y = 2* + 3e X . 

d 2 d 

3. Show that y = C t e*+ C 2 e 2x +x is the primitive of the differential equation - 3-£ + 2y = 

2x-3 and find the equation of the integral curve through the points (0,0) and (1,0). 

Substitute y = C ie x + C 2 e 2x + *. y- = C t e x + 2C 2 e 2 * + 1. = C 1 e x + 4C 2 e 2x in the dif- 

dx dx 

ferential equation to obtain C 1 e X + 4C 2 e 2 *- Z(C±e + 2C 2 e + 1) + 2(Cte + C c e + *) - 2x-3. 

2 

When * = 0, y = 0: Ci+C 2 = 0. When x = 1, y = 0: Cie+C 2 e = -1. 

X 2% 

1 e — e 

Then C. = -C 2 = - and the required equation is y = x + —--- 

_ e- e 


dy 2 0 cfy 

4. Show that (y-C) = Cx is the primitive of the differential equation 4x(—) + 2x— - y 
and find the equations of the integral curves through the point (1,2). 


0 


Here 

Then 


2(,-0|-C »d g. 

4, C ‘ , 2i—-— - y 

4 (y-C) 2 2(y-C) 


C 


2(y-C) ' 

C 2 *+Ct(y-C)-y(y-C) 2 

(y-C) 2 


y [q-(y-C) 2 ] = Q> 

(y-C) 2 


When * = 1 , y =2: (2 - C) 2 = C and C = 1 , 4. 

2 2 

The equations of the integral curves through (1,2) are (y - 1) = * and (y - 4) = 


5. The primitive of the differential equation ~ j is y = C*. Find the equation of the in¬ 
tegral curve through a) (1,2) and b) (0,0). 

а) When x = 1, y = 2: C = 2 and the required equation is y = 2x. 

б) Whenx=0, y = 0: C is not determined, that is, all of the integral curves pass through the 
origin. Note that g(x,y) = y/x is not continuous at the origin and hence the existence theorem 
assures one and only one curve of the family y - Cx through each point of the plane except the 
origin. 


6. Differentiating xy = C(x-l)(y-l) and substituting for C, we obtain the differential equa¬ 
tion 

*J + y = C{(*-l)£ + y-l> = -——— {(*- U j“ + y - 1} 
dx dx (x -1) (y -1) 


or 1) *(x-l)^ + y(y-l) = 0. 

dx 

Now both y=0 and y = l are solutions of 1), since, for each, dy/dx = 0 and 1) is satisfied. 
The first is obtained from the primitive by setting C = 0, but the second y = 1 cannot be obtained 
by assigning a finite value to C. Similarly, 1) may be obtained from the primitive in the form 
g X y = (* — i)(y — i). Now the solution y = 1 is obtained by setting B-0 while the solution y = 0 
cannot be obtained by assigning a finite value to B. Thus, the given form of a primitive may 
not include all of the particular solutions of the differential equation. (Note that x = l is 
also a particular solution.) 
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(. Differentiating y = Cx + 2C , solving for C = ~ > and substituting in the primitive yields the 

dx 

differential equation 

1) 2 A 2 + - y - 0. 


dx 


dx' 


Since y = - - x , ^ — - x satisfies 1), x 2 + 8y = 0 is a solution of 1). 

Now the primitive is represented by a family of straight lines and it is clear that the 
equation of a parabola cannot be obtained by manipulating the arbitrary constant. Such a solu¬ 
tion is called a singular solution of the differential equation. 


8. Verify and reconcile the fact that y = C t cos * + C 2 sin* and y = 4 cos(* + B) are primitives 
„ d 2 y 

Of —L + y = 0, 

dtxr 

Prom y = C t cosx + C 2 sin*, y r = -C t sin* + C 2 cos * and 

»2 

y" = -C ± cos* - C 2 sin* = -y or —- + y = 0. 

dx 2 

Prom y = 4 cos(* + B), y' = -4 sin(* + B) and y" = -/I cos (* + B) = -y. 

Now y = 4cos(*+B) = 4(cos* cosB - sin* sinB) 

= (4 cos B) cos * + (-4 sin B) sin* = C t cos* + C 2 sin * , 

2 

9* Show that ln* 2 + ln^L = 4+* may be written as y 2 = Be*. 

2 

* 

In * 2 + In 2L = ln(* 2 2L) = In y 2 = 4 + *. Then y 2 = e A * x = = Be*. 

X X 2 

10. Show that Arc sin * - Arc sin y - A may be written as xy/\ -y 2 - yy/ i-* 2 = B. 

sin(Arc sin * - Arc sin y) = sin 4 = B. 

Then sin(Arc sin *) cos(Arc sin y) - cos(Arc sin *) sin(Arc sin y) = **/l-y 2 -y/l^* 2 = B. 

11. Show that ln(l + y) + ln(l+*) = 4 may be written as *y + * + y =‘C. 

ln(l + y) + ln(l + *) = ln(l + y)(l + *) =4. 

Then (1 + y) (1 + *) =*y+*+y + l = e A = B and *y + * + y= B- l = C. 

12. Show that sinh y + coshy = Cx may be written as y = In* + 4. 

Here sinh y + coshy = ±{e y - e~ y ) + i(e 3 '+e"^) = e* = C*. 

Then y = In C + In * = 4 + In *. 



SOLUTIONS OF DIFFERENTIAL EQUATIONS 
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SUPPLEMENTARY PROBLEMS 

Show that each of the following expressions is a solution of the corresponding differential 
equation. Classify each as a particular solution or general solution (primitive). 


13. y = 2 * 2 . 

* 

ii 

to 

Particular solution 

14. 2 + y 2 = C. 

yy' + * = 0. 

Primitive 

15. y = c* + c . 

y = xy' + (y'V • 

Primitive 

16. (l-*)y 2 = x 5 . 

2x J y' = y(y 2 + 3* 2 ). 

Particular solution 

17. y = e*(l + *), 

y" - 2y' + y = 0. 

Particular solution 

18. y = C t * + C 2 e*. 

(* - l)y" - xy' + y = 0. 

General solution 

19. y = C ± e x + C a e~ x , 

y" - y = 0. 

General solution 

20. y * Qe* + C s e~ x + x - 4, 

y" - y = 4 - x. 

General solution 

21. y = C x e x + C 2 e 2 *. 

y" - 3y' + 2y = 0. 

General solution 

„ x ~2x 2 X 

22. y = C t e + C 2 e + * e , 

y" - 3y' + 2y = 2e*(l-x). 

General solution 



CHAPTER 3 


Equations of First Order and First Degree 

A DIFFERENTIAL EQUATION of the first order and first degree may be written in the form 
1) M( x ,y)dx + N(x,y)dy = 0. 

Example 1. a) ^ = o may b e written as (y + x)dx + ( y-x)dy = 0 in 

which M(x,y) =y + x and N(x,y)= y-x. 

b) & = 1 + x 2 y may be written as (1 + x 2 y)dx -dy = 0 in which 
# (x,y) = l + x 2 y and N(x,y) = - 1. 

If M(x,y)dx + N(x,y)dy is the complete differential of a function /x(x,y), 

that is, if */ xjl . »/ xjl j /■ v 

M(x,y)dx + N(x,y)dy = df*(x,y). 

1) is called exact and /J.(x,y) = C is its primitive or general solution. 

Example 2. 3 x 2 y 2 dx + 2x* y dy = 0 is an exact differential equation since 
3x 2 y 2 dx + 2 x 5 y dy = d(>Jy 2 ) . Its primitive is x 5 y 2 = C. 

If 1) is not exact but 

€(x,y){H(x,y)dx + H(x,y)dy > = dpi(x,y), 

i(x,y) is called an integrating factor of 1) and n(x,y) = C is its primitive. 

Example 3. 3y dx + 2x dy = 0 is not an exact differential equation but when 
multiplied by #(x,y) = x 2 y, we have Zx 2 y z dx + 2x 3 y dy = 0 which is exact. Hence, 
the primitive of 3y dx + 2x dy = 0 is xV = C. See Example 2. 

If 1) is not exact and no integrating factor can be found readily, it may 
be possible by a change of one or both of the variables to obtain an equation 
for which an integrating factor can be found. 

Example 4. The transformation x-t-y, dx = dt-dy, (i.e., x + y = t), 
reduces the equation (x+y +l)dx + (2x+ 2y+3)dy = 0 
to (t+l) (dt-dy) + (2f +3)dy = 0 

or (t + 1 )dt + (t+2)dy = 0. 

By means of the integrating factor —-— the equation takes the form 

t +2 

dy + — - dt = dy + dt - —i— dt = 0. 
t+ 2 t +2 

Then y + t -ln(t + 2) = C 

and, since t=x+y, 2y + x- ln(x + y + 2) = C. 

Note. The transformation x + y + l = f or 2x + 2y+3 = 2s is also suggested by 
the form of the equation. 
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EQUATIONS OF FIRST ORDER AND FIRST DEGREE 13 

A DIFFERENTIAL EQUATION for which an integrating factor is found readily has the 
form 

2) g s (y)dx + g 1 (y)dy = 0. 


By means of the integrating factor -- 

f a (x)*g 2 (y) 


2) is reduced to 


2 ') 

whose primitive is 



Equation 2) is typed as Variables Separable and in2') the variables are sep¬ 
arated. 


Example 5. When the differential equation 

(3 x 2 y — xy)dx + (2x 5 y 2 + x 5 y* )dy = 0 

is put in the form y(3x 2 - x)dx + x 5 (2y 2 + y*)dy = 0 

it is seen to be of the type Variables Separable. The integrating factor — 

yx 5 

reduces it to (- - — )dx + ( 2 y + y 5 )dy = 0 in which the variables are sepa- 

X x 2 

rated. Integrating, we obtain the primitive 

3 lnx + | + y 2 + iy“ = C. 


IP EQUATION 1) admits a solution f(x,y,C) = 0, where C is an arbitrary constant, 
there exist infinitely many integrating factors £(x,y) such that 

f (x,y){W(x,y)cfx + N(x,y)dy} = 0 

is exact. Also, there exist transformations of the variables which carry 1) 
into the type Variables Separable. However, no general rule can be stated here 
for finding either an integrating factor or a transformation. Thus we are 
limited to solving certain types of differential equations of the first order 
and first degree, i.e., those for which rules may be laid down for determin¬ 
ing either an integrating factor or an effective transformation. 

Equations of the type Variables Separable, together with equations which 
can be reduced to this type by a transformation of the variables are con¬ 
sidered in Chapter 4. 

Exact differential equations and other types reducible to exact equations 
by means of integrating factors are treated in Chapter 5. 

The linear equation of order one 

3) ^ + F(x).y = Q(x) 

dx 

and equations reducible to the form 3) by means of transformations are con¬ 
sidered in Chapter 6. 
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EQUATIONS OF FIRST ORDER AND FIRST DEGREE 


These groupings are a matter of convenience. A given equation may fall into 
more than one group. 

Example 6. The equation xdy-ydx = 0 may be placed in any one of the 
groups since 

a) by means of the integrating factor 1 /xy the variables are separated; thus, 
dy/y - dx/x = 0 so that lny - In x = In C or y/x = C. 

b ) by means of the integrating factor 1/x 2 or 1/y 2 the equation is made ex¬ 
act; thus, Z*LzJL± = 0 and - = C or x = 0 and - 2 = C t , 

x 2 * y 2 y 

Z = -± = C . 

x C t 

c) when written as — - -y = 0, it is a linear equation of order one. 

dx x 


Attention has been called to the fact that the form of the primitive is 
not unique. Thus, the primitive in Example 6 might be given as 

a) In y - lnx = In C, b) y/x = C, c) y = Cx, d) x/y = K, etc. 

It is usual to accept any one of these forms with the understanding, already 
noted, that thereby certain particular solutions may be lost. There is an 
additional difficulty! 

Example 7. It is clear that y= 0 is a particular solution of dy/dx-y or 
dy-y dx = 0. When y / 0, we may write dy/y - dx = 0 and obtain In y - x = In C 
with C/0; in turn, this may be written as y = Ce x , C/0. Thus, to include 
all solutions, we should write y= 0; y=Ce x C/0. But note that y = Ce x , 

free of the restrictions imposed on y and C, includes all solutions. 

This situation will arise repeatedly as we proceed but, as is customary, 
we shall refrain from pointing out the restrictions; that is, we shall write 
the primitive as y = Ce x , with C completely arbitrary. In defense, we offer 
the following observation. Let us multiply the given equation by e~ x to ob¬ 
tain e~ x dy - ye~ x dx = 0 from which, by integration, we get e~ x y = C or 
y = Ce x . In this procedure, it has not been necessary to impose any restric¬ 
tion on y or C. 



CHAPTER 4 


Equations of First Order and First Degree 

VARIABLES SEPARABLE AND REDUCTION TO 
VARIABLES SEPARABLE 


VARIABLES SEPARABLE. The variables of the equation M(x,y)dx + N(x,y)dy = 0 are 
separable if the equation can be written in the form 

1) fi(x)’gz(y)dx + f t (x)> g t (y)dy = 0. 


The integrating factor ---- found by inspection, reduces 1) to the 

M*Wa(y) 


form 


fi(x) 

/ 2 (x) 


dx + 


£i(y) 

g«(y) 


dy = 


0 


from which the primitive may be obtained by integration. 

For example, (x-1 fydx + x 2 (y + l)dy = 0 is of the form 1). The integrat¬ 
ing factor —reduces the equation to ——— dx + — - ^ dy = 0 in which 
x 2 y x 2 y 

the variables are separated. See Problems 1-5. 


HOMOGENEOUS EQUATIONS. A function f(x,y) is called homogeneous of degree n if 

/(Ax, Ay) = A n /(x, y) . 


For example: 

a) /(x,y) = x 1 * - x 3 y is homogeneous of degree 4 since 

/(Ax, Ay) = (Ax) 4 - (Ax) 5 (Ay) = A 4 (x* - x 5 y) = A 4 f(x,y). 

b) /(x,y) = e y/x + tan^ is homogeneous of degree 0 since 

/(Ax, Ay) = e Xy/J * + tan — = e y/x + tan- = A° /(x,y). 

Ax x 

c) /(x,y) = x 2 + sinx cosy is not homogeneous since 

/(Ax, Ay) = A 2 x 2 + sin (Ax) cos (Ay,) ^ A n /(x,y). 

The differential equation M(x,y)dx + N(x,y)dy = 0 is called homogeneous 
if M(x,y) and A(x,y) are homogeneous and of the same degree. For example, 
2 

x In — dx + — arc sin - dy = 0 is homogeneous of degree 1, but 
xx X 

neither (x 2 + y 2 )dx - (xy 2 -y 5 )<iy = 0 nor (x+y 2 )dx + (x-y)cfy = 0 is a 
homogeneous equation. 
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EQUATIONS OF FIRST ORDER AND FIRST DEGREE 


The transformation 

y = vx. 


dy = v cbc + x dv 


will reduce any homogeneous equation to the form 


P(x,v)dx + Q(x,v)dv = 0 

in which the variables are separable. After integrating, v is replaced by y/x 
to recover the original variables. See Problems 6-11. 


EQUATIONS IN WHICH M(x,y) AND N(x,y) ARE LINEAR BUT NOT HOMOGENEOUS. 

a) The equation (a t x + b t y + + (a 2 x + fo 2 y + c 4 )c(y = 0, (ai/E^ —a 2 b t =0), 

is reduced by the transformation 

a 1 x+b 1 y = t, dy = 

b i 

to the form P(x,t)dx + Q(x,t)dt = 0 

in which the variables are separable. See Problem 12. 

b) The equation (a t x + b ± y + Cj)dx + (a 2 x + b 2 y + c 2 )dy = 0, (a 1 b 2 -a 2 b 1 ^ 0) , 
is reduced to the homogeneous form 

( a ± x r + b t y r )dx r + (a 2 x f + b 2 y t )dy t = 0 

by the transformation . . . , . , 

x = x r + h t y = y f + k 

in which x = h, y=k are the solutions of the equations 

a x x + b x y + c ± = 0 and a 2 x + b 2 y+c 2 = 0. See Problems 13-14. 


EQUATIONS OP THE FORM y. f(xy)dx + x.g(xy)dy = 0. 

dy 


xy = z. 


z 

y = -i 

v 


reduces an equation of this form to the form 


P(x,z)dx + Q(x,z)dz 

in which the variables are separable. 


The transformation 

x dz — z dx 


= 0 


See Problems 15-17. 


OTHER SUBSTITUTIONS. Equations, not of the types discussed above, may be reduced 
to a form in which the variables are separable by means of a properly chosen 
transformation. No general rule of procedure - can be given; in each case the 
form of the equation suggests the transformation. See Problems 18-22. 


SOLVED PROBLEMS 


VARIABLES SEPARABLE. 


1. Solve dx + (y + l) 2 dy = 0. 

The variables are separated. Hence, 

fL + (r l *> , 


4 


integrating term by term, 
C x or Zx* + 4(y + l) 3 = 


C. 
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VARIABLES SEPARABLE 
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2. Solve x(y + l)dx + y (x-l)dy = 0. 

1 


The integrating factor 


(y + !)(*-1) 


reduces the-equation to 


x-1 


dx + -£—dy = 0. 

y + i 


Then, integrating (x + 1 + ——)dx + (y - 1 + ——)^y - 0, 

x-1 y +1 

ix 2 + x + ln(x -1) + iy 2 - y + ln(y + 1) = C 2 * 


and 


x 2 + y 2 + 2x - 2y + 2 ln(x - 1) (y + 1) = C l9 
(* + l) 2 + (y -1) 2 + 2 ln(* -1) (y + 1) = C. 


3* Solve 4 x dy - ydx = x 2 dy or ydx + (x -4x)dy = 0. 


The integrating factor 


y(x - 4x) 


reduces the equation to 


—fk— + ~ = 0 in which the 

*(x-4) y 


variables are separated. 

The latter equation may be written as 


i£_i* + £= 0 or -^L - — + 4—= 0. 


x -4 


x -4 


Integrating, ln(x-4) - In x + 4 In y = In C or (x-4)y = Cx. 


4. Solve ^ = — — — or x(y-3)dy = 4ydx. 

dx x(y -3) 

1 y — 3 4 

The integrating factor — reduces the equation to - - dy = -dx. 

xy y x 

Integrating, y - 3 In y = 4 In x + In C x or y = lnCCjx^y 5 )* 

145 -y 4 5 _ V 

This may be written as C x x y - e or x y = Cc . 


5* Find the particular solution of (l + x 5 )dy - x 2 y dx = 0 satisfying the initial conditions x = 1, 

y = 2 . 

First find the primitive, using the integrating factor -—- • 

y(l + x 5 ) 

Then ^- - — dx = 0, In y - i ln(l + * 3 ) = C u 3 lny = ln(l + * 5 ) + In C, y 5 = C(l + * 5 ). 

y 1+* 5 3 

z 3 3 

When x = 1, y * 2: 2 = C(1 + 1), C = 4, and the required particular solution is y = 4(1 +x ). 

HOMOGENEOUS EQUATIONS. 

6. When Mdx + Ndy = 0 is homogeneous, show that the transformation y = vx will separate the 
variables. 

When Mdx + Ndy = 0 is homogeneous of degree n, we may write 

Mdx + Ndy = x n {M x (2) dx + Ai(-)dy) = 0 whence M x (^)dx + N x (^)dy = 0. 

X X XX 

The transformation y = vx, dy = vdx + xdv reduces this to 

M x (v) dx + N x (v){v dx + x dv} =0 or {M x (v) + vN x (v)}dx + xN x (v) dv = 0 

or, finally, — + -iVi(v) dv— _ 0 in which the variables are separated. 

* M x (v) + vN x (v) 
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EQUATIONS OF FIRST ORDER AND FIRST DEGREE 


7* Solve (x 3 + y 3 )dx - 3 xy 2 dy = 0. 

The equation is homogeneous of degree 3. We use the transformation y = vx, dy * v dx + xdv 
o obtain ^ x 3 {(l + v 5 )dx - 3v 2 (vdx + xdv)} = 0 or (l-2v 3 )dx - 3 v 2 xdv ?= 0 

in which the variables are separable. 

Upon separating the variables, using the integrating factor -i-* — - — = o, 

x(l-2v 3 ) x 1 -2v 5 

and In x + i ln(l- 2v 3 ) * C 1# 2 In x + ln(l-2v 3 ) * In C, or x 2 (l-2v 3 ) = C. 

Since v = y/x, the primitive is x 2 (l-2y 5 /* 3 ) = C or x - 2y 3 = Cx. 

Note that the equation is of degree 3 and that after the transformation x 3 is a factor of 
the left member of 1). This factor may be removed when making the transformation. 


8. Solve xdy - ydx - Vx*- y 2 dx - 0. 

The equation is homogeneous of degree 1. Using the transformation y = vx, dy = v dx + xdv 
and dividing by x, we have 

vdx + xdv - vdx - Sl-v 2 dx = 0 or xdv - Sl-v 2 dx =0. 


When the variables are separated, using the integrating factor 


1 dv dx 


Then arc sin v - In x = In C or arc sin v = ln(Cx), and returning to the original va¬ 
riables, using v - y/x, arc sin ^ = ln(Cx) or Cx = e arc Sin . 

9- Solve (2x sinh - + 3y cosh -)dx - 3x cosh - dy =0. 

The equation is homogeneous of degree 1. Using the standard transformation and dividing by 

x, we have _ 

2 sinh v dx - 3x cosh v dv = 0. 

Then, separating the variables, 2 — - 3 COSh v - dv = 0. 

x sinh v 

Integrating, 2 In x - 3 In sinh v = In C, x 2 = C sinh 3 v, and x 2 = C sinh 3 - • 

x 

10. Solve (2x+3y)dx + (y-x)dy = 0. 

The equation is homogeneous of degree 1. The standard transformation reduces it to 
(2 + 3v)dx + (v -1)(v dx + xdv) =0 or (v 2 + 2v + 2)dx + x(v - l)dv « 0. 


Separating the variables, ± + —PT 1 * = ± + * dv - 1*L 

x v 2 + 2v + 2 x V 2 + 2v + 2 (v + l) 2 + 1 


= 0 . 


Integrating, In x + £ ln(v 2 + 2v +2) - 2 arctan(v + 1) = C lt 

2 2 2 2 x + y 

In x (v + 2v + 2) - 4 arctan(v + 1) * C, and ln(y + 2xy + 2x ) - 4 arc tan-- = C. 


11. Solve (1 + 2 e x/y )dx + 2e* /y (l )dy = 0. 






VARIABLES SEPARABLE 
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The equation is homogeneous of degree 0. The appearance of x/y throughout the equation 
suggests the use of the transformation x-vy, dx = v dy + ydv. 

Then (1 + 2 e V )(vdy + ydv) + 2e v (1 - v)dy = 0, (v + 2 e v )dy + y(l+ 2e v )dv = 0, 

dy l + 2e v , 

— + - dv = 0. 


and 


v + 2e 


Integrating and replacing v by x/y. In y + ln(v + 2e ) = In C and x + 2 ye 


xly 


C. 


LINEAR BUT NOT HOMOGENEOUS. 

12. Solve ( x+y)dx + (3x + 3y-4)dy * 0. 

The expressions (x + y) and (3x + 3y) suggest the transformation x + y = t. 

We use y = t -x, dy - dt-dx to obtain tdx + (3t - 4) (dt ~dx) = 0 

or (4-2 t)dx + (31 - 4)dt = 0 

in which the variables are separable. 

Then 2d* + -■ * ~ 4 dt = 2d* - 3dt + —— dt = 0. 

2 -t 2— t 

Integrating and replacing t by x + y, we have 

2x — 3t - 2 ln(2 -1) = C lf 2x -3(x +y) - 2 In (2-x -y) = C lt and x + 3y + 2 In (2-x -y) = C. 


13. Solve (2x-5y + 3)dx - (2x + 4y-6)dy = 0. 

First solve 2x -5y + 3 = 0, 2x +4y -6 = 0 simultaneously to obtain x =/i = 1, y = = 1. 

The transformation x = x' + h = x'+ 1, dx = dx r 

y = y'+ k = y f + 1, dy = dy' 

reduces the given equation to (2%'- 5y')dx' - (2x' + 4 y')dy' = 0 

which is homogeneous of degree 1. (Note that this latter equation can be written down without 
carrying out the details of the transformation.) 


Using the transformation y' = vx', dy' = v dx' + x' dv, 

(2-5v)dx' - <2+4v)(v dx'+ x'dv) = 0, (2-7v-4v 2 )dx' - x' (2 + 4v)dv = 0, 

dv 

- + - — 
x' 


we obtain 
and finally 


dxl 


+ = °* 
3 4v - 1 3 v+ 2 


Integrating, lnx' + iln(4v-l) + | In (v + 2) = In C± or x' 5 (4v-l)(v + 2) - C. 

3 o 

Replacing v by y'/x', (4y'-x')(y' + 2x') 2 = C, 

2 

and replacing x' by x - 1 and y' by y-1, we obtain the primitive (4y-x - 3) (y + 2x-3) = C. 


14. Solve (x-y-l)dx + (4y+x-l)dy = 0. 

Solving x -y -1 * 0, 4y + x -1 = 0 simultaneously, we obtain x = h = 1, y=k = 0. 

The transformation x=x'+/i = x'+l, dx = dx' 

y - y'+ k = y' , dy = dy' 

reduces the given equation to (x'-y')dx' + (4y' + x')dy' = 0 which is homogeneous of de¬ 
gree 1. (Note that this transformation x-l= x', y-y' could have been obtained by inspection, 
that is, by examining the terms (x-y-1) and (4y+x-l>.) 
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EQUATIONS OF FIRST ORDER AND FIRST DEGREE 


Using the transformation y 7 = vx' t dy r - t/cfr'+ x l dv 
we obtain (1 -v)dx'+ (4v+l)(t > dx'+ x'dv) = 0. 


Then 


dx 1 4v +1 , dx 7 , 

- + - dv = - + £ 

x 7 4v 2 + 1 x f 


8v , dv 

dv + - 


4v 2 + 1 


4v z + 1 


= 0 , 


2 2 n 

In x 7 + £ln(4v + 1) + £ arc tan 2v = C l9 In x 7 (4v + 1) + arc tan 2v = C, 

ln(4y 7 + x' 2 ) + arc tan = C, and ln[4y 2 + (xc — l) 2 ] + arc tan = C.‘ 

_ t x - 1 


FORM y/(xy)dx+ xg(xy)dy * o. 

15 * Solve y(xy + l)ck + x(l+ xy + x 2 y 2 )dy = 0, 

The transformation xy = v, y - v/x, dy - 


x dv - v dx 


V 2 x dv — v dx 

reduces the equation to ~(t/+1 )dx + x(l + v + v )-j- = 0 

5 2 

which, after clearing of fractions and rearranging, becomes v dx - x(l+v+v )cfo 


= 0. 


dx dv dv dv 

Separating the variables, we have — - —-- - — = 0. 

x v^ v 2 v 

Then In x + —i - In v = C lt 2v 2 In (-) - 2v - 1 = Cv 2 , 

2v 2 v * 


and 


2x 2 y 2 In y - 2xy - 1 = Cx 2 y 2 . 


16 . Solve ( y-xy 2 )dx - (x+x 2 y)dy =0 or y(l-xy)dx -x(l + xy)dy = 0. 

The transformation xy = v, y = v/x, dy = reduces the equation to 

x 2 

v x dv — v dx , . 

-(l-v)dx - x(l + v) -- =0 or 2v dx - x(l + v)dv = 0, 

x J2 


Then 2 — - L U! dv =0, 2 In x - In v - v = In C, — = Ce 11 , and x = Cye xy • 

x v v • 


17 . Solve (l-xy + x 2 y 2 )dx + (x 5 y-x 2 )cfy = 0 or y(l-xy + x 2 y 2 )dx + x(x 2 y 2 -xy)<fy = 0. 

The transformation xy=v, y = v/x, dy = reduces the equation to 

x 2 

-(1 -v + v 2 )<fx + x(v 2 - v) XC ^ v ~ =0 or vdx + x(v 2 -v)dv = 0. 

* x 2 

Then ^ + (v-l)cfo =0, In x + £v 2 - v = C, and In x = xy - ix 2 y 2 + C. 
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MISCELLANEOUS SUBSTITUTIONS. 


18. Solve — = (y- 4x) 2 or dy = (y-4x) 2 dx. 
dx 

The suggested transformation y — 4x = v, dy=4dx+dv reduces the equation to 


4 etc + dv = v dx 


or 


etc - 


dv 

v 2 ^ 


= 0. 


Then 


x + i ln^-^ = Ci, In = In C - 4x, 
v-2 v-2 


21* = Ce^. 

v-2 


and 


y - 4x + 2 _ 
y - 4x - 2 


19. Solve tan 2 (x + y)dx - dy =0. 

The suggested transformation x+y = v, dy = dv-dx reduces the equation to 

tan 2 v dx — (dv —dx) = 0, dx — -—- = 0, or dx — cos v dv = 0* 

1 + tan 2 v 

Integrating, x - £v - ^sin 2v - C± and 2(x-y) = C + sin 2 (x + y). 

20. Solve (2+2 x 2 y i )ydx + (x 2 y i + 2)x dy = 0. 

2 2 

The suggested transformation x 2 y 1 - v, y - —> dy = — dv -— dx reduces the equation 

x 4 x" x 5 

to _ 

2 2 

(2 + 2t<)— <£c + x(v + 2)(— dv - —dx) = 0 or v(3+ v)dx - x(v + 2)dv = 0. 

** x* x> 

Then ---—-1-^ = 0, 3 In x - 2 In v - ln(t> + 3) = In C lt x = C t v 2 (v + 3). 

x 3 v 3 v + 3 

i/ g ^ 

and 1 = C!*y(* y +3) or xy(x y + 3) = C. 

21. Solve (2x 2 + 3y 2 -7)x o£* - (3x 2 + 2y 2 - 8)y dy = 0. 

The suggested transfornation x 2 = u, y 2 = v reduces the equation to 

(2u + 3v - 7)du - (3u+2v-8)dv = 0 
which is linear but not homogeneous. 

The transformation u = s + 2, v = t + l yields the homogeneous equation (2s+3t)ds - (3s+2t)dt 
- 0, and the transformation s = rt, ds = rdt+tdr yields 2(r 2 -l)dt + (2r + 3)t dr = 0. 

, . n dt 2r + 3 , -dt 1 dr 5 dr _ 

Separating the variables, we have 2— + —- dr = 2— - - ——- + --- - 0. 

t j t a r + l ^ r -1 

Then 4 In t - ln(r + 1) + 5 In (r - 1) = In C, 

= (“-*- 1 )* = (» 2 -y 2 -D ? . c, and (* 2 -y 2 -1) 5 = C(* 2 + y 2 -3). 
r+1 s+ t u+ v — 3 x 2 + y 2 - 3 


22. Solve x 2 (xdx+ydy) + y(xdy-ydx) = 0. 

Here xdx + ydy - £d(x 2 + y 2 ) and xdy-ydx = x 2 d(y/x) suggest x 2 +y 2 = p 2 , y/x = tan 0, 
or x = p cos 0, y = p sin 0, dx = - p sin 0 d0 + cos 0 dp, dy = p cos 0 d0 + sin 0 dp. 

The given equation takes the form p 2 cos 2 0 (p dp) + p sin0(p d0) - 0 

or dp + tan 0 sec 0 d0 =0. 


/ 2 2 .Jf + l v n 

/* +y (—) = c„ 


(* 2 + y 2 ) (* +1) 2 = c * 2 . 


Then p + sec 0 = C 1# 


and 
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EQUATIONS OF FIRST ORDER AND FIRST DEGREE 


SUPPLEMENTARY PROBLEMS 


23* Determine whether or not each of the following functions is homogeneous and, when homogene- 
ous, state the degree. 


2 

а) x -xy, homo, of degree two. 

б) - » not homo, 

x + y 2 

c ) - * homo, of degree zero. 

x z + y 2 

d) x + y cos j . homo, of degree one. 


e) arc sin xy t 

x. y/x x/y 

f ) +ye . 

g) In x - In y or In- . 

_ y 

h) /x 2 + 2xy + 3y 2 , 

i) x siny + y sin x. 


not homo. 

homo, of degree one. 
homo, of degree zero, 
homo, of degree one. 
not homo. 


Classify each of the equations below in one or more of the following categories: 

(1) Variables separable 

(2) Homogeneous equations 

(3) Equations in which M(x,y) and N(x,y) are linear but not homogeneous 

(4) Equations of the form y f(xy)dx + x g(xy)dy = 0 

(5) None of the above apply. 


24. 4y dx + x dy = 0 

25. (l + 2y)c& + (4 - x 2 )dy = 0 

26. y 2 dx - x 2 dy = 0 

27. (1 + y)d!x - (1 + x)dy = o 

28. (xy 2 + y)dx + (x 2 y-x)dy = 0 

29. (x sin - - y cos Z)dx + x cos - cfy = 0 

30. y 2 (x 2 + 2)cix + (X 5 + y 5 )(ydx - xdy) = 0 

31. y v4 2 + y 2 (fx - x(x + v4 2 + y 2 )<fy = 0 

32. (x+ y + l)dx + (2x+ 2y + l)cfy = o 


Ans. (1); (2), of degree one 
( 1 ) 

(1); (2), of degree two 

(1) ; (3) 

(4) 

<2), of degree one 

(5) 

(2) , of degree two 

(3) 


33. Solve each of the above equations (Problems 24-32) which fall in categories (l)-(4). 


. 24. x y s C 


28. y = Cxe 


xy 


25. (1 + 2y) 2 = C 

2+x 

26. y = x + Cxy 

27. (1 + y) = C(l+x) 


29. x sin j = C 

31. Cx - /x 2 + y 2 = x In (v4 2 + y 2 - x) 

32. x + 2y + In (x + y) = C 


4ns. (x - 4) 2 (1+ 2y) ~ C 


Solve each of the following equations, 

34. (l + 2y)d!x - (4 -x)dy = 0 
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35. xy dx + (1+ % )dy = 0 

36. cot 0 dp + p dQ = 0 

37. (x + 2y)dx + (2x + 3y)cfy = 0 

38. 2 x dy - 2y dx = v4 2 + 4y 2 etc 

39. (3y- 7jc+ 7)ctc + (7y- 3jc + 3)dy = 0 

40. jcydy = (y + 1)(l-x)ctc 

41. (y 2 - x 2 )dx + jc y dy - 0 

42. y(l + 2xy)dx + x(l-xy)dy = 0 

43. etc + (l-jc 2 )cot y dy = 0 

44. (jc 3 + y 3 )ctc + 3 xy 2 dy - 0 

45. (3x+ 2y + l)dx - (3jc + 2y-l)dy = 0 


Ansi y (1 + x ) = C 

Ans. p = C cos 0 

Ans. jc 2 + 4jcy + 3y 2 = C 

Ans. 1 + 4 Cy - C 2 * 2 = 0 

A as. (y-x + 1) 2 (y + *-l) 5 = C 

Ans, y + jc = lnC*(y+l) 

Ans. 2* y = x + C 

. ~ 2 -1 /xy 

/4ns. y = Cx e 

. .2 n 1 — X 

/4ns. sin y = C -- 

1 + x 

Ans, jc* 1 + 4jcy 3 = C 

/4ns. ln(15* + 10y-1) + |(jc-y) = C 


In each of the following, find the particular solution indicated. 


46. x dy + 2ydx = 0 l when * = 2, y = 1. Ans, 

47. (jc 2 +y 2 )ctc + xydy = 0 ; when x = 1, y = -1. Ans, 

48. cosy dx + (l + e~ x )siny dy - 0; when x - 0, y = K/ 4. Ans. 

49. (y 2 + xy)ctc - jc 2 cfy = 0; when jc - 1, y = 1. Ans. 


2 

jc y = 4 
x + 2jc y =3 
(1 + e*)sec y = 2v^5 
_ - !-*/> 


50. Solve the equation of Problem 30 using the substitution y = vx, 

Ans, x 2 y Injc - y + jc 3 - ±y 3 = Gx 2 y 

2 

51. Solve y' = -2(2x+3y) using the substitution z = 2x+3y. 

Ans. 1 + <^3(2* + 3y) = 

1 - i/S(2Jc+3y) 

52. Solve (^ - 2 siny + 3)ctc + (2x - 4 siny - 3)cosy dy = 0 using the substitution siny = z, 

Ans, 8 siny + 4jc + 9 ln(4jc - 8 siny + 3) = C 



CHAPTER 5 


Equations of First Order and First Degree 

EXACT EQUATIONS AND REDUCTION TO EXACT EQUATIONS 


THE NECESSARY AND SUFFICIENT CONDITION that 


1 ) 

be exact is 
2 ) 


M(x,y)dx + N(x,y)dy = 0 

M _ M 
By 3x 


At times an equation maybe seen to be exact after a regrouping of its terms. 
The equation in the regrouped form may then be integrated term by term. 

For example, (x 2 -y)dx + (y 2 -x)dy = 0 is exact since 

3H B / 2 \ i B . 2 \ BiV 

— = c~(x-y)=-l = — (y 2 - x) = —. 

•By By 3x dx 

This may also be seen after regrouping thus: x 2 dx + y 2 dy - (ydx + xdy) = 0. 

This equation may be integrated term by term to obtain the primitive xV3 + 

y/3 -xy = C. The equation ( y 2 -x)dx + ( x 2 -y)dy = 0, however, is not exact 


since |^ = 2 y i 2x = — 
By 3x 


See also Problem 1. 


IF 1) IS THE EXACT DIFFERENTIAL of the equation /x(x,y) = C, 


d P = ~ dx + dy = M(x,y)dx + N(x,y)dy. 

ox By 

Then ||dx = M(x, y) dx and p(x,y) = J X M(x,y)dx + <£(y), 

where f indicates that in the integration y is to be treated as a constant 
and <p(y) is the constant (with respect to x) of integration. Now 

t£ = M(x,y)dx} + & = N(x,y) 


from which ^ = <t>'(y) and, hence, 4>(y) can be found. 
ay 


See Problems 2-3. 


INTEGRATING FACTORS. If 1) is not exact, an integrating factor is sought. 

B£ _ M 

^ u — f (. x )> 3- function of x alone, then is an integrat¬ 


ing factor of 1). 
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M _ BJV 

If 3y-Bx _ _ , ^ a fmjction of y alone, then is an inte- 

M 

grating factor of 1). Se e Problems 4-6. 


b) If 1) is homogeneous and Mx + Ny^O, then --— is an integrating factor. 

Mx+ Ny 

See Problems 7-9. 

c) If 1) can be written in the form yf(xy)dx + xg(xy)dy = 0, where f(xy ) 

^ g(xy ), then --- = --- is an integrating factor. 

xy{f(xy) -g(xy)} Mx - Ny 

See Problems 10-12. 

d) At times an integrating factor may be found by inspection, after regroup¬ 
ing the terms of the equation, by recognizing a certain group of terms as 
being a part of an exact differential. For example: 


group of Terms integrating factor 


Exact differential 


X dy - y dx 


3 L±Zl± = d & 

x 2 * 


x dy - y dx 


ydx-xdy = d x 
y 2 V J 


xdy - ydx 


- *ln|) 
y x x 


xdy - ydx 


x 2 + y 2 


x dy-ydx 


xdy-ydx 


x 2 + y 2 


i + # 2 


y 

d(arc tan -) 
x 


xdy + ydx 


x dy + ydx = ^ - 1 

(xy) n ' (n-l)(*y) r 

1*L±1*L - d{ ln(*y)}. 


■}, if n ^ 1 


if n = 1 


xdx + ydy 


(* 2 + y 2 ) n 


l*L±2*y = d{ -li- >, ifn^i 

(* 2 + y 2 ) n 2(n— 1) (* 2 + y 2 )"” 1 

= cf{i In (* 2 + y 2 )} , if r» = l 


* 2 + y 2 


See Problems 13-19. 


e) The equation x r y s (my dx + nx dy) + x p y T (py dx+ vx dy) = 0, where r, s,/n, n, 
p 9 o 9 fi 9 v are constants and mv-ript 0, has an integrating factor of the form 

x a >A The method of solution usually given consists of determining a and J3 
by means of certain derived formulas. In Problems 20-22, a procedure, essen¬ 
tially that used in deriving the formulas, is followed. 
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EQUATIONS OF FIRST ORDER AND FIRST DEGREE 


SOLVED PROBLEMS 


1. Show first by the use 2) and then by regrouping of terms that each equation is exact, and solve. 

a) (4x 3 y 3 -2xy)dx + (3x*y 2 - x 2 )dy = 0 , > *2 

ls 3 * ix «*> 2 *0" " + « dy = 0 

b) (3e 5 y-2x)dx+e 5 dy = 0 

c) (cos y + y cos x)dx + (sin x - x sin y)dy = 0 e ^ ^ + ^ + (3* y + 5x y )dy = 0 

°) By 2): — = 12x 5 y — 2x = ^ and the equation is exact. 

oy ox 

By inspection: (4 x 5 y 3 dx + 3 x y 2 dy) - (2xy dx + x 2 dy) = cJ(x*y 5 ) - d(* 2 y) = 0, 

The primitive is x y* - x 2 y = C. 

6) By 2): ~ * 3e 5 * = ~ and the equation is exact, 

oy dx 

By inspection: (3 e X ydx + e 5 *dy) - 2* dx = d(e 3 *y) - d(x 2 ) = 0. 

The primitive is e 5x y - x 2 = C. 

c) By 2): — 55 - sin y + cos x = ~ and the equation is exact. 

By Bx 

By inspection: (cosy dx - x sin y dy) + (y cos x dx + sin x dy) 

= d(x cos y) + d{y sin x) = 0. The primitive is x cosy + y sin x = C. 

d) By 2): -- = 2xe* = ^ and the equation is exact. 

oy dx 

2 2 2 

By inspection: (2xye* dx + e* dy) - 2x dx = d(ye* ) - d(x 2 ) = 0. 

2 , 

The primitive is ye - x = C. 

«) By 2): — = 18x 3 y + 20 a: 5 y** = — and the equation is exact. 

By dx 

By inspection: (6* 3 y 3 dx + 3x 6 y 2 dy) + (4x 3 y 5 dx + Sx'y* dy) = d(x b y 3 ) + d(x"*y 3 ) = 0. 

The primitive is x 6 y 3 + x^y 3 = C. 


2. Solve (2x 3 + 3y)dx + (3x + y-l)dy = 0. 
dU 0 BN 

— * 3 = — and the equation is exact. 

By dx 

rX 

Solution 1. Set lM.x,y) = J (2x 3 + 3y)dx = ix* + 3xy + <Hy) . 

1116,1 * Zx + ( ^' iy) * = 3x+y-l, <fa'(y) = y -1, <£(y) • iy 2 - y, 

and the primitive is ix* + 3xy + iy 2 - y = C t or x 4 + 6xy + y 2 - 2y = C. 


Solution 2. Grouping the terms thus 2x 3 dx + ydy - dy + 3(y dx + x dy) = 0 

and recalling that ydx + xdy = d(*y), ve obtain, by integration, bx + iy 2 - y + 3*y = C t 
as before. 
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2 2 

Solve ( y 2 e xy + 4x 5 )dx + (2 xye %y - 3 y Z )dy = 0. 

— = 2ye xy + 2xy^e xy = — and the equation is exact. 

By Bx 

Set /x(x,y) = I (y 2 e Xy + 4x 5 )dx = + ** + <£<y). 


Then 


~ = 2xye %y + <£'(y) = 2xye X:y 

* .5 


3y 


3y 2 , «£'(y) = - 3y 2 , 


<t>(y) = -y 5 


and the primitive is e* 3 ' + x* - y 5 = C. 


2 2 
*22 xy xy 

The equation may be solved by regrouping thus 4x dx -3y dy + (y e dx + 2xye J dy ) = 
2 2 2 
and noting that y 2 e xy dx + 2xye*' V dy = d{e xy ). 


2 2 

4. Solve (x +y + x)dx + xy dy = 0. 

— = 2y, — = y; the equation is not exact. 

By Bx 


However, 


BAf _ BN 
By Bx _ 2y-y 1 


N 


* r. . , ff(x)dx Jdx/x Inx 

= - = /(x) and e = e = e = x 

xy x 


is an integrating factor. Introducing the integrating factor, we have 

* 2 2 2 5222 
(x + xy + x )dx + x y dy = 0 or x dx + x dx + (xy dx + x y dy) = 0. 

Then, noting that xy 2 dx + x 2 y dy = d(ix 2 y 2 ), we have for the primitive 

+ — + ?x 2 y 2 = Ci or 3x** + 4x 5 + 6x 2 y 2 = C. 

4 3 


5. Solve 


5 2 *y 22 

(2xy + 2xy + y)dx + (x y e' - x y - 3x)dy = 0. 

2xy*e y - 2xy 2 - 3; the equation is not exact. 


m 

r- = 8xy 
By 


3 y „ 2 „ BiV 

re + 2xy e J + 6xy +1, — 

Bx 


BA/ _ BiV 

BjW B/V 5 ) 2 . , By B* 4 . . 

However, — - — = 8xye + 8xy + 4 and —- = - = -g(y). 

By Bx A/ y 

Then e*^^^ = = e -4 ln ^ = 1/y 4 is an integrating factor and, upon introdu< 

ing it, the equation takes the form 

2 

° y + 2- + — )dx + (x 2 e y - -— 3—)dy = 0 and is exact, 
y y5 y 2 y 4 

2 


(2xe 3 


x 1 2 2 

Set MU.y) = J (2xe^ + 2- + -—)dx = x 2 e^ + i- + i + <£(y). 

y y* y 


Then 


2 2 

= x 2 e y - - - 3 — + cf> r (y) = x 1 e y - -- 3 — * <£ 7 (y) = 0 , <£(y) = const* 

By v 2 v 2 v 4 


2 

w y 


4 . 

and the primitive is x 2 e y + — + — = C. 

* y 5 
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EQUATIONS OF FIRST ORDER AND FIRST DEGREE 


6. Solve (2 xy 2 •+ 4x 2 y + 2xy 2 + xy H + 2y)<£x + 2(y 5 + x 2 y + x)dy = 0, 


— = 4x 5 y + 4x 2 + 4xy + 4xy 5 + 2, — = 2(2xy + l); the equation is not exact. 

By Bx 

BM BA 

— -— = 2% and the integrating factor is = e x , When it is introduced, the 

A 

given equation becomes 

2 2 

(2x 5 y 2 + 4ac 2 y + 2xy 2 + xy 4 + 2y)e X dx + 2(y 5 + * 2 y + x)e* dy = 0 and is exact. 

„ 2 

/ X i 2 2 2 4 x 

(2 x y +4x y + 2xy + xy + 2y)e ck 

/ X o i 4 r* 2 , 

(2xy + 2jcy )e dx + J (2y + 4x y)e dx + J xy e ck 

2 2 2 
2 2 X X , 4 X , 

- x y e + 2xye + jy e + <p(y). 

-\ 2 2 2 2 
Then = 2* 2 ye X + 2xe x + 2y 5 e* + <£'(y) = 2(y 5 + x 2 y + *)e* , 4>'(y) = 0, 


2 2 4 x 

and the primitive is (2x y + 4xy + y )e ' = C. 


7. Show that ---. where Mx + Ay is not identically zero, is an integrating factor of the ho- 

Mx + Ay 

mogeneous equation M(x,y)dx + A(x,y)dy =0 of degree n. Investigate the case Mx+Ay = 0 iden¬ 
tical ly. 

We are to show that —d!x + ^ : - t - cfy = 0 is an exact equation, that is, that 


and 


4<r " 


Bx Mx +Ay 


Mx + Ay Mx + Ay 

B M 


2 ( -JL_) 

By Mx + Ay 


_, = 2 ( _JL_). 

By V Mx + Ay Bx Mx+Ny 

(Mx + Ny) M - + JV +-yM) 

_By_By_ = 

(Mx+Ny) 2 


(Mx+ Ny) 2" - iV(x fZ + M + y SI) 
_Bx_ox_ dx 

(Mx + Ny) 2 


NyW-MN-My^ 
By _By 

(Mx+Ny) 2 

Mx^ -MN - Nx^ 
dx ox 


(Mx + Ny) 


_3 ( _ M 


-> - 4<^» 


Bx By_Bx_By 


A(nM) -M(nA) 


= 0 


(Mx + Ay) 


'by Mx + Ny Bx Mx + Ay (Mx + Ay)‘ 

(by Euler's Theorem on homogeneous functions). 

M v 

If Mx + Ny = 0 identically, then - = - i and the differential equation reduces to ydx-xdy 

A * 

= 0 for which 1/xy is an integrating factor. 


8* Solve (x 4 + y 4 )d!x - xy 5 dy = 0. 


.5 


The equation is homogeneous and 


Mx + Ay 


is an integrating factor. Upon its intro- 
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Ivy 

duction, the equation becomes (- + — )dx - — dy = 0 and is exact, 

* x 5 x* 

Set /u(x,y) = J* d + Z-)dx = In * - j + <f>(y). 

X X 9 * X* 

5 3 

Then ^ = - Z- + <t>'(y) = - — • 4>’(y) = 0, and the primitive is 

By x 1 * x 1 * 

4- 

lnx - = Ci or y 1 * = 4x H lnx + C*\ 

4 x 4 

Note. The same integrating factor is obtained by using the procedure of a) above. The equa¬ 
tion may be solved by the method of Chapter 4. 


2 2 2 

9* Solve y dx + (x - xy - y )dy = 0. 


The equation is homogeneous and 


Mx + Ny y(x 2 -y 2 ) 


is an integrating factor. 


2 2 
v x — jcv — y 

Upon introducing it the given equation becomes - — — dx + - — 1 -——dy = 0 which is exact. 

x-y 2 2 


y(x 2 - y 2 ) 


Set /tfx.y) = f-JL-dx = i J* (-L--= iln^ + ^y). 


Then & - - 

°y 


2 ' 2 
x -y 

* + <£'(y) = x2 "* y “ y2 


x 2 -y 2 


y(* z - y 2 ) 


i - —— • <£'(y) = <t>(y) = In y, 


and the primitive is i In ^—- + In y = In Ci or (x -y)y = C(x+y). 

* + y 


10. Show that —-—. when Mx-Ny is not identically zero, is an integrating factor for the 
Mx-Ny 

equation M dx + Ndy = yf 1 (xy)dx + xfa(xy)dy = 0. Investigate the case Mx-Ny = 0 identically. 


The equation 


yMlll dx + 


* ft(xy) 


xyifi(xy) -fa(xy)} *y{/i(*y) -/ 2 <*y)} 


■ dy = o 


is exact 


since 


2 { _A_ 

^y x(fa-fa) 


} = 


«(/,-/,) 1^- - 

_ 3y dy oy 

x 2 (h-fa ) 2 


f B/i . f B/2 

ST A 5T 

x(fl- fa) 2 


2 { _fa__ 

y(fi-fa) 


} 


^ - toff-1ft 

y 2 (fi-fa) 2 


t B/« ,• B/i 

Bx ~ /g Bx 

y(fa-fa) 2 


and 


2 {. 


-> - 2 { . 


-} 


/ 2 (-y^ + *=£> + ~ *t^> 

dy dac dy_dx 


3* *(/i-/g) Bx y(/i-/g) J xy(fa-fa)* 

This is identically zero since y = x . 

ax 


By 
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M V 

If Mx-Ny = 0 , then - = - and the equation reduces to xdy+ydx = 0 with solution xy-C . 
Nx 


11. Solve y(x 2 y 2 + 2)dx + x(2 - 2x 2 y 2 )dy = 0. 


The equation is of the form y f 1 (xy)dx + xf 2 (xy)dy = 0 and 


grating factor. 


Mx-Ny 3 x 5 y1 


is an inte- 


2 2 


y 2 2 

y i 2 2 ~ 2y y 

Upon introducing it, the equation becomes — J - dx + - dy = 0 and is exact. 

+ 4>(y)- 


3* 3 y 2 


3x 2 y 3 


2 2 
r X x V + 2 

Set M(*.y) = f ( ~ • ■ )ck = / ( 

3x 3 y 2 


+ - )dx = - lnx - - 

3x Zx i y 2 3 3 x 2 y 2 


The " IP = ^ + 0,(y> = ? 3 _ fpr ’ *' (y) = - Ty’ * (y) = " I ln y> 


112 2 

and the primitive is - lnx -- lny = In C± or x - Cy e 

3 3x 2y2 3 

The equation may be solved by the method of Chapter 4. 


2 l/x 2 y 2 


12. Solve y(2xy + l)dx ■+ x(l + 2xy - x 5 y 5 )dy = 0. 

The equation is of the form y fi(xy)dx + xf 2 {xy)dy - 0 and -— = —— is an inte- 

Mx - Ny x* v 4 

grating factor. 7 

2 1 12 1 

Upon introducing it, the equation becomes (- + - )dx + (- +- )dy = 0 and 

X^v 2 X 4 V^ X^V* X 2 \5 y 

is exact. 


Set /x(x,y) = f X ( 


x 5y 2 x *y5 


)dx = - 


x J y x"y J 

1 1 


x 2 y 2 2 x 5 y 5 


x J y x^y J 
+ <£<y). 


Then = —— + —— + d> r (y) 

By x 2 y 5 x 5 y* 


+ «/>'(y) = -i. <fty)=-lny. 


* 3 y H x 2 y 3 > 


and the primitive is - lny---i— = C* or y = Ce~^ 5 * 3,+1 ^ 5x 51 \ 

x 2 y 2 3x 5 y 5 


13* Obtain an integrating factor by inspection for each of the following equations. 

a) (2 xy*e y + 2xy 5 + y)dx + (x 2 y*e y - x 2 y 2 - 3 x)dy - 0 (Problem 5) 

b) ( x 2 y 5 + 2y)dx + (2x - 2 x^y 2 )dy = 0 (Problem 11) 

c) (2xy 2 + y)dx + (x + 2x 2 y - x*y 5 )dy = 0 (Problem 12) 

а) When the equation is written in the form 

y*(2xe y dx + x 2 e y dy) + 2 xy^dx - x 2 y 2 dy + y dx - 3xdy =0 

the term y* (2xe y dx + x 2 e y dy) = y^(an exact differential) suggests that l/y H is a possible 
integrating factor. To show that it is an integrating factor, we verify that its introduction 
produces an exact equation. 

б) When the equation is written in the form 2(ydx + xdy) + x y dx - 2x y dy = 0, the term 
(y dx + xdy) suggests 1 /(xy) k as a possible integrating factor. An examination of the remaining 
terms shows that each will be an exact differential if k = 3, i.e., l/(xy) 3 is an integrating 
factor. 
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4 3 

c) When the equation is written in the form (xdy + ydx) + 2 xy(xdy + ydx) - x y dy = 0 the 
first two terms suggest l/(xy )*. The third term will be an exact differential if k - 4; 
thus, l/(xy) H is an integrating factor. 


14. Solve y dx + x(l- 3x 2 y 2 )dy = 0 or x dy + ydx - Zx^y 2 dy = 0. 

The terms xdy + ydx suggest l/(xy) k and the last term requires k = 3. 
Upon introducing the integrating factor 


(xy) 


the equation becomes Z - - dy = 

3 *5 y 3 y 


= 0 


whose primitive is 


— -3 lny = Ci, 6 lny = InC-— or y 6 = Ce* 1 ^ y \ 


2*V 


15* Solve x dx + ydy + 4y 5 (x 2 +y 2 )dy = 0. 

The last term suggests 1/(x 2 +y 2 ) as an integrating factor. 

Introducing it, the equation becomes * + y<ty + qPdy = 0 and is exact. 

x 2 + y 2 

The primitive is £ln(x 2 + y 2 ) + y 4 = In Ci or (x 2 + y 2 )e 2y = C. 


16. Solve x dy - ydx - (l-x 2 )dx = 0. 

Here 1/x 2 is the integrating factor, since all other possibilities suggested by x dy -ydx 
render the last term inexact. 

Upon introducing it, the equation becomes —212^ - (A _ i)dx = 0 whose primitive 

x 2 x 2 

is - + - + x = C or y + x 2 + 1 = Cx. 
xx J 


17. Solve (x + x 4 + 2x 2 y 2 + y 4 )dx + yd!y = 0 or xdx + ydy + (x 2 + y 2 ) 2 dx = 0. 

An integrating factor suggested by the form of the equation is ---- Using it, we 

(x 2 + y 2 ) 2 

have * *** -~~ + dx = 0 whose primitive is- - - + x = C x or (C + 2x) (x 2 + y 2 ) = 1. 

(x 2 + y 2 ) 2 2(x 2 + y 2 ) 

18. Solve x*± + xy + 1 /1 -x 2 y 2 =0 or x(xdy + ydx) + /1 ~x 2 y 2 dx = 0. 

dx 

The integrating factor — -■ ■ reduces the equation to the form x — y . + Z + — = 0 

x/ l-x 2 y* /l-xV * 

whose primitive is arc sin(xy) + In x = C. 
d - 2 5 

19. Solve = 2L-?2 .- Z5 or (x 5 + xy 2 -y)dx + (y 3 + x 2 y + x)dy = 0. 

dx 1 ^ x 2 y + y5 

When the equation is written thus (x 2 + y 2 )(x dx + y dy) + xdy-ydx- 0, the terms x dy-ydx 
suggest several possible integrating factors. By trial, we determine l/(x 2 + y 2 ) which reduces 
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x dy-ydx 


x dy — ydx f 

the given equation to the form x dx + ydy + —-—-— = x dx + ydy + 


x 2 + y 2 


22 y 22 y 

The primitive is ±x + iy + arc tan- = C ± or x + y + 2 arc tan - = C. 


1 + { i > 2 


20. Solve x(4 ydx + 2xdy) + y 5 (3y dx + 5xdy) = 0. 

a £ 

Suppose that the effect of multiplying the given equation by x y is to produce an equation 

-v a+1 0+1 a+2 0 a 0+4 , a+1 0+3 . 

A) (4x y dx + 2x y P dy) + (3x y P dx + 5x y dy) = 0 

each of whose two terms is an exact differential. Then the first term of A) is proportional to 


d(x a + 2 y^+ 1 ) = (a + 2)* a+1 y^dx + (/3 + \)x* 2 y Q dy, 


that is. 


a+2 _ J3 + 1 


and a - 2/3 = 0. 


Also, the second term of A) is proportional to 


rf(/ +1 y^) = (o+ l)x a y^dx + (/3+4)x“ y^^dy. 


that is, 


a + 1 _ P + 4 
3 ’ 5 . 


and 5a - 3/3 = 7. 


Solving a- 2/3 = 0, 5a- 3/3 = 7 simultaneously, we find a = 2, /3 = 1. 
When these substitutions are made in A), the equation becomes 


The primitive is 


(4x 5 y 2 dx + 2x*y dy) + (3x 2 y 5 dx + 5* 5 y*dy) = 0. 

+ 2 3 5 - 

x y + x y = C. 


21. Solve (8yd* + 8xdy) + x 2 y 3 (4ydx + 5xdy) = 0. 

Suppose that the effect of multiplying the given equation by * a y^ is to produce an equation 

.V a 0+1 , a+1 0 . _ a+2 0+4 a+5 0+5 , . . 

A) (8* y dx + 8* y dy) + (4x y dx + 5x y dy) - 0 

each of whose two terms is an exact differential. Then the first term is proportional to 


d(x a+1 y^ +1 ) = (a+ l)x a y^ l dx + (/3 + l)x a+1 y /5 dy. 


that is, 


a+1 _ /3 + 1 


/3 = 0. 


Also, the second term is proportional to 

, a+5 0++ a+2 0+4 ,n a+3 0+5 , 

D) d(x y ) = (a+3)x y dx + (/3 + 4)x y dy. 


that is. 


a+3 _ /3 + 4 


and 5a - 4/3 = 1. 


Solving a-/3 = 0, 5a-4/3 = 1 simultaneously, we find a = 1, /3 = 1. 
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When these substitutions are made in A), the equation becomes 

(8 xy 2 dx + 8 x 2 y dy) + (4 x $ dx + 5 x*y* dy) = 0, 

The primitive is 4x 2 y 2 + x y> = C. 

Note . In this and the previous problem it was not necessary to write statements B) and D) 
since, after a little practice, the relations C) and E) may be obtained directly from 4). 


22. Solve x 3 y 3 (2y dx + xdy) - (5y dx + 7x dy) = 0. 

a 5 

Multiplying the given equation by x y , we have 

, a+3 5+ 1 * . a* 1 * 5+3 , a 5+1 . a+1 5 , 

A) (2x y P dx + x y P )dy - (5x y P dx + lx y P dy) - 0. 


If the first term of A) is to be exact, then = QlA and a - 2/3 = 4. 

2 1 

If the second term of A) is to be exact, then and 7a - 5/3 = - 2. 

5 7 

Solving a-2/3 = 4, 7a-5/3 = -2 simultaneously, we find a = -8/3, /3 = -10/3. 

Then, from A), (2 x 1/5 y 2/ * dx + x^ y"^ dy) - (5 x~* /5 y~ 1/5 dx + 7x" 5 ^ y“ 10/3 (iy) = 0, 

each of the two terms is exact, and the primitive is 

\x^y* + 3*- 5/ V /3 = Ci, x* /3 y 2/3 + y^ - C or x 3 y 3 + 2 . Cx 3/3 y 7/3 . 


SUPPLEMENTARY PROBLEMS 

23. Select from the following equations those which are exact and solve. 


a) 

2 

(x - y)dx - X dy = 0 

Ans. 

*y 

= * 3 /3 + C 

b) 

2 

y(x-2y)dx - x dy = 0 




c) 

2 2 

(x + y )dx + xy <fy =0 




d) 

2 2 

(x + y >d!x + 2xy dy - 0 

Ans. 

2 

*y 

+ * 3 /3 = C 

e) 

(x + yoosx)dx + sinx dy - 0 

Ans. 

2 

X - 

h 2y sin x = C 

f) 

(1 + e 20 )dp + 2p e 26 d6 = 0 

Ans. 

P(1 

+ e 2 *) = C 

g> 

dx - Va 2 - x 2 dy * 0 




y h) 

(2x+3y+4)c& + (3x + 4y + 5)dy = 0 

Ans. 

2 

X 

+ 3xy + 2y 2 + 4x + 

i) 

(4*V + \)dx + (3*V - i)dy = 0 

Ans. 

4 

* y 

3 + in(*/y) = c 

J) 

2 2 2 

2(u + uv)du + (u + v )dv = 0 

Ans. 

2u 3 

+ 3u 2 v + v 5 = C 

k) 

(* /x 2 + y 2 - y)dx + (y/x 2 + y 2 - x)<fy = 0 

Ans. 

<* 2 

+ y 2 ) 3/2 - 3*y = C 
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l) (x + y + l)dx - (x-y-3)dy = 0 

») (x + y + l)dx - (y-x + 3)dy - 0 

n) esc 6 tan 0 dr - (r esc 0 + tan 2 6)d6 = 0 

O) (y 2 - ; — . + 2 )dx + [-i- + 2y(* + l)]c!y = 0 

x(x + y) x + y 

2 2 _ 2 2 


Ans. x 2 + 2xy - y 2 + 2x - 6y = C 


Arts, r esc 6 - In sec 6 + C 
/4ns. In + (x + l)(y 2 + 2) = C 


p) (2xye x y + y 2 e xy + l)ci* + (x 2 e x * + 2xye xy - 2y)dy = 0 /4ns. e x ^ + e xy + x - y = C 

24. Solve the remaining problems above [6), c),g), I)] using the appropriate procedure of Chap. 4. 
Arts . b) x/y = 2 In x + C g) y = arc s* n x / a + C 

c) + 2i Z y Z = C I) In y4 2 + y 2 - 2* + 4y + 5 - arc tan = C 


25. For each of the following, obtain an integrating factor by inspection and solve. 


2 2 

a) x dx + y dy = (x + y )dx 

b ) (2y-3x )dx + xdy = 0 

2 

c) (x-y )dx + 2 xy dy = 0 

d) x dy - ydx =3x (x + y )dx 

e) ydx—xdy + In xdx = 0 

/) (3 x 2 + y 2 )dx -2xy dy =0 

g) (xy - 2y 2 )dx - (x 2 -3 xy)dy = 0 

/i) (x + y)dx - (x-y)dy - 0 
2 

i ) 2 y dx - 3xy dx - x dy - 0 

j) ydx + x(x 2 y-l)dy = 0 


. . . 2 2. 2 2 ^ 2x 

Ans. 1/ (x + y ) ; x+y = Ce 

Ans. x ; x 2 y = x 5 + C 

Ans. 1/x ; y + x In x = Cx 

Ans. l/(x 2 + y 2 ) ; arc tan y/x = x + C 

Ans. 1/x 2 ; y + lnx+l=Cx 

Ans. 1/x 2 ; 3x 2 - y 2 - Cx 

Ans. 1/xy 2 ; x/y + ln(y 5 /x 2 ) = C 

2 2. 2 2 r 2 arctany/x 

Ans. l/(x +y ); x+y = Ce 

Ans. x/y 2 ; x 2 /y - x 5 = C 

Ans. y/x 5 ; 3y 2 - 2x 2 y 5 = C* 2 


fc) (y + x 5 y + 2x 2 )dx + (x+4xy 4 + 8y 5 )dy = 0 Ans . l/(xy + 2); ln(xy + 2) 5 + x 5 + 3y 4 

26. For each of the following, obtain an integrating factor and solve. 


a) 

2 x 

x dy - ydx - x e dx 

Ans. 

^ x 

y = Cx + xe 

b) 

(1 + y 2 )dx = (x + x 2 )dy 

Ans. 

arc tan y = In x/(x + l) + C 

c) 

(2y -x 5 )dx + x dy = 0 

Ans. 

x 2 y - * 5 /5 = C 

«*> 

2 

y dy + y dx - xdy = 0 

Ans. 

y 2 + * = Cy 

e) 

(3y^ - xy)dx - (* 2 +6*y 2 )dy = 0 

Ans. 

3y 2 + x ln(*y) = Cx 

/) 

3 x 2 y 2 dx + 4(* 5 y-3)<iy = 0 

Ans. 

*V - 4y 5 = C 

g) 

2 

y(x + y)dx - x dy = 0 

Ans. 

x/y + In x = C 

h) 

(2y + 3xy 2 )dx + (x + 2x 2 y)dy = 0 

Ans. 

x 2 y(\ + xy) = C 

i) 

y(y 2 -2x 2 )dx + x(2y 2 - x 2 )dy = 0 

Ans. 

x y (y -* ) = C 


27. Show that ~/(y/x) is an integrating factor of x dy - y dx = 0. 




CHAPTER 6 


Equations of First Order and First Degree 

LINEAR EQUATIONS AND THOSE REDUCIBLE TO THAT FORM 


THE EQUATION 1) ^ + yP(x) = Q(x), 

dx 


whose left member is linear in both the dependent variable and its derivative, 
is called a linear equation of the first order . For example, 

— + 3 xy = sinx is called linear while ^ + 3xy 2 = sin x is not. 
dx dx 


Since 


dx dx ox 


JP(x)dx is an integrating factor of 1) and its primitive is 


ye fP(x)dx = j Q( ^ e fP(x)dx dx + c See Problems i-7. 


BERNOULLI’S EQUATION. An equation of the form 

^ + yP(x) = y n Q(x) or y n + y " +1 P(x) = Q(x) 


is reduced to the form 1), namely, — + v{(l-n)P(x)} 

dx 

transformation 

-n+l _ -n dy _ 1 

^ ^ dx 1 — n dx 


= (l-n)Q(x), by the 

See Problems 8-12. 


OTHER EQUATIONS may be reduced to the form 1) by means of appropriate transforma¬ 
tions. As in previous chapters, no general rule can be stated; in each in¬ 
stance, the proper transformation is suggested by the form-of the equation. 

See Problems 13-18. 


SOLVED PROBLEMS 


LINEAR EQUATIONS. 

-i dy 

1. Solve — + 2 xy = 4x. 
dx 

fP(x)dx = fzxdx = * 2 and e fP(x)d * 
2 2 2 
Then ye X - 14xe X dx = 2e* + C 

2* Solve x ~ = y + x + 3x 2 - 2x or 
dx 


x 2 


or 


dy _ 1 
dx x 


is an integrating factor. 
y = 2 + Ce 

y - x 2 + 3x - 2. 


jpwd* = 


- In x and 


-In x 
e 


- is an integrating factor, 
x 
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Then y — = f ~(x 2 +3x-2)dx = f(x+3--)dx = ±* 2 + 3* - 2 ln*+ C t or 

XX X 

2y = x^ + 6x 2 - 4x In a: + Cx. 


3 • Solve (x-2)^ = y + 2(x-2) 3 
dx 


or * - -Ly - 2(,-2>\ 

dx x - 2 


/P(x)d* = -/ *~t: - -ln(x-2) and an integrating factor is e = —L_ . 

x ~ 2 x-2 

Then y(— L) = 2 f (x-2) 2 • —— dx = 2f (x-2)dx = (*-2 f + C or y = (*-2) 5 + C(*-2). 

% - 2 x-2 


COS JC 

• Solve + y cot x = 5e . Find the particular solution, given the initial conditions: 
ax 

x = in, y = -4. 

An integrating factor is e hotx * = e lnsin * = sin * and 

y sin x = 5/e C0S *sinx dx = - 5e C0S * + C. 

When x = irc, y = -4: (—4) (1) = -5(1) + C and C = 1. The particular solution is 

r cos x 

y sm x + 5e =1. 


5* Solve x 3 + (2-3x 2 )y = x 3 


dy 2 - 3x 

~r + -y = 1. 


2 -3x 1 1 

- dx =-3 1nx and an integrating factor is -- 

x5 x 2 x5el/x 2 


xV/* 


—= -i-j- + C,. or 2y = x + Cxe 11 **. 

J e Vx 2 2e V** 


6. Solve ~ - 2y cot 2x = 1 - 2x cot 2x 2 esc 2x. 
dx 

. . . , . . , . -/2 cot 2x dx - In sin 2x 

An integrating factor is e = e = esc 2x. 

Then y esc 2x = /(esc 2x - 2xcot 2x esc 2x - 2 esc 2 2x)dx = x esc 2x + cot 2x + C 
or y = x + cos 2x + C sin 2x. 


(• Solve y lny dx + (x - In y)dy = 0, 

^ l 

The equation, with x taken as dependent variable, may be put in the form — + -x = 

d y y lny 

Then J d ylQ ^ n y) _ g ln(lny) = ^n y i S an integrating factor. 


Thus, x In y - /lny — = -In 2 y + K and the solution is 2x lny = ln 2 y + C. 

y 2 


•H | ^ 
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BERNOULLI’S EQUATION 

dy _ __.5 


-5 dy ->* 

4/ *1 _ V = 


8. Solve S.y = ,y’ or y ” 7 - y = *• 

c£t <& 

The transformation y -4 = v, y " 5 7 = - ; j reduces the equation to 

dx 4 at 

_ i _ „ = * or — + 4 v = -4*. An integrating factor is e 4 ^* = e 4 *. 
4 dx dx 

Then ue 4 * = -4 f xe* X dx = -*e 4X + i « 4 + C, 

y-V* = -*e 4 * + ie 4X + C. or i- = -* + 4 + Ce' 4X . 


9. Solve ^ + 2*y + *y 4 = 0 or y " 4 ^ + 2xy " 5 = 


c 6 c dx 

= e~ 5 * , we have 


to 


dv 


The transformation y ~ 5 = v, ” 3y * = reduces the equation -- ^ 

r /*_ ,„2 

Using the integrating factor e 


-J6xdx _ -3x 2 


-5x 


= J3xe~ 5 * dx - - \ e ~^ X + ^ 


1 1 x r ^ 

or + Ce * 

y 5 2 


10. Solve ^ + iy = i(l-2x)y 4 or y -4 ^ + iy -5 = |(l-2*). 

dx 3 o dx o & 

The transformation y ^ = v, -3y~* = — reduces the equation to -j- 

for which is an integrating factor. Then, integrating by parts. 

ve’ x = J( 2 x - l)e* X d!ac = - 2 xe'* - e"* + C or 1 = -1 - 2 * + Ce 


11. Solve — + y = y 2 (cos x - sinx) 
dx 


or y ~ 2 + y ’ 1 = cos x - sin x « 

dx 


The transformation y“ 1 = v, -y reduces the equation to -— v - 

dx dx dx 


for which e"^ is an integrating factor. Then 


12. Solve xdy - {y + xy 5 (l + lnx)}dx =0 or y 


Then 


-e"*sin x + C 

or 

t -3 dy 

1 -2 

’ or y * 

x y 


- = - sin x + 

y 

= 1 + In x . 

dv 2 


The transformation y~ 2 = v, -2y “ 5 ^ ^ reduces the equation to + -v 

dx dx dx x 

for which J 2dx / x = * 2 is an integrating factor. Then 

9 r 2 2 . 4523-. x 23 /2 

V % 2 = -2 J (X 2 + X 2 In x)dx = - -x 5 - -X 5 lnx + C or - - -* (- 


9 3 


6 xv = 3x. 


v = 2 x - 1 


x 


sin x - cos x 


Ce X . 


= - 2 ( 1 + In x) 


+ In x) + C. 
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miscellaneous Substitutions. 

13* An equation of the form f'(y ) ~ + f(y)P(x) = Q(x) is a linear equation of the first order 

ax 

dv D 

— + vP(x) = Q(*) in the new variable v = f(y ). (Note that the Bernoulli equation 

? fa + y PW = or C-n + l)y ~jj- + y n (-n+l)P(*) = (-hm + 1)Q(k) is an example.) 

Solve ~ + 1 = 4e“ :y sin x or = 4 sin*. 

dx fa 

In the new variable v = f(y) = e y t the equation becomes ^ + v = 4 sin * for which e* is 

fa 

an integrating factor. Then 

ve x = 4/e* sin* dx = 2e*(sin* - cos*) + C or e y = 2(sin* - cos*) + Ce~*. 


14. Solve sin y ~ = cos* (2 cosy - sin 2 *) or -siny ^ + cosy (2 cos*) = sin 2 * cos*, 
a* fa 

In the new variable v = cosy, the equation becomes — + 2vcos* = sin 2 * cos* for 

dx 

.. , 2 /cos x dx 2 sin* 

whlc h « - e is an integrating factor. Then 


2sin* 


or 


- J e 2sln * sin 2 * cos* dx = ie 2slnx sin 2 x - ±e 2 Sln *sin* + ie 2slnx + C 
cos y = i sin 2 * - £ sin* + £ + Ce" 2Sln *. 


15- Solve siny ^ = cos y (1 - * cos y) 


or 


sin y c(y 1 

cos 2 y dx ~ cos y 


= -*. 


Since ) = - in y » we take v = —i— and obtain the equation — - v = -*. 

cos y cos 2 y cos y & 


Using the integrating factor e~*, we obtain 


ve = J ~xe dx ~ xe +e +C or v = - 


cos y 


= sec y = * + 1 + Ce . 


16. Solve x & - y + 3* 5 y - * 2 = 0 or x dy - y dx + 3x*ydx - x dx = 0. 


Here (* dy - y tic) suggest the transformation - = u. 

* 

Then — ^ — + 3* — c£x — d* = 0 is reduced to ^ + 3* 2 v = 1 for which t^ is an 

x 2 x dx 

integrating factor. 

Thus ve = fe d*+C or y = xe * / e x dx + Case • 

The indefinite integral here cannot be evaluated in terms of elementary functions. 
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17. Solve (4r Z s - 6 )dr + r^ds 


or (r ds + s dr) + 3s dr = —— dr « 

r 


The first term suggests the substitution rs = t which reduces the equation to 


dt + 3 - dr = ~ dr 


dt 3 6 

or T" + 7 t = “2 ' 

dr r r z 


Then r 5 is an integrating factor and the solution is 


* 4 2 3 C 

tr = r s = 3r + C or s = -j + — 


18. Solve * sin 0 d0 + (x 5 - 2x 2 cos 0 + cos 0)dx = 0 or - 


x sin0 d0 + cos 0 dx 


+ 2cos0dx - x dx. 


The substitution xy = cos 0, dy = - 


x sin 0 d0 + cos 0 dx 


reduces the equation to 


dy + 2xy dx = x dx 

2 


or 


— + 2xy = x, 
dx 


An integrating factor is e and the solution is 

2 1 ~ 2 

x 2* 


ye * = £££_? e * = J e * xdx = -e* + K or 2 cos 0 = x + Cxe“* . 


SUPPLEMENTARY PROBLEMS 


19. Prom the following equations, select those which are linear, state the dependent variable. 


and 

solve. 


a) 

dy/dx + y = 2 + 2x 

k) 

6) 

dp/dd + 3P = 2 

D 

c) 

dy/dx - y = xy 2 

m) 

d) 

x dy -2y dx - (x - 2)e X dx 

n) 

€) 

di/dt - 6t = 10 sin 2t 

o) 

f > 

dy/dx + y - y 2 e* 

P) 

g) 

y dx + (xy + x - 3y)dy = 0 

9) 

*> 

(2s-e 2 *)ds = 2(se 2 *-cos 2t)dt 

r) 

i) 

x dy + y dx = x 5 y 6 dx 

s) 

j) 

dr + (2r cot # + sin 2#)d# = 0 

t) 

Ans 

. 


a) 

y; I.P., e*; y = 2x + Ce~ x 

e) 

b) 

p; I.P., e 5 *; 3p = 2 + Ce~ i$ 

g) 

d) 

y ; I.P., l/* 2 ; y = + Cx 2 

j) 


y(l + y 2 )dx = 2(1- 2 xy 2 )dy 
yy' - xy 2 - x = 0 
xdy-ydx = x /x 2 - y 2 dy 
4>i(t) dx/dt + = 1 

X 

2 dx/dy - x/y + x cos y = 0 
2 

xy r = y(l - x tan x) + x cos x 
(2 +y 2 )dx - (xy + 2y + y 5 )dy = 0 
(1 + y 2 )dx = (arc tan y - x)dy 
(2xy 5 -y)dx + 2x dy = 0 

(1+ sin y)dx = [2y cos y - x(sec y + tan y)]dy 

i; I.P., i = - ±(3 sin 2t + cos 2t) + Ce 6t 

x; I.F. • ye y \ xy = 3(y-l) + Ce~ y 
r; I.P., sin 2 #; 2r sin 2 8 + sin 4 8 = C 
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*> 

x; 

i.p.. 

(l + y 2 ) 2 ; (l + y 2 ) 2 jt = 2 In y + y 2 + C 


x ; 

i.p.. 

y .UsiVdtu^t) _ r i J*v(t)dtfoi{t) dt t c 




J <i>t(t) 

p) 

y; 

i.p.. 

1 2 _ 

- y - x cos x + Cx cos x 




x cos x * 

9) 

*; 

i.p., 

l//2 + y 2 ; * = 2 + y 2 + c/2 + y 2 

r) 


i.p.. 

arc tany , „ ^ -arc tany 

c *; x = arc tan y - 1 + Ce J 

t) 

x; 

i.p.. 

2 

secy + tany; x(secy + tany) =y + C 


20. Prom the remaining equations in Problem 19, solve those of the Bernoulli type. 

2 

Ans. c) y' 1 = v; 1/y = l-*+Ce‘* l) y 2 = v; y 2 = 1 + Ce X 

f) y 1 = v; (C + x)ye X + 1-0 o) x~ 2 = v; x~ 2 y - cos y + y sin y + C 

i) y " 5 = v ; 2 /y 5 = C * 5 + 5* 5 s) y~* = v; Zx 2 = ( 4* 5 + C)y 4 

21. Solve the remaining equations, /i) and m), of Problem 19. 

2 

Ans. h) s - se + sin 2t = C m) y = * sin(y + C) 

22. Solve: 

5 x 2 x 

а) xy' = 2y + * e subject to y = 0 when x = 1. Ans. y - x (e -e) 

б) L ~ + Ri = E sin 2t, where L,i?,£ are constants, subject to the condition i = 0 when t = 0. 

at 

Ans. i = ---(fl sin 2t - 2 L cos 2t + 2Le~ R ^ L ) 

R 2 + 4 1 2 


23. Solve: 


2 c?y 

а) * cosy ~ = 2x sin y - 1, using sin y = z . 

б) 4* 2 yy' = 3x(3y 2 + 2) + 2(3y 2 + 2) 5 , using 3y 2 + 2 = z. 

3 3 2 jc 2 3 

c) (xy ~y -x e )dx + 3 xy dy = 0, using y = vx . 

cf) cfy/c& + x(* + y) = x 5 (x+y) 5 - 1. 

e) (y + e y -e~ X )dx + (1 + e^)dy = 0. 


Ans. 

3* sin y 

= Cx 5 + 1 

Ans. 

4x 9 = (C 

-3* 8 )(3y 2 +2/ 

Ans. 

_ 3 x Zx n 

2 ye = xe + Cx 

Ans. 

i/(* + y) 2 

2 ^ X 

= x + 1 + Ce 

Ans. 

+ 

ti 

(x + C)e~ X 


t/*. 





CHAPTER 7 


Geometric Applications 


IN CHAPTER 1 it was shown how the differential equation 

1) Hx.y.y') - 0 
of a family of curves 

2) i(x,y,C) = 0 

could be obtained. The differential equation expresses analytically a certain 
property common to every curve of the family. 

Conversely, if a property whose analytic representation involves the de¬ 
rivative is given, the solution of the resulting differential equation rep¬ 
resents a one parameter family of curves, all possessing the given property. 
Each curve of the family is called an integral curve of 1) and particular in¬ 
tegral curves may be singled out by giving additional properties, for example, 
a point through which the curve passes. 

For convenience, the following properties of curves which involve the de¬ 
rivative, are listed. 


RECTANGULAR COORDINATES. Let (x.y) be a general point of a curve F(x,y) = 0. 


a) 




at ( x,y). 


b) - is the slope of the normal to the curve at (x,y). 

dy 

C ) Y- y = ^(X-x) is the equation of the tangent at (x,y), where (X,Y) are the coordinates 
dx 

of any point on it, 

d) Y-y = - -(X-x) is the equation of the normal at (x.y), where (*,!') are the coordinates 

dy 

of any point on it. 

e) and y-x~ are the x~ and y-intercepts of the tangent. 

dy dx 
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f) x + y+x are the x- and y -intercepts of the normal. 


*> y / 1 + <£>" “d * 


and y-axes. 


A 7 ! 


) are the lengths of the tangent between ( x,y ) and the x - 


*> »A * <s )! *A * <1 


) are the lengths of the normal between ( x,y ) and the x- 


and y-axes. 


dx dy 

i) y-p and y-- are the lengths of the subtangent and subnormal, 
ay dx 


j) ds = y/(dx) 2 + (dy) 2 = dx J\ + (~) 2 = dy^l + (~) 2 is an element of length of arc. 

k) ydx or xdy Is an element of area. 


POLAR COORDINATES. Let (p,&) be a general point on a curve p = f(6). 



l ) tan = p —- 1 where 0 is the angle between the radius vector and the part of the tan- 

dp 

gent drawn toward the initial line. 

2 dd 

m) p tan »p = p — is the length of the polar subtangent. 

dp 

n) p cot = — is the length of the polar subnormal. 

d6 

o) p sin 0 = p 2 — is the length of the perpendicular from the pole to the tangent. 

ds 

p) ds = y/{dpf + p 2 (d&) 2 - dpj 1 + + P 2 is an element of length 

of arc, 

q) ±p 2 dS is an element of area. 
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TRAJECTORIES. Any curve which cuts every member of a given family of curves at the 
constant angle co is called an co-trajectory of the family. A 90° trajectory of 
the family is commonly called an orthogonal trajectory of the family. For ex¬ 
ample, in Figure (a) below, the circles through the origin with centers on the 
y-axis are orthogonal trajectories of the family of circles through the origin 
with centers on the x-axis. 




In finding such trajectories, we shall use: 


A) The integral curves of the differential equation 


3) 


f(x,y, 


y' — tan <o ^ 
1 + y'tan co 


0 


are the co -trajectories of the family of integral curves of 
1) f(x,y,y') = 0. 


To prove this, consider the integral curve C of 1) and an a>-trajectory which 
intersect at P(x,y), as shown in Figure (b) above. At each point of C for 
which 1) defines a value of y\ we associate a triad of numbers (x,y;y'), the 
first two being the coordinates of the point and the third being the corres¬ 
ponding value of y' given by 1). Similarly, with each point of T for which 
there is a tangent line, we associate a triad (x,y;y')» the first two being 
the coordinates of the point and the third the slope of the tangent. To avoid 
confusion, since we are to consider the triads associated with P as a point 
on C and as a point on T, let us write the latter (associated with P_on T) as 
(x,y; y'). Now, from the figure, x=x, y-y at P while y'= tan 6 and y' - tan 4> 
are related by 


y' = tan 8 = tan (4>-co) 


tan - tanoi _ y'- tan co 

1 + tan 0 tano 1+ y'tan co 


Thus, at P (a general point in the plane) on an w-trajectory, the relation 

Hx.y.y') - Hx.y, 


1+ y'tan co 


) = 0 


holds, or, dropping the dashes, /(x,y, —— tan - ) = 0. 

1 + y' tan co 


B) The integral curves of the differential equation 
4) f(x,y,-l/y') = 0 

are the orthogonal trajectories of the family of integral curves of 1). 
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C) In polar coordinates, the integral curves of the differential equation 

5) 

are the orthogonal trajectories of the integral curves of 

6 ) 


f(P, 0. -P 2 = 0 

dp 


f(p,6,±) = 0. 
au 


SOLVED PROBLEMS 

1# At each point (x,y ) of a curve the intercept of the tangent on the y-axis is equal to 2xy 2 . 
Find the curve. 


Using e), the differential equation of the curve is 

„ dy n 2 y dx - xdy _ . 

y - x -f = 2 xy or ^-£ = 2 xdx. 

dx y Z 

Integrating, p = x Z + C or x - x 2 y = Cy. 


The differential equation may also be obtained di- 

dy 

dx 


rectly from the adjoining figure as — - 



2. At each point ( x f y) of a curve the subtangent is proportional to the square of the abscissa. 
Find the curve if it also passes through the point (l,e). 

Using t), the differential equation is y— = kx 2 or — = k — » where k is the 


dy 


proportionality factor. 


Integrating, kin y = - - + C. When x = 1, y = e: A = -1 + C and C = k + 1. 

The required curve has equation Alny=-- + A+ 1 , 

* 


3* Find the family of curves for which the length of the part of the tangent between the point of 
contact (x,y) and the y-axis is equal to the y-intercept of the tangent. 


From g) and e), we have x 




2 dy 

1 ■ 


or A) x 2 = y 2 - 2 xy — 
dx 


The transformation y - vx reduces A) to 


(1+ v 2 )dx + 2vx dv =0 or — + ~ - ^ v = q. 

* 1+v 2 


Integrating, In x + ln(l+v ) = In C. 

2 

Then x(l + —) = C or x 2 + y 2 = Cx is the equation of the family. 
x 2 
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4* Through any point (x,y ) of a curve which passes through the origin, lines are drawn parallel 
to the coordinate axes. Find the curve given that it divides the rectangle formed by the two 
lines and the axes into two areas, one of which is three times the other. 




There are two cases illustrated in the figures, 
a) Here 3(area OAP) = area OPB. Then 3j^ y dx - xy - J Q y dx 

To obtain the differential equation, we differentiate with respect to x . 


4/ 0 ydx = xy. 


Thus, 


4 y = y + x 


dx 


dy 3 y 

or ~ • 

dx x 


An integration yields the family of curves y - Cx . 

r x 

b) Here area OAP = 3(area OPB) and 4 J q y dx = 3 xy. 

The differential equation is — = ~ , and the family of curves has equation y 5 = Cx. 

dx 3x 

Since the differential equation in each case was obtained by a differentiation, extraneous 
solutions may have been introduced. It is necessary therefore to compute the areas as a check. 
In each of the above cases, the curves found satisfy the conditions. However, see Problem 5. 


5* The areas bounded by the x-axis, a fixed ordinate x =a, a variable ordinate, and the part of a 
curve intercepted by the ordinates is revolved about the x-axis. Find the curve if the volume 
generated is proportional to a) the sum of the two ordinates, 6) the difference of the two 
ordinates. 


a) Let A be the length of the fixed ordinate. The differential equation obtained by differen¬ 
tiating 1) KJ y 2 dx = k(y + A) is Ky 2 - k~ • Integrating, we have 2) y(C - Kx) = k , 
a dx 

When the value of y given by 2) is used in computing the left member of 1), we find 


3 > K l 


k 2 dx 


= k(y - A). 


' a ( C - Kx ) 2 C - Kx C - Ka 

Thus, the solution is extraneous and no curve exists having the property a). 


6) Repeating the above procedure with l f ) kJ y 2 dx = k(y - A ), we obtain the differen- 

o 

tial equation 7iy 2 = k ~ whose solution is 2 1 ) y(C - Kx) = k . 
dx 

It is seen from 3) that this equation satisfies l 1 ). Thus, the family of curves 2 f ) has the 
required property. 
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9« Find the orthogonal trajectories of the hyperbolas xy = C. 

The differential equation of the given family is + y = 0 , obtained by differenti- 

dx 

ating xy = C. The differential equation of the orthogonal trajectories, obtained by replacing 

-^by-~* is -x ~ + y = 0 or ydy - xdx - 0. 
dx dy dy 

Integrating, the orthogonal trajectories are the family of curves (hyperbolas) y 2 -x 2 =C. 




Problem 10 


10. Show that the family of confocal conics 
is self-orthogonal. 



1, where C is an arbitrary constant, 


Differentiating the equation of the family with respect to x yields 



where 


p = & . Solving this for C, we find C = 
y dx * + yp 


so that C- A. = 


. -Vr 


When these replace- 


_ x + yp 

ments are made in the equation of the family, the differential equation of the family is found 
to be (* + yp) (px - y) - V = 0. 


Since this equation is unchanged when p is replaced by -1/p, it is also the differential 
equation of the orthogonal trajectories of the given family. 


11. Determine the orthogonal trajectories of the family of cardiods p - C( 1 + sin &). 


Differentiating with respect to 6 to obtain — = C cos 6 t solving for C = —t 

d6 cos 6 du 

and substituting for C in the given equation, the differential equation of the given family 

* S c(p p cos 6 

d0 1 + sin 6 


dp 

The differential equation of the orthogonal trajectories, obtained by replacing -- by 

2 dd . de 

P dp S dd cos 6 dp 

-- -- or — 


dp p( 1 + sin 6) 


— + (sec 6 + tan 6)d6 = 0. 
P 


Then 


In p + ln(sec 6 + tan 6) - In cos 6 


In C or p = — — C0S — - = C(l-sin^). 

sec 8 + tan 6 



48 


GEOMETRIC APPLICATIONS 


12. Determine the 45° trajectories of the family of concentric circles x 2 + y 2 = C. 

The differential equation of the family of circles is x + yy' = 0. 

The differential equation of the 45° trajectories, obtained by replacing y r in the above 
yf __ tan 45° •» l 1 

equation by — -- = ^-. is x + yi- = 0 or ( x+y)dy + (x-y)cfr = 0. 

l + y'tan45 1 + y' i + y' 

Using the transformation y -vx , this equation is reduced to 

(v 2 + l)dx + x(v + l)dv - 0 or — + — dv - 0. 

* v 2 + 1 

Integrating, In x + iln(v 2 +l) + arc tan v - In K lt In x 2 (l+v 2 ) = In K - 2 arc tan v, 
and * 2 + y 2 = *.-*«*“>* 

2 0 

In polar coordinates, the equation becomes p = Ke or pe = C. 


SUPPLEMENTARY PROBLEMS 


13. Find the equation of the curve for which 

a) the normal at any point (x,y ) passes through the origin. Ans . x 2 +y 2 = C 

b) the slope of the tangent at any point ( x 9 y) is £ the slope of the line from the origin to 

the point. Ans . y 2 = Cx 

c) the normal at any point ( x 9 y ) and the line joining the origin to that point form an isos¬ 
celes triangle having the x-axis as base. Ans . y 2 -* 2 = C 

d) the part of the normal drawn at point ( x,y) between this point and the x-axis is bisected 

by the y-axis. Ans . y 2 + 2x 2 = C 

e) the perpendicular from the origin to a tangent line of the curve is equal to the abscissa 

of the point of contact (x,y). Ans . x 2 + y 2 = Cx 

f) the arc length from the origin to the variable point (x,y) is equal to twice the square 

root of the abscissa of the point. Ans . y = ±(arc sini/x + Vx - x* ) + C 

g) the polar subnormal is twice the sine of the vectorial angle. Ans . p = C - 2 cos 6 

h ) the angle between the radius vector and the tangent is ^ the vectorial angle. 

Ans . p = C( 1 - cos 6) 

i) the polar subtangent is equal to the polar subnormal. Ans. p = Ce 


14. Find the orthogonal trajectories of each of the following families of curves. 


a) x + 2y - C 

b) xy = C 

C) x 2 + 2y z = C 
d) y = Ce 


-2x 


Ans. y - 2x = K 
x 2 -y 2 = K 
y - Kx 2 
y 2 = x + K 


e) y 2 = * 5 /(C-*) 


x 2 2 2 2 2 X 

(X +y ) =K(2* + y ) 


f) y - x~ 1 + Ce’* Ans. x = y- 1 + Ke~ 


g) y = 2x (1- Cx) 

/i) p = a cos £ 

i) p = a(l + sin 6) 

j) p = a (sec 6 + tan 0) 


x +3y 2 ln(Ky) = 0 
p = 6 sin 6 

p = 6(1- sin 6) 

L -sin 6 
p = 6e 



CHAPTER 8 


Physical Applications 


MANY OP THE APPLICATIONS of this and later chapters will be concerned with the mo¬ 
tion of a body along a straight line. If the body moves with varying velocity 
v (that is, with accelerated motion) its acceleration, given by dv/dt, is due 
to one or more forces acting in the direction of motion or in the opposite 
direction. The net force on the mass is the (algebraic) sum of the several 
forces. 

Example 1. A boat is moving subject to a force of 20 pounds on its sail 
and a resisting force (lb) equal to 1/50 its velocity (ft/sec). If the direc¬ 
tion of motion is taken as positive, the net force (lb) is 20— v/50. 

Example 2. To the free end of a spring of negligible mass, hanging verti¬ 
cally, a mass is attached and brought to rest. There are two forces acting on 
the mass - gravity acting downward and a restoring force, called the spring 
force, opposing gravity. The two forces, being opposite in direction, are equal 
in magnitude since the mass is at rest. Thus, the net force is zero. 

Newton's Second Law of Motion states in part that the product of the mass 
and acceleration is proportional to the net force on the mass. When the sys¬ 
tem of units described below is used, the factor of proportionality is A = 1 
and we have 

mass x acceleration = net force. 

THE U. S. ENGINEERING SYSTEM is based on the fundamental units: the pound of force 
(the pound weight), the foot of length, and the second of time. The derived 
unit of mass is the slug, defined by 

. weight in pounds 

mass in slugs = - - --—;— • 

g in ft/sec 

Hence, 

mass in slugs x acceleration in ft/sec 2 = net force in pounds. 

The acceleration g of a freely falling body varies but slightly over the 
earth’s surface. For convenience in computing, an approximate value g = 32 
ft/sec 2 is used in the problems. 


SOLVED PROBLEMS 


1. If the population of a country doubles in 50 years, in how many years will it treble under the 
assumption that the rate of increase is proportional to the number of inhabitants? 


Let y denote the population at time t years and y 0 the population at time t - 0. Then 
1) & = fey or — = kdt, where k is the proportionality factor. 

dt y 

First Solution. Integrating 1), we have 2) In y - kt + In C or y = Ce kt . 

kt 

At time t =0, y = y 0 and, from 2), C = y Q * Thus, 3) y = y Q e . 
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At t = 50, y = 2y 0 . Prom 3), 2yo = yo« 5 ° fe or e 5 ° ft = 2. 

When y = 3y 0 , 3) gives 3 = e kt . Then 3 50 = e’ 0 ** = (e 50 *)* = 2* and t = 79 years. 

Second Solution. Integrating 1) between the limits t=0, y=yo and t = 50, y=2y 0 , 
r 2y o d /.*> 

I — = k I dt. In 2y 0 - In y 0 = 50 k and 50k = In 2. 

*% y J o 

Integrating l) between the limits t=0, y=yo and t = t, y = 3y 0 , 

-»% dy 


r* - * r*. 

a, j - j - 


and In 3 = kt» 


Then 50 In 3 = 50 kt = t In 2 and t - ? = 79 years. 

In 2 


2. In a certain culture of bacteria the rate of increase is proportional to the number present, 
(a) If it is found that the number doubles in 4 hours, how many may be expected at the end 
of 12 hours? (6) If there are 10 4 at the end of 3 hours and 4-10 4 at the end of 5 hours, how 
many were there in the beginning? 


Let x denote the number of bacteria at time t hours. Then 


i) £ = k X 

dt 


or 


£ = kdt. 

x 


a) First Solution , Integrating 1), we have 2) In x = kt + In C or x = Ce kt . 

kt 

Assuming that x ~ x 0 at time t = 0, C = x 0 and x = x 0 e . 

11 b u b 

At time t = 4, x = 2x 0 . Then 2x 0 = x 0 e and e =2. 

When t = 12, x = x 0 e 12k = x 0 (e = x 0 (2 5 ) = 8 xq, that is, there are 8 times the original 
number. 

Second Solution. Integrating 1) between the limits t = 0, x=x 0 and t = 4, x = 2x 0 , 


J — 38 * r dt, 

X Jo 


In 2ac 0 - In xq = 4/e and 4fe = In 2. 


* •'o 

Integrating 1) between the limits t = 0, x=x 0 and t = 12, x=x, 


f * - * /* *. 


and in — = 12fe = 3(4fe) = 3 In 2 = In 8. 
*o 


Then x = 8x 0 , as before. 

in 4 

6) First Solution . When t = 3, x = 10 \ Hence, from 2), 10* = Ce 5fe and C = • 

When t = 5, at = 4-IQ 1 *. Hence, 4* 10** = Ce 5 * and C = 4 ' 10 


If If 

Equating the values of C, = 4 * 10 

e 5 * e 5 * 


e 5fe 

2k h 

Then e =4 and e = 2. 


10 


10 


Thus, the original number is C = - = - bacteria. 


m3* 


8 
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4 4 

Second Solution. Integrating 1) between the limits t=3, * = 10 and t = 5, * = 4-10 . 


f ^ = k f dt. 

•V * "5 

Integrating 1) between the limits t = 0, x = xq and t = 3, * = 10 , 

f 10 * = k f dt, in — = 3k = 3 In 2 = 

J x x «/Q X ° 


In 4 = 2k and k = In 2 . 

4 


10 


In 8 and * 0 = - as before. 

8 


3 # According to Newton’s law of cooling, the rate at which a substance cools in moving air is 
proportional to the difference between the temperature of the substance and that of the air. 
If the temperature of the air is 30° and the substance cools from 100° to 70° in 15 minutes, 
find when the temperature will be 40°. 

Let T be the temperature of the substance at time t minutes. 


Then 


— = -fc(T - 30) or 

dt 


dT 


= -kdt. 


T - 30 

(Note. The use of -k here is optional. It will be found that k is positive, but if +fe is 
used it will be found that fe is equally negative.) 

Integrating between the limits t = 0, T = 100 and t = 15, T 70, 

f 

*Aif 


dT 

•'ioo T - 30 




4 7 

In 40 - In 70 = —15/e = In - and 15k = In - = 0.56. 


Integrating between the limits t = 0 , T - 100 and t - t, T - 40, 
„40 


f = -k f dt, In 10 - In 70 = -kt, 15kt = 15 In 7, t = - 5 * = 52 min. 

"loo T — 30 J o 


0.56 


4. A certain chemical dissolves in water at a rate proportional to the product of the amount un¬ 
dissolved and the difference between the concentration in a saturated solution and the con¬ 
centration in the actual solution. In 100 grams of a saturated solution it is known that 50 
grams of the substance are dissolved. If when 30 grams of the chemical are agitated with 100 
grams of water, 10 grams are dissolved in 2 hours, how much will be dissolved in 5 hours? 

Let x denote the number of grams of the chemical undissolved after t hours. At this time 
the concentration of the actual solution is 811(1 of a saturated solution is 


Then 


* . - 2 SL^> . fc, or ± . \i,. 

dt 100 100 100 * * + 20 5 


Integrating between t 

= 0, x = 30 

and t = 2, * = 30-10 = : 

^20 

„2Q 

/»2 

f - - 

dx 

- I dt, and k = 

JyO x Jr 

10 * + 20 

5 Jq 

Integrating between t 

ii 

© 

X 

ii 

CO 

o 

and t = 5 , x = x. 

f* - - i 

f x dx 

* Cdt m 

•/30 x J 

50 * + 20 

5 X ’ 3(* + 20) 

0.38, and * = 12. Thus, the amount 

dissolved after 5 hours 


c__ 3 -0.46 

20 ' 5 C 
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5 * A 100 gallon tank is filled with brine containing 60 pounds of dissolved salt. Water runs into 
the tank at the rate of 2 gallons per minute and the mixture, kept uniform by stirring, runs 
out at the same rate. How much salt is in the tank after 1 hour? 

Let s be the number of pounds of salt in the tank after t minutes, the concentration then 
being s/100 lb/gal. During the interval dt , 2 dt gallons of water flows into the tank and 

2 dt gallons of brine containing dt = — dt pounds of salt flows out. 

100 50 

Thus, the change ds in the amount of salt in the tank is ds - — -dt* 

50 

Integrating, s = Ce~ t/5 °. At t = 0 , s = 60; hence, C = 60 and s = 60e~* /5 °. 

When t = 60 minutes, s = 60= 60(.301) = 18 pounds. 


6 . The air in a certain room 150 , x50 , xl2 l tested 0 . 2 %C 0 2 . Fresh air containing 0.05% C0 2 was 
then admitted by ventilators at the rate 9000 ft 5 /min. Find the percentage C0 2 after 20 minutes. 

Let x denote the number of cubic feet of C0 2 in the room at time t, the concentration of 
C0 2 then being x/90,000. During the interval dt, the amount of C0 2 entering the room is 

9,000(.0005)eft ft 5 and the amount leaving is 9,000 —-— dt ft 5 . 

90,000 

Hence, the change dx in the interval is dx - 9,000(*0005 -^— )dt = - — - ft 5 dt . 

90,000 10 

Integrating, 10 ln(x - 45 ) = -t + In C x and x = 45 + Ce~ t/10 . 

At. t = 0 , x = .002(90.000) = 180. Then C = 180-45 = 135 and x = 45 + 135 e~ t/10 . 

*•2 63 

When t = 20, x = 45 + 135 e = 63. The percentage C0 2 is then - = .0007 = 0.07%. 

90,000 


7 - Under certain conditions the constant quantity 
Q calories/ second of heat flowing through a wall 
is given by 

Q = -m£. 

dx 

where k is the conductivity of the material, 
A(cm 2 ) is the area of a face of the wall perpen¬ 
dicular to the direction of flow, and T is the 
temperature x(cm) from that face such that T de¬ 
creases as x increases. Find the number of cal¬ 
ories of heat per hour flowing through 1 square 
meter of the wall of a refrigerator room 125 cm 
thick for which k - 0.0025, if the temperature 
of the inner face is -5°C and that of the outer 
face is 75 °C. 



direction of flow 


Let x denote the distance of a point within 
the wall from the outer face. 


Integrating dT = 



- dx fron x = 0 . T = 75 to x ^ 125, T = -5, 
kA 

f*. 80 = —(125), and Q = — = * SBBL 

kA J 0 kA V 125 125 


16 


cal 
» —■ • 

sec 


Thus, the flow of heat per hour = 3600Q = 57,600 cal. 
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8. A steam pipe 20 cm in diameter is protected with a 
covering 6 cm thick for which k - 0.0003. (a) Find 
the heat loss per hour through a meter length of 
the pipe if the surface of the pipe is 200 C and 
that of the outer surface of the covering is 30°C. 
(b) Find the temperature at a distance* > 10 cm from 
the center of the pipe. 

At a distance * > 10 cm from the center of the 
pipe, heat is flowing across a cylindrical shell of 
surface area 2Kx cm 2 per cm of length of pipe. From 
Problem 7, 

Q = -feA — = -2Kkx — or 2Kk dT - -<? ^ • 
dx dx x 

a) Integrating between the limits T = 30, * = 16 
and T = 200, x ~ 10, 




340 Tik = Q(ln 16 - In 10) 


Q In 1.6 


and 


Q = 340TC - cal/sec. 
In 1.6 


2 

Thus, the heat loss per hour through a meter length of pipe is 100(60) Q - 245,000cal. 


6) Integrating 2 Tik dT - 

f dT = - f 

0 l n 1«6 */l6 

Check . When * =10, T = 


340,1 1 — between the limits T = 30, * = 16 and 
ln 1.6 * 

k, r_ 3 o = _ m— and T =(30 + 

x ln 1.6 16 


30 + - i— ln 1.6 = 200°C. When * = 16, T = 30 + 0 
ln 1.6 


T = T. x = *, 


170 
ln 1.6 


In—)°C. 

X 


= 30°C. 


9. Find the time required for a cylindrical tank of radius 8 ft and height 10 ft to empty through 
a round hole of radius 1 inch in the bottom of the tank, given that water will issue from such 
a hole with velocity approximately v = 4.8 /h ft/sec, h being the depth of the water in the 
tank. 

The volume of water which runs out per second may bethought of as that of a cylinder 1 inch 
in radius and of height v. Hence, the volume which runs out in time dt sec is 

tc(—) 2 (4.8 y/h).dt = —<4.8 Vh)dt. 

12 144 

Denoting by dh the corresponding drop in the water level in the tank, 
which runs out is also given «by 64KciA. Hence, 

y— „ . 64(144) dh 

—(4.8 /h)dt = -64TC dh or dt -- —— -- - 

144 4 - 8 y/h 

Integrating between t - 0, h = 10 and t = t, h - 0, 


f* r° dh 

| dt = -1920 I — . 

and t = - 3840 y/h 1 

= 3840 y/Vb sec =3 hr 22 min. 

'o Ao /h 

uc 

) 


10. A ship weighing 48,000 tons starts from rest under the force of a constant propeller thrust of 
200,000 lb. a) Find its velocity as a function of time t, given that the resistance in pounds 
is 10,000v, with v = velocity measured in ft/sec. b) Find the terminal velocity (i.e., v when 
t -*oo) in miles per hour. (Take g = 32 ft/sec 2 .) 


the volume of water 

-1920 — • 

Vh 
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Since mass (slugs) x acceleration (ft/sec 2 ) = 

.. 48,000(2000) dv 

then ---- = 200,000 - 10,000 v or 

32 dt 

Integrating, ^ /3 °° = Je* /3 ° 0 dt * 20e t/5 °° + C. 

300 

a) When t = 0, v = 0; C - -20 and v = 20 - 20e~ t/300 = 20(1 - e~ t/3 °°). 

b) As t-* oo t v = 20; the terminal velocity is 20 ft/sec = 13.6 mi/hr. This may also be ob¬ 
tained from 1) since, as v approaches a limiting value, — 0. Then v = 20, as before. 


net force (lb) 
impetus of propeller 


D 7 

dt 


v 

300 


- resistance, 

20 ^ 

300 * 


11. A boat is being towed at the rate 12 miles per hour. At the instant (t = 0) that the towing 
line is cast off, a man in the boat begins to row in the direction of motion, exerting a force 
of 20 lb. If the combined weight of the man and boat is 480 lb and the resistance (lb) is 
equal to 1.75u, where v is measured in ft/sec, find the speed of the boat after £ minute. 


Since mass (slugs) x acceleration (ft/sec ) 


then 


480 dv ^ 1nc 
— -r = 20 - 1.75v 

32 dt 


or 


net force (lb) 

forward force - resistance, 

dv 1 4 

— + — v = - . 

dt 60 3 


Integrating, 


it/to 


4 r lt/to 
3 


dt 


80 lt/to 
— 6 + O* 

7 


When t = 0, v = H?. 2 ??) , 88 
(60) 2 5 

When t = 30, v = 5? + 216,-3-5 
7 35 


216 

35 


and 


v 


80 216 -7t/bo 

7 35 C 


11.6 ft/sec. 


12. A mass is being pulled across the ice on a sled, the total weight including the sled being 
80 lb. Under the assumption that the resistance offered by the ice to the runners is negli¬ 
gible and that the air offers a resistance in pounds equal to 5 times the velocity (v ft/sec) 
of the sled, find 

а) the constant force (pounds) exerted on the sled which will give it a terminal velocity of 
10 miles per hour, and 

б) the velocity and distance traveled at the end of 48 seconds. 


Since mass (slugs) x acceleration (ft/sec 2 ) 


then 


80 dv 
32 dt 


F - 5v 


or 


dv _ 
-- + 2v 
dt 



= net force (lb) 

= forward force - resistance, 

where F (lb) is the forward force. 


F -21 

Integrating, v = - + Ce . When t = 0, v = 0; then C = - 
5 

а) As t -* oo, - = i; = ^5280) _ 44 # xh e required force is 

R 2 Q 

0 ( 60 ) J 

б) Substituting from a) in A), v = —(l - e~ 2t ). 

3 

44 -96 44 r 98 

When t = 48: v = —(1 -e )= — ft/sec, and s = / v dt 
3 3 o 


F 
' 5 

F = 


and A) v = -(1 - e“ 2t ). 
5 


220 ih 

T lb ‘ 


44 r 

- S (i - 

3 o 


e~ 2t )dt = 697 ft. 
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13. A spring of negligible weight hangs vertically. A mass of « slugs is attached to the other 
end. If the mass is moving with velocity v 0 ft/sec when the spring is unstretched, find the 
velocity v as a function of the stretch * ft. 

According to Hooke’s law, the spring force (force opposing the stretch) is proportional to 
the stretch. 


Net force on body = weight of body - spring force 
Then 


dv dv dx dv , . dx 

m — = mg - kx or m ——— = mv — - mg - kx, since — - v. 

dt dx dt dx dt 


2 2 

Integrating, mv = 2mgx - kx + C. 

When x = 0, v = t/ 0 . Then C = j nv 2 and mv 2 = 2mgx - kx 2 + mv 2 » 

14. A parachutist is falling with speed 176 ft/sec when his parachute opens. If the air resis¬ 
tance is Wv 2 /256 lb, where W is the total weight of the man and parachute, find his speed as 
a function of the time t after the parachute opened. 


Net force on system = weight of system - air resistance 

If dv w Wv 2 dv 

g dt 256 


Then 


dt 

8 


256 v 2 - 256 

Integrating between the limits t = 0, v = 176 and t = t, v - v, 

dv 


f 

— 1 7fi 


In 


176 v* - 256 
v - 16 5 


v +16 


6 


- - f dt , 

1 - v 
— In — 

-16 

V 

. -|i* 

• 

8 J 0 

32 v 

+ 16 

176 

8|o 


= -4t, 

t; -16 _ 5 -*t 

t/ + 16 6 e ’ 

and 

t; = 16 

6 + 5e 

-*t 

6 -5e 


Note that the parachutist quickly attains an approximately constant speed, that is, the 
terminal speed of 16 ft/sec. 

15. A body of mass m slugs falls from rest in a medium for which the resistance (lb) is propor- 
tional to the square of the velocity (ft/sec). If the terminal velocity is 150 ft/sec, find 

а) the velocity at the end of 2 seconds, and 

б) the time required for the velocity to become 100 ft/sec. 


Let v denote the velocity of the body at time t seconds. 

Net force on body = weight of body - resistance, and the equation of motion is 

1 ) * T* ~ *6 - Kx>2, 

dt 

2 

Taking g = 32 ft/sec 2 , it is seen that some simplification is possible by choosing K- 2mk . 

dv 


Then 1) reduces to 


^ = 2(16 -feV) 

dt 


or 


2 2 

feV - 16 


= -2 dt. 


Integrating, In = -16 kt + In C 

kv + 4 


or 


= Ce- 16 **. 

kv + 4 


When t = 0, 

v = 0. 

Then C = -1 and 

2) 

fev- 4 

kv + 4 

-16 kt 

= -e 

When t -» co , 

v = 150. 

Then e = 0, 

k 

ii 

v -150 -.*5 1 

and 2) becomes - = -e 

v + 150 
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а) When t = 2, -—= -.423 and v = 61 ft/sec. 

v + 150 

б ) When v - 100, = .2 = e ~ 1-6 and t = 3.7 sec. 


16 * A body of mass m falls from rest in a medium for which the resistance (lb) is proportional to 
the velocity (ft/sec). If the specific gravity of the medium is one-fourth that of the body 
and if the terminal velocity is 24 ft/sec, find (a) the velocity at the end of 3 sec and ( 6 ) 
the distance traveled in 3 sec. 


Let v denote the velocity of the body at time t sec. In addition to the two forces acting 
as in Problem 15, there is a third force which results from the difference in specific grav¬ 
ities. This force is equal in magnitude to the weight of the medium which the body displaces 
and opposes gravity. 

weight of body - buoyant force - resistance, and the equation of 
1 3 

mg - - mg - Kv = - mg - Kv. 

4 4 

Taking g = 32 ft/sec 2 and K = 3 mk, the equation becomes ^ = 3(8-kv) or ——- = 3 dt. 

dt 8-kv 

Integrating from t = 0, v = 0 to t = t, v = v, 

-jln( 8 -fev)|“ = 3t|* , -ln(8-kv) + In 8 = 3kt, and kv = 8(1-e~ 5kt ). 


Net force on body = 
motion is 

dv 

m — = 

dt 


When t- oo, v = 24. Then k = 1/3 and 1 ) 

a) When t = 3, v = 24(1 - e" 5 ) = 22.8 ft/sec. 

b) Integrating v = ~ = 24(1-e -t ) between t 

dt 

*| o = 24(t + e_t )| 0 and x 


v = 24(1 -e”*). 


= 0 , x = 0 and t = 3, x = x, 
= 24(2 + e" 5 ) = 49.2 ft. 


17* The gravitational pull on a mass i at a distance s feet from the center of the earth is pro¬ 
portional to « and inversely proportional to s 2 . a) Find the velocity attained by the mass 
in falling from rest at a distance 5 R from the center to the earth's surface, where R = 4000 
miles is taken as the radius of the earth, b) What velocity would correspond to a fall from 
an infinite distance, that is, with what velocity must the mass be propelled vertically up¬ 
ward to escape the gravitational pull? (All other forces, including friction, are to be neg¬ 
lected. ) 

The gravitational force at a distance s from the earth's surface is A*/s 2 . To determine A, 
note that the force is mg when s = R; thus mg = km/R 2 and k = gR 2 . The equation of motion is 


1 ) 



ds dv 
dt ds 


dv 

ds 



or 


vdv - - gR 2 ~ , 


the sign being negative since v increases as s decreases. 


a) Integrating 1 ) from v = 0 , s = 5R to v = v, s = R, 

{ vdv = -Z r2 {g ^ = f 2 ' |(32)(4000)(5280), 

and v = 2560/165 ft/sec or approximately 6 mi/sec. 
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6) Integrating 1) from u = 0, s — oo to v = v, s = R, 


f vdv = -gft 2 f a ^ . v 2 = 2gfl. 


v = 6400 /35 ft/sec or approximately 7 mi/sec. 


18. One of the basic equations in electric 
circuits is 

1) L — + Ri = E(t ), 

dt 

where L( henries) is called the induc¬ 
tance, fl(ohms) the resistance, i (am¬ 
peres) the current, and E (volts) the 
electromotive force or emf. (In this 
book, R and L will be constants.) 

а) Solve 1) when E(t) = E 0 and the ini¬ 
tial current is i 0 * 

б) Solve 1) when 1=3 henries, R = 15 
ohms, E(t) is the 60 cycle sine wave of 
amplitude 110 volts, and i = 0 when t = 0. 




T di n ^ ■ Rt/L fio r 

a) Integrating L ~ + Ri = E 0 , ie = — J e 
dt L 


St/L 


dt = h e St/L + C or i = ^ + Ce~ St/L 

R 


When t=0, i = i 0 . Then C = i 0 
Note that as t - oo, i = E 0 /R, a constant. 


& and i + io. 

ft ft 


ft 

-A>t/£ 


6) Integrating 3 ~ + 15i = Eq sin u)t = 110 sin 2ft (60)t - 110 sin 120ftt, 

dt 


ie' = — JV" sin 120ftt dt 

3 


110 5 sin 120ftt - 120ft cos 120ftt r 

- - e ----- + 


25 + 14400 ft 


or 


22 sin 120ftt - 24ft cos 120ftt r -5* 
i = — --—— + ue 


When t = 0, i = 0. Then 


3 

C = 


1 + 576ft 
22*24ft 


3(1 + 576ft 2 ) 


and 


22 sin 120ftt - 24ft cos 120ftt + 2 4 ft e 
3 1 + 576ft 2 


-5t 


A more useful form is obtained by noting that the sum of the squares of the coefficients 
of the sine and cosine terms is the denominator of the fraction above. Hence, we may define 


so that 


sin 0 


24 ft 


(1 + 576rt 2 )^ 


and 


cos 


4> 


2 yi 

(1 + 576ft 2 ) 


22 


2 J4 

3(1 + 576ft 2 ; 


( cos 4> sin 120ftt - sin <f> cos 120ftt) + 


176 ft e 


-5 1 


1 + 576ft 


22 


2 % 

3(1 + 576ft 2 ) 


sin( 120ftt - <f>) + 


176 ft e 


-9t 


1 + 576ft z 


Note that after a short time the second term becomes very small; thus, the current quickly be¬ 
comes a pure sine curve. 
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19« If an electric circuit contains a resistance R( ohms) and a con¬ 
denser of capacitance C(farads) in series, and an emf £(volts), 
the charge q (coulombs) on the condenser is given by 

ft -S'* + q - = E . 
dt' C 

If R = 10 ohms, C = l(f 5 farad and E(t) = 100 sin 12071 1 volts, 

а) find q , assuming that q = 0 when t = 0. 

б) use i =dq/dt to find i, assuming that i =5 amperes when t =0. 


Integrating 


10 — +10 5 = 100 sin 120rct, we have 
dt 


E(t) 



qe 


loot 


= 10 / 


loot 


sin 12071 :t dt = lOe 


1001 100 sin 12p7tt - 12071 cos 12Q7M 

10,000 + 14,40071 2 


+ A 


loot 10 sin 1207U - 1271 cos 1207it A 
= e --- + A, 

100 + 14471 2 


and 


1) q = 


(100 + 144TC 2 )^ 


sin(120Jtt - 4>) + 


■loot 


where sin 4> = 


12 it 


(100 + 144rt 2 )^ 


and cos 0 = 


10 


(100 + 1447i 2 )^ 


a) When t =0, q= 0. Then A = 


371 


25 + 3671 


and q = 


2 & 

2(25+ 367i ) 


sin(120Ttt - 0) + 


371 e 


-loot 


25 + 3671 


b) Differentiating 1) with respect to t, we obtain 

# 60Tt 


i = * 
dt 


(25+ 3671 2 )^ 


cos(120711 - 0) - 100Ae 


-loot 


When t=0, i=5. Then 100 A = 


6071 


2 % 

(25 + 36TI) 72 


cos 0-5 = 


and 


6071 


2 % 

(25+ 367T) 72 


cos(120TU- 0) - (- 


300TC 
25+ 367t J 

3007t 


- 5 


25 + 3671 


5)e 


•1001 


20. A boy, standing in corner A of a rectangular 
pool, has a boat in the adjacent corner B on 
the end of a string 20 feet long. He walks 
along the side of the pool toward C keeping 
the string taut. Locate the boy and boat when 
the latter is 12 feet from AC. 

Choose the coordinate system so that AC is 
along the x-axis and AB is along the y-axis. 
Let (x ,y) be the position of the boat when 
the boy has reached E , and let 0 denote the 
angle of inclination of the string. 


Then 


tan 0 = — = 

dx 


-y 


v/400 - 



or 


j /400 - y 2 , 

dx = - -— dy. 

y 
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Integrating, 


/400 - y 5 + 20 In 


20 + 


/400 - 


+ c. 


When the boat is at B, x = 0 and y = 20. 

/ 2 

Then C = 0 and * = - /400 -y 2 + 20 In — 400 — is the equation of the boat's path. 


Now AE = x + /400 -y 2 


20 In 


20 + /400 -*' 2 


. Hence, when the boat is 12 feet from 


AC (i.e., y = 12 ), x + 16 = 20 In 3 = 22 . 

The boy is 22 feet from A and the boat is 6 feet from AB . 

21. A substance y is being formed by the reaction of two substances a and P in which a grams of ct 
and 6 grams of P form (a+ 6) grams of y. If initially there are xo grams of at, y 0 grams of 6 , 
and none of y present and if the rate of formation of Y is proportional to the product of the 
quantities of at and P uncombined, express the amount (z grams) of y formed as a function of 
time t, 

bz 

The z grams of y formed at time t consists of - 7 grams of ot and -- grams of P. 


a + b 


u +6 


Hence, at time t there remain uncombined ( x 0 -^ 7 )grams of ot and (y 0 - - 7 )grams of P. 

a+b a + b 


dz az . , bz 

Then — = K(x 0 - 7 ) (yo- 7 ) 

dt a + 6 a + o 


= k(A-z)(B-z), where k = 


Kab a + 6 ., a + 6 

-r- (—-*o - z)i——yo ~ 2) 

CL O 


(a+ 6 ) 

Kab 


A = (a + b) *° and B = ( ° +. b )Z2. . 


(a + 6 ) a 

There are two cases to be considered: 1 ) A A B, say A>B, and 2) A - B. 


1) Here 


dz 


+ ——— = kdt. 

A-B A-z A-B B-z 


(A - z) (B - z) 

Integrating from t=0, z= 0 tot=t, z=z, we obtain 

1 1 

= kt I 
lo 


1 *1 A-z , 1 

A-B ln B^l = *° * 




A-z _ A (A-B)kt 


B-z B 


and 


z = 


AB( 


2) Here 


dz 


(A-zV 


= kdt . Integrating from t = 0, z = 0 to t = t, z = z, we obtain 


j-r, * 1 *. -l 

l-z | 0 '° 4 — z 


— - 1 = kt, 

A-z A 


and 


4 2 fet 
1 +Afet 
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SUPPLEMENTARY PROBLEMS 


22* A body moves in a straight line so that its velocity exceeds by 2 its distance from a fixed 
point of the line. If v - 5 when t = 0, find the equation of motion. Ans. x = 5e t - 2 

23. Find the time required for a sum of money to double itself at 5% per annum compounded con¬ 
tinuously. Hint: dx/dt - 0.05x, where x is the amount after t years. Ans . 13.9 years 

24. Radium decomposes at a rate proportional to the amount present. If half the original amount 

disappears in 1600 years, find the percentage lost in 100 years. Ans. 4.2% 

25. In a culture of yeast the amount of active ferment grows at a rate proportional to the amount 

present. If the amount doubles in 1 hour, how many times the original amount may be antici¬ 
pated at the end of 2j hours? Ans . 6.73 times the original amount 

26. If, when the temperature of the air is 20°C, a certain substance cools from 100°C to 60°C 

in 10 minutes, find the temperature after 40 minutes. Ans . 25°C 

27. A tank contains 100 gal of brine made by dissolving 60 lb of salt in water. Salt water con¬ 
taining 1 lb of salt per gal runs in at the rate 2 gal/min and the mixture, kept uniform by 
stirring, runs out at the rate 3 gal/min. Find the amount of salt in the tank at the end of 
1 hr. Hint: dx/dt = 2 - 3*/(100-t). Ans. 37.4 lb 

28. Find the time required for a square tank of side 6 ft and depth 9 ft to empty through a one 

inch circular hole in the bottom. (Assume, as inProb.9, v = 4.8 Vh ft/sec.) Ans. 137 min 

29. A brick wall (k = 0.0012) is 30 cm thick. If the inner surface is 20°C and the outer is 0°C, 
find the temperature in the wall as a function of the distance from the outer surface and 
the heat loss per day through a square meter. Ans . T = 2x/3; 691,000 cal 

30. A man and his boat weigh 320 lb. If the force exerted by the oars in the direction of motion 
is 16 lb and if the resistance (in lb) to the motion is equal to twice the speed (ft/sec), 
find the speed 15 sec after the boat starts from rest. Ans. 7.6 ft/sec 

31. A tank contains 100 gal of brine made by dissolving 80 lb of salt in water. Pure water runs 
into the tank at the rate 4 gal/min and the mixture, kept uniform by stirring, runs out at 
the same rate. The outflow runs into a second tank which contains 100 gal of pure water ini¬ 
tially and the mixture, kept uniform by stirring, runs out at the same rate. Find the amount 
of salt in the second tank after 1 hr. 

Hint: ~ = 4(|e~°*° 4 *) - 4-^- for the second tank. Ans. 17.4 lb 

dt 5 100 

32. A funnel 10 in. in diameter at the top and 1 in. in diameter at the bottom is 24 in. deep. 
If initially full of water, find the time required to empty. Ans. 13.7 sec 


33. Water is flowing into a vertical cylindrical tank of radius 6ft and height 9 ft at the rate 
671 ft 5 /niin and is escaping through a hole 1 in. in diameter in the bottom. Find the time re¬ 


quired to fill the tank. Hint: (^-4.8 y/h)dt = 36 ndh. Ans . 65 min 

10 (24) 2 

34. A mass of 4 slugs slides on a table. The friction is equal to four times the velocity, and 
the mass is subjected to a force 12 sin 2t lb. Find the velocity as a function of t if v = 0 


when t = 0. 3 -t 

Ans. v = -(sin 2t - 2 cos 2t + 2e ) 
5 


35. A steam pipe of diameter 1 ft has a jacket of insulating material (k - 0.00022) £ ft thick. 
The pipe is kept at 475°F and the outside of the jacket at 75 °F. Find the temperature in the 
jacket at a distance x ft from the center of the pipe and the heat loss per day per foot of 
pipe. Ans. T = 75 - 400(ln x)/(ln 2); 69,000 B.T.U. 






CHAPTER 9 


Equations of First Order and Higher Degree 


A DIFFERENTIAL EQUATION of the first order has the form F(x,y,yO - 0 or /(x,y,p)-0, 
where for convenience y' = ^ is replaced by p. If the degree of p is greater 
than one, as in p z -3px + 2y = 0, the equation is of first order and higher 
(here, second) degree. 

The general first order equation of degree n may be written in the form 
1) p n + P 1 (x,y)p n_1 .. + P n -t(x,y)p + F n (x,y) = 0. 

It may be possible, at times, to solve such equations by one or more of 
the procedures outlined below. In each case the problem is reduced to that 
of solving one or more equations of the first order and first degree. 


EQUATIONS SOLVABLE FOR p. Here the left member of 1), 
in p, can be resolved into n linear real factors, 

the form (p-F^Cp-F*) .(P-F n ) 


considered as a polynomial 
that is, 1) can be put in 

= 0 , 


where the F's are functions of x and y. 

Set each factor equal to zero and solve the resulting n differential equa¬ 
tions of first order and first degree 


& = F ± (x,y), 
dx 


dy 

dx 


F 2 (x, y) , 


$ = F n (x,y) 
dx 


to obtain 

2) f 1 (x,y,C) = 0, / 2 (x,y,C) = 0, .. fn( x .y» c )=°‘ 


The primitive of 1) is the product 

3) Fi(x.y,C)*F a (x,y,C).4,(x,y,C) = 0 

of the n solutions 2). 

Note. Each individual solution of 2) may be written in any one of its sev¬ 
eral possible forms before being combined into the product 3). See Prob. 1-3. 


EQUATIONS SOLVABLE FOR y, i.e., y = f(x,p). 

Differentiate with respect to x to obtain 


dy 

dx 


P 


jtf + 3/ dp 
3x Bp dx 


F(x,p, 



an equation of the first order and first degree. 


Solve p - F(x t p, —) to obtain <^>(x,p > C) - 0. 
dx 

Obtain the primitive by eliminating p between y = F(x,p) and <f>(x,p,C)= 0, 
when possible, or express x and y separately as functions of the parameter p. 

See Problems 4-7. 
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EQUATIONS OF FIRST ORDER AND HIGHER DEGREE 


EQUATIONS SOLVABLE FOR x, i.e., x = f(y,p). 

Differentiate with respect to y to obtain 

£ = i . ^ = r(y , p , A , 

ay P dy op ay ay 

an equation of the first order and first degree. 

Solve i = F(y,p, &) to obtain 4>{y,p,C) = 0. 

P dy 

Obtain the primitive by eliminating p between x = f(y,p) and <t>(y,p,C)= 0, 
when possible, or express x and y separately as functions of the parameter p. 

See Problems 8-10. 

CLAIRAUT’S EQUATION. The differential equation of the form 

y = px + f(p) 

is called Clairaut’s equation. Its primitive is 

y = Cx + f(C) 

and is obtained simply by replacing p by C in the given equation. 

See Problems 11-16. 

SOLVED PROBLEMS 


1. Solve p H - (x + 2y + l)p 5 + (x + 2y + 2xy)p 2 - 2xyp = 0 or p(p -1) (p-x) (p - 2y) = 0. 
The solutions of the component equations of first order and first degree 


4 = 0. £ = 1, 

dy 

- x = 

o, 4- 

II 

O 



dx dx 

dx 


dx 



are respectively ~ ^ 

y -C = 0, y -x-C = 

0, 

2y- 

■ x 2 - C = 0, 

n 2x 
y-Ce 

0. 

The primitive of the given equation is 

<y 

-C)(y 

- x - C) ( 2y - 

x 2 - C)(y ■ 

-Ce 2 *) = 0. 

2* Solve xyp 2 + (x 2 + xy + y 2 )p + x 2 +xy = 0 

or 

(xp 

+ * + y) (yp + 

x) = 0. 



The solutions of the component equations 


dy 

X —— H 

dx 

o 

II 

+ 

and y 

dy 

dx 

+ x = 0 

are respectively 


2xy + 

X 2 - C = 0 

and x l 

> 

' + 

y 2 - C = 0. 

The primitive of the given equation is 

(2 xy + x 2 

-C)(x 2 +y 2 - 

-C) = 0. 




3* Solve (x 2 + x)p 2 + (x 2 + x-2xy-y)p + y 2 - xy = 0 or [(x + l)p -y] [xp + * -y] = 0. 

The solutions of the component equations (x +1) — - y = 0 and x— + x- y = 0 

dx dx 

are respectively y - C(x + 1) = 0 and y + x In Cx - 0. 
The primitive of the given equation is [y - C(x+ 1)][y + x In Cx] = 0. 
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4. Solve 16* 2 + 2 p 2 y - p^x =0 or 2y = px - 16 — • 

P 2 

9 

dp 32x 32x dp 

Differentiating the latter form with respect to 2p = p + * — - - +- - • 

dx p 2 p5 dx 

Clearing of fractions and combining, p(p 5 + 32*) - *(p 5 + 32*)~ = 0 

cfo 

or 1) (p 5 + 32*) (p - * ^) =0. 

dx 

5 cfp dp dx 

This equation is satisfied when p + 32* = 0 or p - * ~ = 0. Prom the latter, — = — and 

dx P x 

p = Kx. When this replacement for p is made in the given equation, we have 
16* 2 + 2K 2 x 2 y - tfV =0 or 2 + C 2 y - C 5 * 2 = 0. 


after replacing K by 2C. 

The factor p 5 + 32* of 1) will not be considered here since it does not contain the de¬ 
rivative dp/dx. Its significance will be noted in Chapter 10. 


5. Solve y - 2px + p 4 * 2 . 

Differentiating with respect to*, p = 2* — + 2p + 2p\ + 4p 5 * 2 — 

dx dx 

or (p + 2*—) (1 + 2p 5 *) = 0. 
dx 

5 dp 2 „ 

The factor l+2p * is discarded as in Problem 4. From p + 2*~ = 0, *p = C. 

dx 

o 2 

In parametric form, we have * = C/p , y = 2C/p + C , the second relation being obtained 
by substituting * = C/p 2 in the differential equation. 

Here p may be eliminated without difficulty between the relation *p 2 = C or p 2 = C/x and 
the given equation. The latter may be put in the form y - p 1 ** 2 = 2px and squared to give 
(y - p 4 * 2 ) 2 = 4p 2 * 2 . Then, substituting for p 2 , we have (y - C 2 ) 2 = 4C*. 


6. Solve x = yp + p 2 or y = ~ - p. 

1 * dp dp x 2 dp 

Differentiating with respect to*, p - -— - — or p^ - p + (* + p >-2- = 0. 


P n 2 dx dx 


dx 


p 2 -1 


\ ^dx 2 dx x 

Then (p -p)— + * + p= 0 or — + - 

dp dp p3 _ p 

The latter is a linear equation for which ~P) = — Pjzl is an integrating fac- 

P 

tor. Using it, 


— - = - J — = - ln(p + /p 2 ^ 1) + C 

* /?-! 


and * 


—— In (p + /p 2 , y = -p - —^— In (p + /p 2 -1) + -^ 


/p2-l 


t/p 2 - 1 


/p 2 - 1 


✓y-i 
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7« Solve y = (2 + p)x + p 2 . 

Differentiating with respect to x. 
This is a linear equation having e 
Then xe* P = -fpe iP 

and x = 2(2 -p) + Ce , 


dp dx 

p = 2 + p+ (x + 2p)-f or - + i* s -p 
dx dp 

if d P = ^ as an integrating factor, 
dp = -2pe^+ 4e 5 ^ + C 
y - 8 - p 2 + (2+p)Ce 


8. Solve y = 3px + 6p 2 y 2 . 

Solving for x, 3x = ~ - 6py 2 . Then, differentiating with respect to y, 

I = ~ &y2 'r ~ 12py and (1 + 6p 2 y)(2p + y =0. 

P P p2 dy dy dy 

The second factor equated to zero yields py 2 = C. Solving for p and substituting in the 
original differential equation yields the primitive y 5 = 3Cx + 6C 2 . 


9- Solve p 5 - 2xyp + 4y 2 = 0 


or 


2 * = P - + &. 
y p 


Differentiating with respect to y. 


2 

P 


^ + 4 ( I _ z 


y dy 


p 2 ^ 


or 


(P - 2y J)(2y 2 - p 3 ) = 0. 
dy 


■Integrating p - 2y~ = 0 and eliminating p between the solution p 2 = Ky and the original 
dy 2 

differential equation, we have 16y = ft(K-2x) . This may be put in the form 2y = C(C-x) 
by letting K ~ 2C. 


10. Solve 4x = py(p 2 - 3). 


Differentiating with respect to y, 

1 = p(p 2 - 3) + 3y(p 2 -l)J 
P dy 


or 


dy + 3p(p 2 - l)dp _ 0 

y (P 2 -4 )(p 2 + 1) 


Integrating, by partial fractions. In y + ln(p+2) + -- In (p - 2) + -ln(p 2 + 1) = In C. 

10 10 5 


Then 


(P 2_ 4) w (p 2 + 1) 


Cp(p 2 - 3) 


4 <P>-«>*“«>•♦ «V» 


CLAIRAUT'S equation. 

11. Solve y = px + v /4 + p 2 . The primitive is y = Cx + 1/4 + C 2 . 

12. Solve (y-px) 2 = 1 + p 2 . 

Here y = px ± v^l+ p 2 . 

The primitive is (y - Cx - / 1+ (?) (y - Cx + /1+ C 2 ) =0 or (y - Cx) 2 = 1 + C 2 . 
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13 . Solve y = 3px + 6y 2 p 2 . (See Problem 8.) 

This may be reduced to the form of a Clairaut equation. 

Multiply the equation by y 2 to obtain y 5 = 3 y 2 px + 6y 4 p 2 . 

Using the transformation y 5 = v, 3y 2 p= — , this becomes v = x ^ 1) 2 # 

dx dx 3 dx 

The primitive is v = Kx + -K 2 or y 5 = Kx + -K 2 or y 5 = 3C* + 6C 2 . 

3 3 

14 . Solve cos 2 y p 2 + sin x cos x cos y p - sin y cos 2 * = 0 . 

The transformation sin y = u, sin* = v t p reduces the equation to 

cos x dv 

dll dll 2 2 2 

u = y + (-—) • Then u = Cv + C or sin y = C sin x + C , 
dv dv 


15* Solve (px - y)(py + x) = 2p. 


Vi 

2 2 V cfc 

The transformation y = u, x = v, p = -jr — reduces the equation to 

u” 


v du 54 54 du 54 du 

( ?5 “ + ^ 


f/ f? c£u (fu 

or (v — - u)(— + 1 ) = 2 — 

dv dv dv 


du 

Then u = v -- ~ 
dv 


2 £?2 
dv 

i + * 
dv 


and u = Cv — 


J£- or 

1+C 1+C 


16 . Solve p 2 x(x -2) + p(2y-2xy-x + 2) + y 2 + y =0. 

The equation may be written as (y - px + 2p)(y - px + 1) = 0. 

Each of y = px -2p and y = px - 1 is a Clairaut equation. 

Thus the primitive is (y - Cx + 2C)(y - Cx + 1) = 0 . 


SUPPLEMENTARY PROBLEMS 

Find the primitive of each of the following. 


17. 

2 2 
* P 

+ xyp ■ 

- 6y* 

= 0 

Arts. 

(y- 

C* 2 )(y-Cx -5 ) = 0 

18. 

2 

xp + 

(y-i 

-* 2 )P - *(y-l) =0 

Ans . 

(2y- 

-x 2 + C)(xy-* + C) = 0 

19. 

2 

xp - 

2yp + 

4x = 

0 

Arts. 

Cy = 

2 ~2 
; * + C 

20. 

3x*p 2 

- *p ■ 

- y = 

0 

Ans. 

*y = 

’ C(3C* - 1) 

21. 

8yp 2 

- 2xp - 

i- y = 

0 

Ans. 

2 

y - 

• Cx + 2C 2 = 0 

22. 

2 2 
y p 

+ 3px - 

- y = 

0 

Ans. 

y 5 - 

3 Cat - C 2 = 0 
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23. 

2 

P - 

- xp + y = 0 





Ans. 

y 

= Cx 

-c 2 

24. 

16y 5 p 2 - 4xp + y = 0 





Ans. 

4 

y 

= C(* - C) 

25. 

*p 5 

- yp 1 * + (* 2 + Dp 5 - 2*yp 2 

+ (* + y 2 )p - y 

= 0 

Ans. 

(> 

- Cx - 

-C 5 )(C 2 *-Cy + 1) = 

26. 

*P 2 

© 

II 

1 

ft 

1 





Ans. 

X 

= C(p+l)e*\ y = Cp 2 e p 

27. 

y = 

2px + y 2 p 5 (Use y 2 = z. 

) 




Ans. 

2 

y 

= 2 C* + C 5 

28. 

2 

P “ 

• *p - y = 0 

Ans. 

3x = 

= 2p 4 

- CAP. 

3y = p 2 

- 

C/vP 


29. 

y = 

(1 + P)* + p 2 

Ans. 

x = 

2(1- 

p) + Ce' 

* y = 

2 

2 

“ P 

+ C(l+ p)e~^ 

30. 

y = 

2p + /l + p 2 

Ans. 

X = 

2 In p + ln(p+ i/l + p J 

*> 

+ c, 

y . 2p./l + p* 

31. 

2 

yp 

- xp + 3y = 0 

Ans . 

X = 

Cp 1/2 

2 2 - 5/4 

(p + 3) (p + 2) 5/ 

, y 

.c P w ,p’. 2 ,- ,/ ' 






CHAPTER 10 


Singular Solutions—Extraneous Loci 


THE DIFFERENTIAL EQUATION 

1 ) y = px + 2 p 2 

has as primitive the family of straight lines of equation 

2 ) y — Cx + 2C 2 . 

With each point (x,y) in the region of points for which x 2 +8y>0, equation 
1) associates a pair of distinct real directions and equation 2) associates 
a pair of distinct real lines having the directions determined by 1). For ex¬ 
ample, when the coordinates (-2,4) are substituted in 1), we have 4 =-2p+2p 
or p 2 — p — 2 =0 and then p = 2,-1. Similarly, when 2) is used, we obtain C - 
2,-1. Thus, through the point (-2,4) pass the lines y = 2x+8 and y =-x+2 
of the family 2) whose slopes are given by 1). Points for which x + 8y < 0 
yield distinct imaginary p- and C-roots. 



Through each point of the parabola x 2 + 8y = 0 there passes but one line 
of the family, that is, the coordinates of any point on the parabola are so 
related that for them the two C-roots of 2) and the two p-roots of 1) are e- 
qual. For example, through the point (-8,-8) there passes but one line, y = 
2x +8, and through the point (4,-2) but one line, y =-x + 2. (See Fig. a. ) 

It is easily verified that the line of 2) through a point of x 2 + 8y = 0 
is tangent to the parabola there, that is, the direction of the parabola at 
any one of its points is given by l). Thus, x 2 + 8y = 0 is a solution of 1). 
It is called a singular solution since it cannot be obtained from 2) by a 
choice of the arbitrary constant, that is, since it is not a particular solu¬ 
tion. The corresponding curve, the parabola, is called an envelope of the fam¬ 
ily of lines 2). (See Fig. b above.) 
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Summary and Extension: 

A singular solution of a differential equation satisfies the differential 
equation but is not a particular solution of the equation. 

At each point of its locus (envelope) the number of distinct directions 
given by the differential equation and the number of distinct curves given 
by the corresponding primitive are fewer than at points off the locus. 


THE SINGULAR SOLUTIONS of a differential equation are to be found by expressing 
the conditions 

a) that the differential equation (p-equation) have multiple roots, and 

b) that the primitive (C-equation) have multiple roots. 

In general, an equation of the first order does not have singular solu¬ 
tions; if it is of the first degree it cannot have singular solutions. More¬ 
over, an equation f(x,y,p) = o cannot have singular solutions if f(x,y,p) can 
be resolved into factors which are linear in p and rational in x and y. 

The simplest expression, called the discriminant, involving the coeffi¬ 
cients of an equation F(X) = 0 whose vanishing is the condition that the equa¬ 
tion have multiple roots is obtained by eliminating X between F(X) = 0 and 
F (X) = 0. The discriminant of 

aX z + bX + c = 0 is b 2 — 4ac, 

a ^ + bX + cX + d = 0 is b 2 c 2 + 18a bed — 4ac^ — 4b' S d — 21a 2 d 2 . 

See Problem 1. 

For the example above, the discriminants of the p- and C-equations are iden¬ 
tical, being x 2 + 8y. 

If E(x,y) = o is a singular solution of the differential equation f(x,y,p) 
= 0, whose primitive is g(x,y,C) = 0, then E(x,y) is a factor of both discrim¬ 
inants. Each discriminant, however, may have other factors which give rise to 
other loci associated with the primitive. Since the equations of these loci 
generally do not satisfy the differential equation, they are called extraneous. 


EXTRANEOUS LOCI. (Differential equation, f(x,y,p) = 0; primitive, g(x,y.C) = 0.) 
a) Tac Locus . 

Let P be a point for which two or more of the n distinct curves of the fam¬ 
ily g(x,y ,C) = 0 through it have a common tangent at P. Now the number of dis¬ 
tinct directions at P is less than n so that the p-discriminant must vanish 
there. The locus, if there is one, of all such points is called a tac locus. 
U T(x,y) = o is the equation of the tac locus, then T(x,y) is a factor of the 
p-discriminant. In general, T(x.y) is not a factor of the C-discriminant and 
T(x,y) - 0 does not satisfy the differential equation. 



y - 0 is a tac locus. 
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b) Nodal Locus . 

Let one of the curves of the family through P have a node (a double point 
with distinct tangents) there. Since two of the n values of p are thus ac¬ 
counted for, there can be no more than n-1 distinct curves through P ; hence, 
the C-discriminant must vanish at P . The locus, if there is one, of all such 
points is called a nodal locus . If N(x,y) = 0 is the equation of the nodal 
locus, then N(x,y) is a factor of the C-discriminant. In general, N(x t y) is 
not a factor of the p-discriminant and N(x t y) = 0 does not satisfy the dif¬ 
ferential equation. 

c) Cusp Locus . 

Let one of the curves of the family through P have a cusp (a double point 
with coincident tangents) there. Since one of the p-roots is of multiplicity 
two, the p-discriminant must vanish at P. Moreover, as in the case of a node, 
there can be no more than n-1 curves through P and the C-discriminant must 
vanish at P. The locus, if there is one, of all such points is a cusp locus. 
If C(x,y) = 0 is the equation of the cusp locus, then C(x,y) is a factor of 
both the p- and C-discriminants. In general, C(x,y) = 0 does not satisfy the 
differential equation. 


mm 

y =0 is a nodal locus. 




y = 0 is a cusp locus. 


If the curves of the family g(x t y,C) = 0 are straight lines, there are no 
extraneous loci. 

If the curves of the family are conics, there can be neither a nodal nor 
cusp locus. 


THE p-DISCRIMINANT RELATION. The discriminant of the differential equation /(x, y,p) 
= 0, the p-discriminant, equated to zero includes as a factor 

1) the equation of the envelope (singular solution) once. See Problems 2-4. 
(The singular solution satisfies the differential equation.) 

2) the equation of the cuspidal locus once. See Problem 7. 

(The equation of the cuspidal locus does not satisfy the differential equa¬ 
tion unless it is also a singular solution or particular solution.) 

3) the equation of the tac locus twice. See Problem 5. 

(The equation of the tac locus does not satisfy the differential equation 
unless it is also a singular solution or particular solution.) 


THE C-DISCRIMINANT RELATION. The discriminant of the primitive g(x f y,C) = 0, the 
C-discriminant, equated to zero includes as a factor 

1) the equation of the envelope or singular solution once. 

2) the equation of the cuspidal locus three times. 
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3) the equation of the nodal locus twice. See Problem 6. 

(The equation of the nodal locus does not satisfy the differential equa¬ 
tion unless it is also a singular solution or particular solution.) 

When any locus falls in two of the categories, the multiplicity of its e- 
quation in a discriminant relation is the sum of the multiplicities for each 
category; thus, a cuspidal locus which is also an envelope is included twice 
in the p-discriminant and four times in the C-discriminant relation. 

The identification of extraneous loci is, however, more than a mere count¬ 
ing of multiplicities of factors. 


SOLVED PROBLEMS 

1. Find the discriminant relation for each of the following: 

a)p 5 + p*-y=0, 6) p 5 x - 2p 2 y - 16x 2 = 0, c)y=C(*-C) 2 . 


Note. These discriminant relations may be written readily using the formula given above. 
We give here a procedure which may be preferred. 

a) We are to eliminate p between f(x,y,p) = p 3 + px-y = o and ^ = 3p 2 + x = o. This is best 


done by eliminating p between 


Bp 


3/ - p ~ “ 3p 3 + 3 px - 3y - 3p 3 - px = 2 px -3y =0 and ^ = 3p 2 + x = 0. Solving the first 
d P Bp 

2 _ 27y 2 . 


for p = ^ and substituting in the second, we find 3p 2 + x = + * = 0 or 4x 5 + 27y 2 = 0 

ZX 2 

4* 


Note. If /(*,y,p) = 0 is of degreen in p, we eliminate p between n/-p— = 0 and — = 0. 

~bp "dp 

b) We are to eliminate p between 3/ - p — = 3p 5 * - 6p 2 y - 48* 2 - 3p 5 x + 4p 2 y = -2p 2 y - 48x 2 = 0 

3p 

/• 

and -- = 3p 2 *-4py = 0. Prom the latter we obtain 9 px - 16p 2 y 2 or 9p*x 2 - 16p 2 y 2 * 0 


Bp 

and from the former p 2 = -24 ~ 

y 


Substituting for p , we obtain *(2y 5 +27**) = 0. 


c) Here g(x,y 9 C) = C — 2 C x + Cx - y = 0 and we are to eliminate C between 

1) 3g — C = 3C^ - 6C * + ZCx — 3y - 3C^ + 4C 2 * — Cx 2 = —2 C 2 x + 2C* 2 - 3y = 0 and 


3C 

2) J? = 3C 2 - 4C* + x 2 =0. 
oC 


Multiplying 1) by 3 and 2) by 2x, and adding, we have -2Cx 2 + 2* 3 - 9y = 0. 

9y ^_ 9y _ 

Substituting C = -in 2) and simplifying, we obtain y(4x -27y) = 0. 


2x 


2 . Solve y = 2 xp -yp 2 and examine for singular solutions. 


Solving for 2* = ^ + yp and differentiating with respect to y, we have 
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2 1 y dp dp 

- =---— + p + y — 

P P p 2 dy dy 


or 


(p 2 -D(p + y 



o. 


Integrating p + = 0 to obtain py - C and substituting for p = - in the given dif- 

^ 2 _2 ^ 

ferential equation, we obtain the primitive y = 2 Ox - Cr. 

2 2 

The p- and C-discriminant relations are x - y =0, Since both y = x and y = -x satisfy 
the given differential equation, they are singular solutions. 


2 

If p is eliminated between the differential equation and the relation p -1=0, discarded 
in this solution, the equation of the envelope x 2 -y 2 = 0 is again obtained. The presence 
of such a factor implies the existence of a singular solution but not conversely. Hence, this 
procedure is not to be used in finding singular solutions. 


The primitive represents a family of parabolas with principal axis along the x-axis. Each 
parabola is tangent to the line y = x at the point (C,C) and to the line y = -x at the point 
(C,-C). See Figure (a) below. 



3* Examine p 5 +px-y = 0 for singular solutions. 

This is a Clairaut equation, the primitive being y = Cx + C 3 . 

The p- and C-discriminant relation 4x 5 + 27y 2 =0 is a singular solution since it satis¬ 
fies the differential equation. 

The primitive represents a family of straight lines tangent to the semi-cubical parabola 
4x 5 + 27y* = 0, tlje envelope. See Figure (6) above. 


a 2 2 

4. Examine 6p y +3px-y = 0 for singular solutions. 

3 2 

From Problem 13, Chapter 9, the primitive is y = 3Cx + 6C . 

2 3 

Both the p- and C-discriminant relations are 3x + 8y = 0. Since this satisfies the dif¬ 
ferential equation, it is a singular solution. 

5 2 2 2 

• Solve (x -4)p -2xyp-x = 0 and examine for singular solutions and extraneous loci. 

4 x 

Solving for 2 y ± xp--p~- and differentiating with respect to x, we have, 
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2p = P 


dp 4p 4 dp 1 % dp 

+ x-£ + — ----+- £ 


dx 


x dx 


O 2 dx 


2 2 2 2 dp 

or (p * - 4p + x ) (p - x —) = 0. 

dx 


From p -*^ = o, p = Cx and the primitive is C 2 (* 2 -4) - 2Cy -1=0. The p-discrim- 
dx 

2 2 2 2 2 
inant relation is x (x + y - 4) = 0, and the C-discriminant relation is x +y - 4=0. 


2 2 

Now x +y =4 occurs once in the p- and C~discriminant relations and satisfies the dif¬ 
ferential equation; it is a singular solution. Also x = 0 occurs twice in the p-discriminant 
relation, does not occur in the C-discriminant relation, and does not satisfy the differen¬ 
tial equation; it is a tac locus. 

2 2 

The primitive represents a family of parabolas having the circle x + y = 4 as envelope. 
See Figure (c) below. 


Note 1. The two parabolas through a 
gent. 

Note 2. A curve of the family meets 
only those parabolas given by C 2 £ i 


point P of the tac locus x - 0 have at P a common tan- 


Ac 2 -1 

1 

hence. 

the envelope in the points (± --- 

C 

- 5 ): 

touch the circle. 






Family of parabolas 
C 2 (* 2 - 4) - 2Cy -1 = 0. 

Fig.(c) Prob. 5 

2 


Family of cubic curves 
(y + C) 2 = *(*-l) 2 

Pig. ( d ) Prob. 6 


6. Solve 4 xp -(3x -1) =o and examine for singular solutions and extraneous loci. 


Solving for p = ±(- x 1 ^ 2 - - x~ 1/2 ), we obtain by integration y = ± (x 5/2 - x l/ ' 2 ) + Ci or 
2 2 


The p-discriminant relation is *(3*-l) = 0, and the C-discriminant 


(y+C) 2 = x(x — l) 2 . 
relation is x(x-l) 2 = 0. 

Here x = 0 is common to the two relations and satisfies the differential equation, that is, 

2 r/ x 2 

x = 0, — = 0 satisfies the equation when written in the form 4* - (3x-l) (-7-) = 0. It 

dy dy 

is a singular solution. 


3x-l = 0 is a tac locus since it occurs twice in the p-discriminant relation, does not 
occur in the C-discriminant relation, and does not satisfy the differential equation. 

x -1 = 0 is a nodal locus since it occurs twice in the C-discriminant relation, does not 
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occur in the p-discriminant relation, and does not satisfy the differential equation. 

2 2 

The primitive represents a family of cubics obtained by moving y - x(x-l) along the 
y-axis. These curves are tangent to the y-axis and have a double point at * = 1. Moreover, 
through each point on x = 1/3 pass two curves of the family having a common tangent there. 
See Figure ( d) above. 


7. Solve 9yp 2 + 4 = 0 and examine for singular solutions and extraneous loci. 


Solving for 9y = -4/p 2 and differentiating with respect to x, we have 


dx = - — and x + C 
9 n* 


8 

27p 5 


Eliminating p between this latter relation and the differential equation, the primitive 
is y 5 + (x + C) 2 = 0. 

5 

The p-discriminant relation is y = 0, and the C-discriminant relation is y =0. Since 
y = o occurs once in the p-discriminant relation, three times in the C-discriminant relation, 
and does not satisfy the differential equation, it is a cusp locus. 

3 2 

The primitive represents the family of semi-cubical parabolas obtained by moving y + x = 0 
along the x-axis. Each curve has a cusp at its intersection with the x-axis, and y = 0 is the 
locus of these cusps. See the figure below. 



cusp locus 


XJvA 


Family of semicubical parabolas 
/ + (x+C) 2 = 0 


8. Solve x 5 p 2 + x 2 yp +1 = 0 and examine for singular solutions and extraneous loci. 

Solving for y =- - - xp and differentiating with respect to x, we have 

x 2 p 

? 2 d.D 

(1 - x P p )(2p + x-f) = 0. 

dx 

From 2p +x — = 0, px 2 = C and, eliminating p between this and the differential equation, 
dx 

the primitive is C 2 +Cxy+x = 0. 

* 2 2 
The p-discriminant relation is x (xy -4) =0, and the C-discriminant relation is x(xy -4) 

= 0 . 

xy 2 - 4 = 0 satisfies the differential equation and is a singular solution. 

x = 0 is a particular solution (C = 0). Note that it occurs three times in the p-dis- 
criminant relation and once in the C-discriminant relation. 
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3 2 2 

Examine px - 2p y -16* = 0 for singular solutions and extraneous loci, 

3 2 2 

Prom Problem 4, Chapter 9, the primitive is C x - C y - 2=0. 

The p-discriminant relation is * 2 (2y 5 + 27%*) = 0, and the C-discriminant relation is 
2 y 5 + 27%* = 0. 

3 *1 

Since 2y + 27% =0 is common to the discriminant relations and satisfies the differen¬ 

tial equation, it is a singular solution. At each point of the line x = 0, two parabolas of 
the family are tangent there (for y<0, the parabolas are real). Thus, x = 0 is a tac locus. 
Also, x - 0 is a particular solution. Since it is obtained by letting C -*oo f it is sometimes 
called an infinite solution. Note however that when the primitive is written as x 2 -tfy-2K 5 
= 0, this solution is obtained when K = 0. 


SUPPLEMENTARY PROBLEMS 
Investigate for singular solutions and extraneous loci. 


10. 

y = 

2 

px-2p . 

Ans. 

primitive, y = G*-2C 2 ; 

2 

singular solution, x = 

8y. 

11. 

2 : 
y p 

2 + 3%p -y = 0. 

Ans. 

prim. 

. y 5 + 3Cx - C 2 = o; 

2 3 

s. s., 9% + 4y = 0. 


12. 

2 

xp 

- 2yp + 4* = 0. 

Ans . 

prim. 

, cV-Cy + 1 = 0 ; 

2 , 2 

s.s., y - 4% =0. 


13. 

2 

xp 

- 2yp + * + 2y = 0. 

Ans. 

prim. 

, 2x 2 + 2C(x -y) + C 2 

2 2 
= 0; s.s., x + 2xy -y 

= 0. 

14. 

(3 y 

2 2 

-1>P- 4y. 

Ans. 

prim. 

. (x + C) 2 = y(y-l) 2 

; s.s., y = 0; 1.1., y 

= 1/3; 





n. 1., 

y = i. 



15. 

y = 

4 2 

- xp up , 

Ans. 

prim. 

2 

, xy = C + C x; s.s. 

2 

» 1 + 4% y = 0; 1.1., x 

= 0. 

16. 

2y 

= p + 4%p. 

Ans. 

prim. 

3 2 2 3 

, (4% + 3xy + C) = 2(2* + y) ; no s.s.; 






c. 1., 

2x 2 + y = 0. 



17. 

y( 3 

-4 y) 2 p 2 = 4(l-y). 

Ans. 

prim. 

. (x-C) 2 = y 5 (l-y) 

; s.s., y = 1; c.l., > 

' = o; 





t.l., 

y = 3/4. 



18. 

p 3 - 

4x H p + 8z 5 y = 0. 

Ans. 

prim. 

, y = Cx 2 - C 5 ; s.s. 

, 4* 6 -27y 2 = 0; t.l., 

% = 0. 

19. 

(p 2 

+ i)(*-y) 2 = (* + yp) 2 . 

Ans. 

prim. 

. (*-C) 2 + (y-C) 2 = 

2 

C ; s.s., *y = 0; t.l.. 

y =*• 


Hint: Use x = p cos 0, 
y = p sin 0. 





CHAPTER 11 


Applications of First Order and Higher Degree Equations 


IN FINDING THE EQUATION of a curve having a given property, (for example, that its 
slope at any point is twice the abscissa of the point), we obtained in Chap¬ 
ter 7 a family of curves (y = x 2 + C) having the property. In this chapter 
the family of curves will frequently be a family of straight lines. In such 
cases, the curve in which we are most interested is the envelope of the family. 

SOLVED PROBLEMS 

1. Find the curve for which: 

a) the sum of the intercepts of the tangent line on 
the coordinate axes is equal to k . 

b) the product of the intercepts of the tangent line 
on the coordinate axes is equal to k . 

c) the portion of the tangent line intercepted by 
the coordinate axes is of constant length k . 

Let the equation of the tangent line be 

y = p* + /(p). 

the x- and y-intercepts being -/(p)/p and /(p) re- 
spectively. 

а) Since /(p) -/(p)/p = k, f(p) = -fep/(l-p), and 

kD 

the equation of the tangent line is y = px - --- 

1 -p 

This is a Clairaut equation, the primitive being 

the family of lines y = C* - or xC 2 -(x + y-fe)C + y = 0. The required curve, the en- 

1 “ C 2 \f \L \L 

velope of the family, has equation ( x + y-k ) = 4 xy or x ± y = k • Note that this curve is 

an envelope (singular solution) since it satisfies the differential equation and cannot be ob¬ 
tained from the primitive by assigning a value to C. 

б) Since f(p) [ -f(p)/p] - k, f(p) = ±/-fep , and the equation of the tangent line is y = 
px ± /- kp. This is a Clairaut equation, the primitive being 

y-Cx = ± f^Ck or x 2 C 2 + (k-2xy)C + y 2 = 0. 

The required curve, the envelope of the family, has equation 4xy = k. 

c) Since [{/(p)} 2 + {-/(p)/p} 2 ]^ = k, f(p) = ± fep//1 + p 2 , and the equation of the tangent 

line is y = px ± fep//l+p 2 . The primitive of this equation is y = Cx ± fec/i/l+ C 2 . 

2 3/2 

Differentiating with respect to C. we have 0 - x ± k/(l + C ) 

Then x = + fe/(l+ C 2 ) 5/2 , y = Cx ± feC/(l+ C 2 ) 1/2 = ± kC 5 /(l+C 2 ) i/2 , and the equation of 
the envelope is x 2/5 + y 2/5 = fe 2/5 /(l+C 2 ) + fc 2/5 C 2 /( 1+C 2 ) = fe 2/5 . 
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APPLICATIONS—FIRST ORDER AND HIGHER DEGREE EQUATIONS 


2* Find the curve for which: 

а) the sum of the distances of the points (a, 0 ) and (-a, 0 ) from the tangent line is equal to k. 

б ) the sum of the distances of the points (a, 0 ) and ( 0 ,a) from the tangent line is equal to k. 

Take llEl = o as the normal form of the equation of a tangent line. 



spectively. Thus, ^ISEl = k, f(p) = ?k i/l+p 2 , and the equation of the tangent line is y = 

px + ?k y/l+p 2 . The primitive of this Clairaut equation is 

y = Cx + ik /l + C 2 or (4x 2 - k 2 )C 2 - 8 xyC + 4 y 2 - k 2 = 0 . 

The required curve, the envelope of this family of lines, has as equation x 2 + y 2 = £k 2 . 

b) The distances of the points (a,0) and ( 0 ,a) from the line are ap and re- 

/l + p 2 /l + p 2 

spectively. Thus, ap - * — = k, f(p) - i [fc y/l+p 2 - ap + a], and the equation of the 

tangent line is y - px + i [k /T+ p 2 - ap + a]. The primitive is y = Cx+ ?[^/l+ C 2 -aC + a]. 

Differentiating with respect to C, we have 0 = x + i [ kC//l+ C 2 - a]. 

Then x = - £[ZeC//l + C 2 - a], y = 5 [k/\/l+ C 2 + a], and the envelope of the family of lines 
has equation x^+y 2 -ax-ay = i(/e 2 - 2 a 2 ). 


3. Find the curve such that the tangent line at any of 
its points P bisects the angle between the ordinate 
at P and the line joining P and the origin. 

Let 8 be the angle of inclination of a tangent 
line and <f> be the angle of inclination of OP. Then, 
if M is the foot of the ordinate through P, 
angle OPM = 90° - 4> = 2(90°- 8) = 180°- 28. 

Now tan(90°- <t>) = cot 4> - tan(180°- 28) = -tan 28 
and tan<£ tan 28 - - 1 . 



y 

2 

V 


y 


— 90° - e 



jr 

n _* 

0 

/ * 


Since tan 4> = y/x and tan 8 = y' = p, we obtain the 
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differential equation of the curve - » — = -1 or 2y = xp - x/p . Differentiating with 

* 1-P 2 

respect to x, 2p = p - - + (x + —* pip 2 + 1) = *(p 2 + 1)— * and xdp - pdx = 0. 

P p 2 dx dx 

Integrating, In p = In x + In C or p = C*. Substituting for p in the differential equa¬ 
tion, we obtain the family of parabolas C 2 x 2 - 2Cy -1=0. 


4- 


Find the shape of a reflector such that light 
coming from a fixed source is reflected in 
parallel rays. 

Let the fixed point be at the origin of 
coordinates and the reflected rays be parallel 
to the jc-axis. The reflector is then a sur¬ 
face of revolution generated by revolving a 
curve f(x,y) = 0 about the ac-axis. 

Confining ourselves to the xOy plane, let 
P(x 9 y) be a point on the curve f(x,y) = 0, 
TPT r be the tangent line at P, and PQ be the 
reflected ray. Since the angle of incidence 
is equal to the angle of reflection, it fol¬ 
lows that /OPT = 0 = /QPT'. 



Now p = — = tan Z OTP = tan 0 and tan /.TOP = tan(7i-20) = -tan 20 
dx 


hence. 


y _ 2 p 


y 

or 2x = - - yp. 


- 2 tan 0 
l-tan 2 0 


Differentiating with respect to y. 


and 

P 2 dy F Uy 


~• Then, 

y 


C ' 

y ’ 


Eliminating p between this relation and the original differential equation, we have the family 
of curves y 2 = 2C* + C 2 . Thus, the reflector is a member of the family of paraboloids of 
revolution y 2 + z 2 = 2 Cx + C 2 . 


SUPPLEMENTARY PROBLEMS 

5. Find the curve for which each of its tangent lines forms with the coordinate axes a triangle 
of constant area a 2 . Arts. 2 xy - a 2 

6. Find the curve for which the product of the distances of the points (a,0) and (-a,0) from the 
tangent lines is equal to k . Ans. kx 2 = (k + a 2 )(k - y 2 ) 

7. Find the curve for which the projection upon the y-axis of the perpendicular from the origin 
upon any tangent is equal to k . Ans . x 2 = 4 k(k-y) 

8. Find the curve such that the origin bisects the portion of the y-axis intercepted by the tan¬ 
gent and normal at each of its points. Ans . x 2 + 2Cy = C 2 

9. Find the curves for which the distance of the tangent from the origin varies as the distance 
of the origin from the point of contact. 

Hint: 


= kp . Ans, p - Ce 


/)o 2 + idp/ddf 



CHAPTER 12 


Linear Equations of Order n 


A LINEAR DIFFERENTIAL EQUATION of order n has the form 


,n ,n—1 

i) to ii ♦ f, ±. y 

dx 11 dx 


n-i 


+ P, 


,n- 2 
d y 


dx 


n- 2 


+ P n-i ~ + P n y 
dx 


= Q, 


where P 0 ^ 0, P lt P 2 , ., P n , Q are functions of x or constants. 

If Q = 0, 1) has the form 

,n 

±JL + 


2 ) 


p ^ ^ + p d _y + p d 2 y + 

° dx n 1 dx"" 1 2 dx"- 2 


+ P n-i & + Pny = 0 
dx 


and is called homogeneous to indicate that all of the terms are of the same 
(first) degree in y and its derivatives. 


Examples. A) 

.3 

x 3 

dx 5 

+ 2x 

<£y 

dx 2 

c dy 

- 5 - xy = sm x, 

dx 

of order 3. 

B) 

d 2 y 

3 ± 

+ 2y 

= 0, of order 2. 



dx 2 

dx 




Equation B) is an example of a homogeneous linear equation. 


SOLUTIONS. If y = y^x) is a solution of 2), then y = C 1 y 1 (x), where C t is an ar¬ 
bitrary constant, is also a solution. If y=yi(x), y = y 2 (x), y = ys(x), ••••• 

are solutions of 2), then y = C 1 y l (x) + C 2 y 2 (x) + C 3 y 3 (x) +•••••• is also a 

solution. 

A set of solutions y=y 1 (x), y = y 2 (x), ••••, y = y n (x) of 2) is said to be 
linearly independent if the equality 

CiXi + c 2 y 2 + c 3 y 3 ........ + c^y,, = 0, 

where the c’s are constants, holds only when c t = c 2 = c 3 = •••• = Cn = 0. 

Example 1 . The functions e x and e~ x are linearly independent. To show this, 
form c^e x + c 2 e~ x = 0, where c t and c 2 are constants, and differentiate to 

obtain c x e x - c 3 e~ x = 0. When the two relations are solved simultaneously for 
Cj and c 2 , we find c, = c 2 = 0. 

Example 2. The functions e x , 2e x , and e~ x are linearly dependent, since. 
c t e* + 2c 2 e* + c 3 e" x = 0 when c t =2, c 2 = - 1 , c 3 = 0. 

A necessary and sufficient condition that the set of n solutions be lin¬ 
early independent is that: 
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y t y 2 y a ••• y« 



/ 0 . 


(n-l) (n-1) v (n“U 

l 'a 




If y = yi(x). y = y 2 (*). .. y = yn(*) are n linearly independent solu¬ 

tions of 2), then 

3) y = C t y t (x) + C 2 y 2 (x) +. + Q,y n (x) 

is the primitive of 2). 

If y = J?(x) is a particular solution, also called particular integral, of 
1), then 

4) y = C iyi (x) + C 2 y 2 (x) +. + C n y n (x) + *(x) 

is the primitive of 1), Note that 4) contains all of 3). This part of 4) is 

called the complementary function. Thus the primitive of 1) consists of the 
sum of the complementary function and a particular integral. 

Attention has been called to the fact that the primitive of a differential 
equation is not necessarily the complete solution of the equation. However, 
when the equation is linear, the primitive is its complete solution. Thus 3) 
and 4) may be called complete solutions of 2) and 1) respectively. 

LINEAR DIFFERENTIAL EQUATIONS with constant coefficients (equation B) above) will 
be treated in Chapters 13-16. Those with variable coefficients (equation A) 
above) will be considered in Chapters 17-19. 


SOLVED PROBLEMS 

o 

d v d/v ox 

1. Show that the equation —-- 2y = 0 has two distinct solutions of the form y - e . 

dx 2 <** 

If y = e 0 *, for some value of a, is a solution then the given equation is satisfied when the 

replacements y = e OX , — = ae° z , = a 2 e ax are made in it. 

dx dx 2 

2 

We obtain - -Z _ 2y = e a *(a 2 -a- 2) = 0 which is satisfied when a - -1, 2. 

dx 2 d* 


Thus y = e 


and y = e 


2x 


are solutions. 


2. Show that y = C±e~ x + C s e 2x is the primitive of the equation of Problem 1. 

Substituting for y and its derivatives in the differential equation, it is readily checked 

that y = C±e x + C*e 2 * is a solution. To show that it is the primitive, we note first that 
the number (2) of arbitrary constants and the order (2) of the equation agree and second that 
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LINEAR EQUATIONS OF ORDER h 


since W 


-x 2x 

e e 


-x 2x 
-e 2e 


= 3e x ? 0, y = e~ X and y = e 2 * are linearly independent. 


3* Show that the differential equation x 5 - 6x — + 12y = 0 has three linearly inde- 

_ dx 5 dx 

pendent solutions of the form y = x . 

After making the replacements 

y = x r . — = rx*"” 1 , ^ = r(r-l)/- 2 . ^ = r(r - 1) (r - 2)* r ' 5 

cfa 2 <£t 5 

f X 2 

in the left member of the given equation, we have x (r - 3r - 4r+ 12) =0 which is satisfied 

2 5 —2 

when r = 2,3,-2. The corresponding solutions y = x , y = x , y = x are linearly independent 


X 5 

-2 

X 

3x 2 

-2*- 3 

6x 

to -1 * 


3 , „ -2 


a c/ 

4. Verify that y = - sin x is a particular integral of — ^ - 2y = cos x + 3 sinx and 

dx* dx 

write the primitive. 

Substituting for y and its derivatives in the differential equation, it is found that the 
equation is satisfied. Prom Problem 2, the complementary function is y = + Qe 2 *. 

Hence, the primitive is y = C t e~ X + C 2 e 2x - sin x. 

5* Verify that y = lnx is a particular integral of x 5 ^-2- - 6x ~ + 12y = 12 lnx - 4 and 
write the primitive. c ^ 5 

Substituting for y and its derivatives in the given equation, it is found that the equation 
is satisfied. From Problem 3, the complementary function is y = CjX 2 + Qx 5 + C 3 x“ 2 . 

Hence, the primitive is y = C±x 2 + C^x 3 + C 3 x“ 2 + In x. 

d* d 5 <i 2 d 

6. Show that —- - —^ - 3 —- + 5 — - 2y =0 has only two linearly independent solu- 

<ix 4 dx 5 c& 2 


tions of the form y - e . 

Substituting for y and itsderivati 
which is satisfied when a = 1,1,1,-2. 


(XX 4 3 2 

Substituting for y and its derivatives in the given equation, we have e (a -a -3a + 5a - 2) = 0 


xxx -2x 

e e e e 


x -2x 

e -2e | 


^ 0, but 


x x x -2x 

e e e -2e 


xxx. -2x 

e e e 4e 


= 0, the linearly independent 


x x x — 2x 

e e c -8c 


solutions are y = e* and y = e“ 2x . 
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Verify that y = e , y - xe , y = x e , and y = e are four linearly independent solutions 
of the equation of Problem 6 and write the primitive. 

By Problem 6 , y = e x and y = e~ 2 * are solutions. By direct substitution in the given equa¬ 
tion it is found that the others are solutions. 


Since W = 


X 

e 

X 

xe 

2 X 
x e 

- 2 x 

e 



X 

e 

X X 

xe + e 

2 x , - X 
x e + 2 xe 

<N 

1 

<3 

i 

X 

10 0 1 
110-2 

X 

e 

X 0 X 

xe + 2 e 

2 X . X 0 X 

x e + 4xe + 2e 

. ~ 2x 
4e 

= e 

12 2 4 

13 6-8 

X 

e 

X n X 

xe + 3e 

2 X _ X „ X 

x e + 6 xe + 6 e 

n ~ 2x 

-8e 




= -54e 0. 


these solutions are linearly independent and the primitive is 

y = C ie * + C*xe x + C a x 2 e* + C«e" 2 *. 


d 2 d 

8 . Verify that y = e" 2 *cos 3x and y = e“ 2x sin 3x are solutions of —- + 4 22 + I3y = o and 


write the primitive. 


dx* 


dx 


Substituting for y and its derivatives, it is found that the equation is satisfied. 
Since W = 3e f 0, the solutions are linearly independent. 

Hence, the primitive is y = e (C\ cos 3x + C 2 sin 3x). 


SUPPLEMENTARY PROBLEMS 


9. Show that each of the following sets of functions are linearly independent. 

n 2 

а) sin ax % cos ax c) 1 , x , x e) In x, x In x, x In x 

б ) e a *sin 6 x, e^cosfcx cf) e ax , e bx , e cx (a?b?c) 


Form the differential equation having the given primitive. 

10. y = C ± e 2x + C 2 e“ 5 * Arts. 

• y C ± e + C 2 xe + C 3 x e 

12. y = C ie x + C z e 2x + e’*/12 

13. y = C ± cos 3x + C 2 sin 3x + (4x cosx + sin x)/32 

14. y = C x x 2 + C 2 x 2 In x 

15. y - C t x + C 2 x lnx + C^x ln 2 x + x 4 /9 

2 2 

16. y = C t sinx + C 2 cosx 

17. y * In sin(x-C ± ) + C 2 

18. y 2 * C t x + C 2 + 2X* 2 

19. x = C t + C 2 y + y In y 


y" + y f - 6 y = o 

y'" - 6 y" + I 2 y' - 8 y = 0 

y" - 3 y' + 2 y = e 5 * 

y" + 9 y = x cos x 
2 

x y" - 3xy' + 4y = 0 
x 5 y # " + xy r - y = 3x H 
xy" - y' + 4x 5 y = 0 
y" + (y') 2 +1 = 0 
yy" + <y'^ 2 = 2 
yy" + (y') 3 = o 



CHAPTER 13 


Homogeneous Linear Equations with Constant Coefficients 


THE HOMOGENEOUS LINEAR EQUATION with constant coefficients has the form 

» r. & * K * . * r.-, f - » 

dx cb f n_1 dx 2 

in which P o ^0, P lt P 2 ,., P n are constants. 

dv d 2 d dv 

By a convenient change of notation, writing = Dy, —\ = — (2^) = Z)*Z)y 
2 dx dx^ dx ^ 

= D y, etc., 1) becomes 

2) (P 0 fl n + p.d"* 1 + p 2 u n ' 2 + .+ P^ Z> + P n )y = 0. 

Now D = ^- is an operator which acts on y, and 
dx 

3) P 0 D U + P 1 D n ” 1 + P t D n ~ 2 +. + P*ri D + Pn 

is simply a much more complex operator. However, we shall find it very con¬ 
venient to consider 3) at times as a polynomial in the variable D and to de¬ 
note it by F(D). Thus, 1) may be written briefly as 

4) F(D)y = 0. 

It can be shown in general and will be indicated by an example that when 3) 
is treated as a polynomial and factored as 

5) F(D) = P 0 (D-m 1 )(P-m a )(D-m 3 ).(P-m„>i) (P -), 

then 

6) F(D)y = P 0 (D- mi )(D-mt)(D-m a ) .(D-m n . 1 )(P-m n )y = 0 

remains valid, i.e., is equivalent to 1) when D is treated as an operator. 

EXAMPLE. In the D notation - 4^p + 4y = 0 becomes (Z > 5 -D -4D+4)y = 0 

dx 5 dx 2 

and, in factored form, (D -1) (D - 2) (fl + 2)y = 0. Now 

(D -1)(D- 2) (0 + 2)y = (D -1) (D - 2) (^ + 2)y = (D-l)(D-2)(^ + 2y) 

dx dx 

2 

= (D-l){-£-(& + 2y) - 2$ + 2y)} = <D-l)(^-4y) 

dx dx dx dx 2 

2 2 
d A y M v „ ,d y . x 

■ - “ 5 * - 4),> 

. il . 4 4 - A . 4, . ii - ii - 4 4 ♦ 4, . 0. 

dx 5 dx 2 dx 5 dx 2 

In Problem 1 below, it will be indicated that the order of the factors here is immaterial. 
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THE EQUATION F(D) = (D- (D -m 2 ) (D - m 3 ) . (D-m^^ (D-m n ) =0 

is sometimes called the characteristic equation of 1) and the roots m lf m 2 , 
m 3 , ••••, m n are called the characteristic roots. Note that it is never nec¬ 
essary to write the characteristic equation since its roots can be read di¬ 
rectly from 6). 

TO OBTAIN THE PRIMITIVE of 1) we first write the equation in the form 6). 

a) Suppose ^ jb 2 ^ //ig ^ ......... ^ ^ mn» Then 

y = + C 2 e W2 * + C 3 e* 3 * + .+ C n e * nX , 

involving n linearly independent solutions of 1) with n arbitrary constants, 
is the primitive. 

.5 ,2 , 

Thus in the example above, where —— - —- - 4 ^ + 4y = 0 or 

dx 3 dx 2 

(D - 1)(Z>-2 )(D + 2)y = 0, the characteristic roots are 1,2,-2 and the primi¬ 
tive is y = C 1 e x + C 2 e 2 * + C 3 e" 2x . See also Problems 5-7. 

b) Suppose m x = m 2 ^ m 3 ^. ^ m n _ t j- mn. Then 

y = C t e* lX + C 2 xe* lX + C 3 e* 3X + .+ C n e”" x 

is the primitive. 

In general, to a root m occurring r times there corresponds 

C t e ux + C 2 xe“ x + C 3 x 2 e nx + .+ C r x r_1 e mx 

in the primitive. 

.5 ,2 . 

Thus to solve —- - 2 ^ - 4 — + 8y = 0, write the equations as 

dx 3 dx 2 ck 

(D 3 - 2D 2 -40 +8)y = (D -2) z (D + 2)y = 0. The characteristic roots are 2,2,-2 
and the primitive is y = C t e 2x + C 2 xe 2x + C 3 e" 2x . See also Problems 8-10. 

c) If the coefficients of 1) are real and if a+bi is a complex root of 6), so 
also is a-bi. The corresponding terms in the primitive are 

Ae (a * bi)x + Be (a - bi)x = e ax (Ae bix + Be' bix ) 

= e ax (C x cos bx + C 2 sin bx) 

= Pe ax sin (bx + 0) = Pe ox cos(bx + R ), 

where 4^0,C lf C 2 ,/*,(),£ are arbitrary constants. 

,2 

Thus the characteristic roots of —- - 4 — + 5y = 0 or (D 2 - 40 + 5)y = 0 

dx 2 

are 2±i. Here a =2, b = 1 and the primitive is y = e 2x (C x cosx + C 2 sinx). 

See also Problems 11-15. 
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HOMOGENEOUS LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS 


SOLVED PROBLEMS 

1. Show that (D-a)(D-b)(D-c)y = (D-b)(D-c)(D-a)y. 


C D-a)(D-b)(D-c)y = (D-a)(D-b)$ - cy) = (D- (b + c)& + bey) 


'dx 


dx‘ 


dx 


— (a+b + c)^-^ + (ab + bc+ac)— - abey, 
dx 5 dx 2 d* 


(D -b)(D-c)(D-a)y = (D-b)(D-c) - ay) = (D-b)(^ - (a + c)^ + acy) 

dx dx 2 dx 

.5 ,2 , 

= —- - (a + 6 + c)— - + (a6 + ac + 6c>— - abey . 


dx 5 


dx* 


dx 


2. Verify that y = C t e a *+ C 2 e bx + C Q e CX satisfies the differential equation (Z)-a) (D-6) (D-c)y = 0. 
We are to show that (Z)-a)(Z)-6)(Z)-c)(C 1 e ax + C 2 e^ + ) = 0. 

(D-a)(D-b)(D-c)C 1 e ax = (D - 6) (Z)-c) (D- = (D-fe)(Z)-c) 0 = 0, and similarly for 

the other two terms. 


3* Verify that y = Cie*** C^xe™* C 3 x 2 e* x satisfies the differential equation (Z)-») 5 y = 0 . 

This follows since: a) (D-m^Cxe 1 ** = (D-m) 2 (D-nOC**** = (Z )-») 2 0 = 0 , 

6 ) (D-m^Cgxe** = (D - m) 2 C 2 e nx = (Z)-m )0 = 0 , and 
c) (D-m) 5 C 3 x 2 e WC = 2(D - m) 2 C 3 xe nx = 2 <Z )-*)0 = 0 . 

4. Find the primitive of (Z)-m) 2 y = 0 (a) by assuming a solution of the form y = x e nx and ( 6 ) 

by solving the equivalent pair of equations ( D-m)y = v, (D-n)v = 0 . 

а) (D-m) y = (Z)-m) (Z)-»)x e = ( D-m)rx e = r(r-l)x e =0 when r =0,1. 

Thus the equation has two linearly independent solutions y = e wx and y = xe**. 

The primitive is y = Cxe** + C 2 xe mx . 

б ) If we write (Z)-*)y = v, then ( D-m) 2 y = (D-m)(D-m)y = (Z)-m)i; = 0 . 

Solving ( D-*)v = 0, we obtain u = C 2 e**. Since (D-m)y = — - my = is linear of 

dx 

the first order, its solution by the method of Chapter 6 is 

-nx r -%x mx v , ^ ~ ^ mx „ nx 

ye = J e (C 2 e )dx = C t + C 2 x or y - C x e + C 2 xe . 


DISTINCT REAL ROOTS. 

5. Solve — + ~ - 6y = 0. 

dx 2 & 

We write the equation as ( D 2 + D-6)y = (D-2)(D + 2)y = 0. 

2x ^X 

The characteristic roots are 2,-3, and the primitive is y = C±e + C 2 e 
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6 . Solve 


A 


£Cl 

dx 2 



0 . 


We write the equation as (D 3 -D 2 - 12D)y = 0 or D(D-4)(D+ 3)y = 0 . 

The characteristic roots are 0 , 4 ,- 3 , and the primitive is y = + Qe + C 3 e 


7. Solve 


£i ♦ 2 ^ 

etc 5 etc 2 



6 y = 0 . 


We write the equation as (Z ) 5 + 2 D 2 - 5D- 6 )y or (D - 2 ) (Z) + 1 ) (Z) + 3)y = 0 . 

The characteristic roots are 2 t -l,-3, and the primitive is y - C^e 2 * + C 2 e * + C 3 e **. 


REPEATED ROOTS. 

8 . Solve (Z) 5 -3Z) 2 +3D-l)y = 0 or <Z)-l) 5 y = 0 . 

The characteristic roots are 1,1,1, and the primitive is y = C 1 e X + C 2 xe X + C 3 x 2 x . 

9. Solve (Z)‘*+6D 3 +5D 2 -24D-36)y = 0 or (D-2)(D + 2)(D + 3) 2 y = 0. 

2jc *"2% .53c 

The characteristic roots are 2 ,- 2 ,- 3 ,-3. The primitive is y = C t e + C 2 e + C 3 e + C A xe 

10. Solve (Z^-D 3 - 9D 2 - llD-4)y = 0 or (D + l ) 3 (D-4)y = 0. 

The characteristic roots are -1,-1,-1,4. The primitive is y = e (C x + C 2 x + C 3 x ) + C A e . 


COMPLEX ROOTS. 

11. Solve (D 2 - 2 D + 10)y = 0 . 

The characteristic roots are l±3i, and the primitive is 

y = e X (Cx cos 3* + CaSin 3x) or Cbe X sln(3*+C 4 ) or <V*cos(3*+ C 6 ). 

12. Solve (D 3 + 4D)y = 0 or D(D 2 + 4)y = 0 . 

The characteristic roots are 0 ,± 2 i, and the primitive is y = C t + C 2 C 0 S 2x + C 3 sin 2*. 

13. Solve (0%D 3 + 2 D 2 -Z) + 3)y = 0 or (D 2 + 2D + 3)(D 2 -D + l)y = 0 . 

The characteristic roots are -l±iv/2~, and the primitive is 

y = e~ x (C ± cos /Jx + C 2 sin jc) + e^*(C 9 cos iv'S x + C 4 sin ii/5 *). 


14* Solve 
The 


since 


(D* + 5D 2 -36)y = 0 or (D 2 - 4)(D 2 + 9)y = 0. 
characteristic roots are ± 2 , ± 3 i, and the primitive is 
y = Ae 2 * + be 2x + GjCos 3* + C 4 sin 3* 

= Cicosh 2x + C 2 sinh 2 x + C 3 cos 3x + Qsin 3x 
cosh 2 x = s(e 2x + e” 2x ) and sinh 2x = i(e 2x - e 2x ). 


15* Solve (Z) 2 -2D + 5 ) 2 y = 0. The characteristic roots are l±2i, l±2i, and the primitive is 
y = e X (C±cos 2x + C 2 sin 2x) + xe X (C 3 c os 2 x + C 4 sin 2 *) 

= c X {(C!+C 3 «)cos 2x + (C 2 + C 4 *)sin 2 *} . 
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Solve 

16. 

17. 

18. 

19. 

20 . 
21 . 

22 . 

23. 

M. 

25. 


SUPPLEMENTARY PROBLEMS 


(D 2 + 2 D - 15)y = 0 

(Z) 5 + D 2 - 2 D)y = 0 

(D 2 + 6D + 9)y = 0 

(D 1 * - 6 D } + 12 D 2 - 8D)y = 0 

(D 2 - 4D + 13)y = 0 

(D 2 + 25)y = 0 

(D J - D 2 + 9D - 9)y = 0 

(Z) 4 + 4Z) 2 )y = o 

(£>^ - 6i> 5 + 13D 2 - 12D + 4)y = 0 
(D b + 9/)“ + 24 D 2 + 16)y * 0 


Ans. y = Cte 5 * + C a e" 5 * 

y = Ci + (ie* + C 3 e~ 2x 

y = C ie - 5 * + C***- 5 * 

y = C ± + Cje 2 * + C 3 xe 2x + C t x 2 e 2x 

Or 

y = e (C ± cos 3x + C 2 sin 3x) 

y = Ci cos 5* + C 2 sin 5* 

y = C t e* + C 2 cos 3x + C 3 sin 3x 

y = Ci + C 2 x + C 3 cos 2x + C 4 sin 2* 

y = (Ci + C 2 x)e + (Cg + C 4 *)€ 

y = C t cos x + C 2 sin x + (C 3 + C 4 x)cos 2x 
+ (C B + Cax)sin 2* 




CHAPTER 14 


Linear Equations with Constant Coefficients 


THE PRIMITIVE OF 


1) F(D)y = ( P a D n + P 1 D n ~ 1 + . + Pn-tD + P n )y = Q(x), 


where P 0 1 0, P lt P a , . , P n are constants and Q = Q(x) £ 0, is the sum of 

the complementary function (primitive of F(D)y = 0 obtained in the preceding 
chapter) and any particular integral of 1). (See Chapter 12.) 

At times a particular integral may be found by inspection. For example., 
y = is a particular integral of (Z) 5 — 3Z) 2 + 2)y=x, since Z) 5 y=Z) 2 y=0. Such 
equations occur infrequently, however, and we proceed to consider in this chap¬ 
ter two general procedures for obtaining a particular integral . Other pro¬ 
cedures will be given in the next two chapters. 

In each of the procedures below, use will be made of an operator 

fined by the relation ——.F(Z))y = y. When the operator is applied 

. . . F ( D ) 

obtain 


F(D) 

to 1) we 


or 

2 ) 


1 

F(D) 


• F(D)y 


y 


1 

F(D) 


Q 



D-m ± D-m 2 D-m a D-mn 


FIRST METHOD. This consists of solving a succession of linear differential equa 


tions of order one. 

as follows: 


SET 

SOLVE 

TO OBTAIN 

u = -±-Q 

D-mn 

du ~ 

— - m n u = Q 
dx 

u = e*"* f Qe '*"* dx 

v= 1 « 

D-mn. i 

dv 

-r - %.i v = « 
dx 

v = e * n ~ lX J' lie dx 


y = 


D —il?! 


w 


dy 

-T - «i Y = w 
dx 


M ± X 

y = e 1 


/ 


we 




dx. 


As is indicated inProblem 3 below, the following formula may be established: 
A) y = e* 1 * J e l**-**)* f e ( * 3 “ J’ . f e (an " tn ~ l)x f Qe~ MnX (dx) n . 


See Problems 1-6. 
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SECOND METTHOD. 


This consists of expressing - as the sum of n partial fractions: 

F(D) 


Nx 

D -mj^ 


Ho 


D — m 0 


+ —• Then 

D-m n 


B) y = f Qe'* 1 * dx + N 2 e” 2 * f Q e - " 2 * dx +- + N n e hlX f Q e~ nnX dx. 

See Problems 4-5. 

In evaluating both 4) and B) , it is customary to discard the constants of 
integration as they appear; otherwise, one obtains the primitive rather than 
a particular integral of the differential equation. The complementary func¬ 
tion is then obtained by inspection and added to the particular solution to 
form the primitive. 


THE FOLLOWING FORMULAS will be found useful. 


e ibx = cos bx + i sin bx 


sin bx = 


bx 


ibx -ibx 

e — e 

2 1 


e = cosh bx + sinh bx 
sinh bx = ±(e bx - e~ bx ) 


-ibx 
e = 

cos bx 


cos bx - i sin bx 

ibx . -ibx 

e + e 

2 


e = cosh bx - sinh bx 
cosh bx = ?(e bx + e~ bx ) 


SOLVED PROBLEMS 


1. Solve (D 2 - 3£> + 2)y = e x or (D - 1) (D-2)y = e X . 

The complementary function is y = C 1 e x + C 2 e 2x , and a particular integral is y = —A_ . -A.. e x . 

D-l D-2 

Let “ = rTl gX ’ Then (D_2 > U = or ^ - 2u = e x , ue -2x = fe x e~ 2x dx = fe' x dx = -e~ x , 


and u = -e . 


Now y = ~ L-u, (D - l)y = u or ^ - y = -e"*, and y = e f-e" e~~ dx = - xe 

u - X dx 

The primitive is y = C ^ '+ C 2 e 2x - xe x . 


2. Solve {I? + 2D 2 — 4)y = xe or 

The complementary function is y 

y 

Let u = —— xe~ 2x . Then ^ + 
D + 2 dx 

Let v = —A— u, Then — + 2v ■■ 
D+2 dx 


(D -1) (D + 2) 2 y = xe~ 2x . 

= Qe + C^e + Coxe , and a particular integral is 

_1 _ 1 _ 4 _ 1 _ xe -2x 

D-l D+2'D+2 Xe 


O -2% 

2u = xe 

and u 

-2x r -2* 2% , 

- e J xe • e dx - 

1 2 -2x 

2 * 6 * 

1 2 -2% 
2 xe 

and v = 

-2x r 1 2 -2X 2X , 

e J - jc e • e ax = 
2 

1 3 —2x 

e x 6 * 
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m 1 rru dy 1 3 - 2 x , x r 1 3 - 2 x -x , 1 x r 5 - 3 # . 

Now y = - y. Then — - y = - x e and y = e I - x e *e dx - -e J are dx 

D -1 dx 6 6 6 J 

1 -2x . 3 2 2 2 

=-e (x + x + -x + -). 

18 3 9 

X —2x „2x 1 3 2 —2x 

The primitive is y - C ± e + C 2 e + C 3 xe-(x + x )e , the remaining terms of the 

18 

particular integral being absorbed by the complementary function. 


3. Find a particular integral of (D -a) (D- b)y - Q. 

A particular integral is given by y = —— • —— Q, 

D -a D-b 

Let — Q = u. Then ~ - bu = Q and u = e b% jQe b% dx . 

Z)-6 tie v J 

Now y = —— u. Then — - ay ~ u = e bx fQe ^ dx and 
D-a dx 

y = e ax fe 1 * e~ ax jQe- bx dx dx = e ax jV 6 ' o) * SQe' bx (dx) 2 . 


4. Solve (D z -3D + 2)y = e x or (D-l)(D-2)y = e ,x . 


5x 


x 2x 1 1 5x 

The complementary function is y = C ± e + C 2 e , and aparticular integral is y = - —- • —— - e . 


First Method . y = 


1 


1 5x 
e 


£>-l D-2 


e X fe (2 - 1)x fe* X .e~ 2X (dx) 2 


x r x r 3x , , .2 x r x 1 5x , 1 x r *x , 1 3x 

= e J e J e (dx) = e J e - e dx = - e J e dx = ~ e . 


12 


Second Method . y = 


(D-1XD-2) 
x r , 

-e J e .e 


= (-i- + —)e 5 * 

D-l D-2 


x r $x -x , 2x r 5x -2x , 

1 - - dx + e J e • e dx 


1 x 4x 1 2x 3x 1 5x 

-ee + - e e = — e. 

4 3 12 


The primitive is y = C^e* + C 2 e 2x + — e 5 *. 

12 


5. Solve (Z) 2 +5Z) + 4)y = 3-2x or (D + l)(Z) + 4)y = 3-2x. 

~X 

The complementary function is y = C ± e + C 2 e , and a particular integral is 


(Z)+ !)(£ +4) 


(3 - 2x), 


First Method, y = —— •—— (3-2x) = e~ x JV** 4 +1 ^ x /(3 -2x)e 4X (dx) 2 

D + l D + 4 


-x r -3* .3 «*x 1 4x 1 «*x. , -x r,7 x lx., -x,7 x lx lx. 11 1 

= * Je ( 4 e ‘ 2 XC + i e )dx = e J ( 8 e ~ 2 Xe )dx = C ( 8 C - 2** + 2* } = 1 ~ 2*' 
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1 1 1/3 1/3 

Second Method, y = --- -- (3-2%) = (-—- - —— 7 ) (3 - 2x) 

Z) + 1 D +4 D+1 Z) +4 

= - e~ x f(3-2x)e X dx - 1 e~* X f (3-2x)e* X dx 

3 3 

1 - x /n X _ X 0 x s 1 -4X.3 1 *x 1 ‘l*. 

= - e (3e - 2xe + 2e ) - - e (-e - -xe + -e ) 

H y 1 11 

The primitive is y = C±e + C 2 e - + — • 


11 1 

-x* 

8 2 


6 . Solve (Z) 5 -5Z ) 2 + 8D-4)y = e 2 * or (Z) - 1 ) (D - 2 ) 2 y = e 2 *. 

The complementary function is y = Cje* + C 2 e lx + C 3 xe 2x , and a particular integral is 

1 

y = - 5 

(D -1) (Z) - 2) 


2 % 


1 1 1 ^2* 
y D -1 *D -2 *Z)-2 * 

= e X /e (2-1>X / e (2_2) * /« 2x e” 2 * (dx ) 5 

= e X /e X JjW = e X fe X Jx(dx) 2 = * X Je X ±* 2 d* 

= ?e X f x 2 e X dx - 4«V. X - 2xe X + 2e X > = *.*V - 2* + 2). 

The primitive is y = C t e x + C 2 e 2x + C 3 xe 2x + £x 2 e 2x , the remaining terms of the particular 
integral being absorbed in the complementary function. 


7* Solve (D 2 + 9)y = x cos x . 

The complementary function is y - CiCos 3x + C 2 sin Zx , and a particular integral is 

1 -3 ix f (3t+3i)x r -3** , , .2 

x cos x - e J e J x cos x e (dx) . 


y = 


0 2 + 9 


It will be simpler here to use cos x = i(e l * + e tr ) f so that: 


, -5ix r bix r . -2ix -*tx. , , J 
y = ie J e J *(e + e ) (dx) 

1 - 31 * -„~ 2 ix t 1 ^“ 2 ix ^ 1 ^ _1 ^ix 


- 2 6 


2 1X6 + % e + 4 i Xe + 16 e )dX 


1 -3ix r. 1 . 4i% 1 4ix 1 . 2ix 1 2ix , 

- 2 e -* ( 2 lxe + r 4 lxe + r 6 c )<fa 


1 - 5 i% 1 1 4ix 1 . ^ix 1 2 u A 1 - 2 ix 1 2ix 

= - e ^ r-xe + — le - — le + -xe + 


n e (-xe + —; ie 
2 8 32 


16 


ie - — ie ) 
16 32 


„ , tX -IX . IX -IX 

1 , ix - ix x 1 ., ix -ix v 1 +e s ^ 1 , c ~ e \ 

= —x(e + e )- i(e - e ) = -x(---) + —(-—-) 

16 64 8 2 32 2i 


= \x cos x + — sin X. The primitive is y = C ± cos 3* + C 2 sin 3x + cos x + sin * 


32 
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2 

8 . Solve (D + 4)y = 2 cos* cos3x = cos 2x + cos lx. 

The complementary function is y - Cicos 2x + C 2 sin 2x, and a particular integral is 


y = 


* (cos 2% + cos 4x) = ^i(- * 


D 2 +4 


-) (cos 2x + cos lx) 


4 D+2i D - 2 i 

{ e~ 2ix f(cos 2x + cos 4x)e 2i *(ix - e 2 tx J(cos 2x + cos lx)e~ 2%x dx } 

I r -2ix f 2ix r i, 2ix -2ix y | . 4tX -4tX vl f 
Je Li(e + e ) + i(e + c )]c& 

e~~ w + e 

1 , - 2ix r 4i% , , bix , -2ix ... 2ix r,« -4 ix 2ix ^ 

-{e J(e +l+e +e )i dx - e J(l+e +e +e )ick } 


2ix f *“2 ix r I . 2ix -2ix. , 4ix ^ 

-e J e [j(e +e ) + £(e +e )] dx } 


1 r -2ix 1 4t% 1 6ir 1 -2ix 2ix, . 1 -4ijc 1 2i% 1 -6ix v 

= _{e (_ e >‘ e < lx ~ V + 2 * " « e )} 

= I { - w(e 2ix _ e - 2ix ) + i(e 2i * + e" 2i *) - i(e 4i * + e“ Hix ) > 

- 2ix -2ix „ 2 tx - 2 ix « 4ix -4tx 

l.e - e . , 1 e + e . l.e + e 

■ J’*-a—■> + w<-i-> - i2<-5-» 

= ±x sin 2x + ~ cos 2x - cos 4 x. 

The primitive is y = Qcos 2 x + C 2 sin 2 x + -x sin 2 * - ~ cos 4x. 

4 12 


2 

9. Solve (D - 9D + 18)y = e 

The complementary function is y = C t e 5 * + C 2 e 6 *, and a particular integral is 
1 


y = 


(D - 6 ) (D - 3) 


-3% -5% 

e 6* r - 3 * f e - 3 x , 2 

e = e J e J e • « (dx) 


, ^ -3% 

6x r -3x, 1 e , 

= e Je (- -e )<fx 


1 bx r e~^ X - 3 *. , 1 « 5 * 6 x 

3 e Je <- e >* = 5 e ■ 


jv 1 e ^ 

The complete 4 solution is y - C x e + (C 2 + -e )e . 

^ —3% 

Note, When the factors are reversed, a particular integral is y = e 5 * f Je e x (dx) 2 m 


Using the substitution e = v, we obtain 

lplrV /f X 2 1 r V, 1 l x j 1 

r ■ K-f* ■ J?* 


, -5* , 

1 e 6x 
or y = - e •« , 


as before, 
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SUPPLEMENTARY PROBLEMS 

10. Evaluate, omitting the arbitrary constant. 


1 X 

a) - e 

Z) + i 

A 1 * 

Ans. -e 

2 

d) 

6 ) - e 

D -1 

Ans. *e % 

e) 

C) — (* + l) 

0 + 1 

Ans. * 

/) 

Solve, 



11. (0 2 - 40 + 3)y = 

1 

Ans. 


12. (if - 40)y * 5 

13. (if - 40 2 )y = 5 

14. (0 5 - 40 5 )y = 5 

15. (if - 4D)y = * 

16. (D 2 - 60 + 9)y = e 2x 

17. (D 2 + 0 - 2)y = 2(1 + * - x 2 ) 

18. (O 2 - l)y = 4xe x 

19. (D 2 ~l)y - sin 2 * = £(1- cos 2*) 

20. (0 2 -l)y = (l+e -x )" 2 

21. (D 2 + l)y = esc * 

22. (D 2 - 3D + 2)y = sin e“ x 


1 , 2 

--(* + 1) 

D +1 

Ans. 

x 2 - 2* + 3 

—sin 3x 

Ans. 

—(2 sin 3* - 3 cos 3*) 

Z) + 2 


13 

1 -2x . _ 

- e sin 3x 

Ans. 

1 -2x _ 

- e cos 3x 

D + 2 


3 


y = C t e X + Cje 5 * + 1/3 
y = C t + C 2 e 4x - 5*/4 

|ly 4 

y = C t + C 2 * + C 3 c - 5* /S 

y = C 4 + C 2 * + Cg* 2 + Qe 2 * + C,,*" 2 * - 5* 5 /24 

y = C t + C^e 2 * + C a e~ 2x - x 2 /8 

y = + C 2 xe* x + e 2 * 

y = (V* + C^e~ 2x + * 2 

y = C t e x + C 2 e" X + e X (* 2 - *) 

y = C ie * + C 2 e- X - \ + icos 2* 

y = C t e x + C 2 e' X - 1 + e' X ln(l + e % ) 

y = C t cosx + C 2 sin* + sin* In sin* - * cos* 

~ x ~ 2x 2X , -x 

y - C t e + C 2 e - c sin e 





CHAPTER 15 


Linear Equations with Constant Coefficients 

VARIATION OF PARAMETERS, UNDETERMINED COEFFICIENTS 


TWO OTHER METHODS for determining a particular integral of a linear differential 
equation with constant coefficients 

1) F(D)y = (D n + P t D n_1 + P'D 71 - 2 +.+ P n . t D + P n )y = Q 

will be exhibited by means of examples. 

VARIATION OF PARAMETERS. From the complementary function of 1), 

y = C ± y t (x) + C 2 y 2 (x) + . + C n y n (x), 

we obtain a basic relation 

2) y = L x (x) y t (x) •+ L 2 (x) y 2 (x) +.. + L n (x) y„(x) 

by replacing the C’s by unknown functions of x, the L’s. The method consists 
of a procedure for determining the L’s so that 2) satisfies 1). 

See Problems 1-4. 


UNDETERMINED COEFFICIENTS. The basic relation here is 

3) y = A r ± (x) + B r 2 (x) + C r 3 (x) + ........ + G r t (x), 

where the functions r t (x),., rt(x) are the terms of Q and those arising 

from these terms by differentiation, and A,B,C, ...,G are constants. 

For example, if the equation is F(D)y = x ? , we take for 3) 

y = Ax 5 + fix 2 + Cx + D; 
if the equation is f(D)y = e x + e 5x , we take for 3) 

y = Ae x + Be ,x , 

since no new terms are obtained by differentiating e x and 
if the equation is F(D)y = sin ax, we take for 3) 

y = A sin ax + B cos ax; 

if the equation is F(D)y = sec x, the method fails since 
terms obtained by differentiating Q = sec x is infinite. 

Substituting 3) in 1), the coefficients A,B,C, •••• are 
suiting identity. 

The procedure must be modified in case: 

a) A term of Q is also a term of the complementary function. If a term of Q, 
say u, is also a term of the complementary function correspondingto an s-fold 
root m, then in 3) we introduce a term x s u plus terms arising from it by dif¬ 
ferentiation. 

For example, in finding a particular integral of (D -2) 2 (D +3)y = e 2 * + x 2 , 


the number of new 

found from the re- 
See Problems 5-6. 
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the basic relation is y = AxV* + Bxe 2x + Ce 2x + Dx 2 + Ex + F, the first three 
terms arising from the fact that the term e 2x of Q is also a term of the com¬ 
plementary function corresponding to a double root m = 2; hence, use is made 
of x 2 e 2x and all terms arising by differentiation. See Problems 7-8. 

b) A term of Q is x r u and u is a term of the complementary function. If u 
corresponds to an s-fold root m, 3) must contain the term x r+s u plus terms 
arising from it by differentiation. 

For example, in finding a particular integral of ( D — 2) 5 (D +3)y = x e + x , 
the basic relation is 

y = Ax’e 2 * + Bx* e 2x + Cx 5 e 2x + Dx 2 e 2x + £xe to + Fe 2x + Gx 2 + Hx + J , 

the first six terms arising from the fact that e 2x is a part of the comple¬ 
mentary function corresponding to the triple root m- 2. See Problem 9. 


SOLVED PROBLEMS 


VARIATION OF PARAMETERS. 


1. Show that if y = C t y ± + Cj>y 2 +• C 3 y 3 is the complementary function of 

F(D)y = (D 5 + Pt.D 2 + P t D + P 3 )y = Q 

then 

1 ) y - £iyi + ^ 2 y* + ^3^3» 

where L lt L 2 , L 3 satisfy the conditions 

^iyi + + L 3y 3 = o 

A) ^iyi + ^iyi + UyL = o 

Uyr + Uy; + Uy; = <?> 

is a particular solution of the differential equation. 


We obtain, in view of A), by successively differentiating y = Liyi + L 2 y 2 + ^3- 
Dy = Liyl + £ 2 y 2 + ^syL + (^iyi + ^y2 + L sy 3 ) = ^iyi + ^?y2 + ^ys 
B) d 2 y - ^iyi + £ 2 ya + ^3y3 + (^iyi + L *y* + ^ys) = ^±y± + ^ 2 y« + ^ 3 ^ 3 

Z) 5 y = Ltyi + L 2 y 2 + L 3 y 3 + (^tyi + L^yZ + ^^3) = L±yi + ^y* + ^ 3 y 3 + Q* 

Then F(D)y = Ltiy'i + Piy'i + P 2 yi + Pay i> + My’a + Pty* + p ay 2 + ^ya) 

+ tab's + Piy3 + Pays + P.y.) + <? 

= L t F(D)yi + L s F(D)y a + U F(D)y a + Q = 0 + 0 + 0 + <? = Q. 

since y lt y 2 , y 3 are solutions of F(D)y = 0 . 


In using this method: 

а) Write the complementary function. 

б ) Form the L function 1 ), which is to be a particular integral, by replacing the Cs of the 
complementary function with V s. 

c) Obtain equations B) by differentiating 1) as many times as the degree of the differential 
equation. After each differentiation, set the sum of all terms containing derivatives of-the 
L's equal to zero, except in the case of the last differentiation when the sum is set equal 
to Q. The equations obtained by setting the sums equal to zero and Q are the equations A). 

d) Solve these equations for Li, L 2 , .. 

e) Obtain L», L s , . by integration. 
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2* Solve (D 2 -2D)y = e*sin*. 

The complementary function is y = C t + C 2 e 2 *. 

We form the relation y = L t + L 2 e 2x , 

obtain, by differentiation Dy - 2L 2 e 2x + (Li + L r 2 e 2x ) 9 

and set 1) L[ + Lie 2 * = 0. 

Since now Dy = 2L 2 e**, D 2 y = 4L 2 e 2 * + 2L 2 e 2x and we set 2Lie 2 * = <? = e x sin*. 

Thus, L 2 = £e~* sin* and L 2 = - £e~*(sin * + cos *). 

Prom 1), L x = -L 2 e = - £e sin* and L± « - $e (sin * - cos *). 

A particular integral of the given equation is 

y * L t + L 2 e 2 * = - ^e*(sin * - cos *) - 4e*(sin * + cos *) = - ^e* sin * , 

and the primitive is y * C t + C 2 e 2 * - £e* sin *. 

Solve (D 3 +D)y - esc *. 

The complementary function is y * C 4 *h C^cos* + C 3 sin*. 

Prom the relation y = L t + L 2 cos* + L 9 sin* 

we obtain Dy = (-LgSin* + L*,cos*) + (Li + Licos* + Lj'sin*) 

and set 1) LJ + Licos* + Lisin* = 0. 

Then Z)y = -L 2 sin * + L 3 cos*, 

Z) 2 y = (-L 2 cos* - L s sin*) + (-Lisin* + Li cos*), 

and we set 2) -L 2 sin * + Licos* = 0. 

2 

Then Z) y = -L 2 cos * - L 3 sin *, 

i) 3 y = (I* sin* - L 3 cos*) + (-Li cos * -Lisin*), 
and we set 3) -Licos* - Lisin* = Q = esc*. 

Adding 1) and 3), Li = esc* and L t = - ln(csc * + cot*). 

Solving 2) and 3) , Li = -1 and Li = - cot *, so that L 3 = -* and L 2 = - In sin *. 

Thus, a particular integral of the differential equation is 

y = L ± + L 2 cos* + L 3 sin* = - ln(csc * + cot*) - cos* In sin* - *sin*, 
and the primitive is 

y = Ci + C 2 cos * + C 9 sin * - ln(csc * + cot *) - cos * In sin* - * sin*. 

4. Solve (D 2 - 6D + 9)y = e*/x 2 . 

The complementary function is y = + C 2 *e 3 *. 

Prom the relation y = L t e 3 * + L 2 *e 3 * 

we obtain Dy = (3L t + L 2 )e 3 * + 3L 2 *e 3 * + (Lie 3 * + Li*e 3 *) 

+ Li*e 3 * = 


and set 


1 ) 


0 
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Then D 2 y = <9 L t + 6£ 2 )e 5 * + 9L 2 xe^ + (3 L t + L 2 )e 3x + 3 L 2 *e 5 *, 

and we set 2) (3 L[ + L 2 )e 5x + 3L 2 *e 5 * = e 5 */* 2 . 

Solving 1) and 2), L* = - 1/* and L 2 = l/* 2 , so that L t = - In * and 1^= -1A. 

Thus, a particular integral of the differential equation is 

y = L x e + L 2 *e = - e In* - e , 

and the primitive is y = C±e x + C 2 *e 5 * - e 5 * In** 

UNDETERMINED COEFFICIENTS. 

5. Solve (D 2 -2D)y = e* sin * . 

The complementary function is y = C ± + C 2 e x . As a particular integral, we take 

y = Ae x sin* + Be x cos* . 

Then Dy - (A-B)e x sin* + (A + B)e x cos * , 

D 2 y = -2£e*sin* + 2Ae x cos*, 

and (Z) 2 -2Z))y = -2Ae*sin* - 2Be X cos* = e x sin * = Q. 

Equating coefficients of like terms, -24 = 1 and -2# = 0, so that A = - 5 and £ = 0. 
Hence, a particular integral of the differential equation is 

y = Ae x sin * + Be x cos * = - ^ e X sin * , 

and the primitive is y = C± + Qe 2 * - ^e x sin* . 

This was solved above as Problem 2. 

Solve (£) 2 - 2Z) + 3)y = * 3 + sin*. 

The complementary function is y = e^CC^cos 1/2 * + C^sin v^*). As a particular integral 
we take y = ^5 + ^2 + q x + £ + p S i n * + Q cos * 

Then Dy = 3A* 2 + 2£* + C - G sin * + F cos * , 

D 2 y = 6A* + 2B - F sin * - G cos *, 

and (Z) 2 - 2£ + 3)y = 3A* 3 + 3(fi-2A)* 2 + (3C-4B + 6A)* + (3F-2C+ 2£) + 2(F+G) sin * + 2(G-F)cos * 

3 

= * + sin *. 

Equating coefficients of like terms, 3A = 1 and A = 1/3; £ - 2A = 0 and £ = 2/3; 

3C-4£ + 64 = 0 and C= 2/9; 3F-2C+2£ = 0 and F =-8/27; 2(F+G) = 1, G-F = 0 and F=G=£ 

Thus, a particular integral of the differential equation is 

1 3 2 2 2 8 1 ' . 

y = -* + - * + -*- — + -(sin * + cos *) , 

3 3 9 27 4 

and the primitive is 

y = e x (C±cos/2 x + C 2 sin \^2 x) + — (9* 5 + 18* 2 + 6* - 8) + - ( sin * + cos *). 

27 4 





VARIATION OF PARAMETERS, UNDETERMINED COEFFICIENTS 


97 


7. Solve (D i +2D 2 -D-2)y = e* + * 2 . 


The complementary function is y = + C 2 e -X + C 3 e~ 2x . Since e" occurs in Q and also in 

the complementary function corresponding to a root of multiplicity one, we take as a particu¬ 


lar integral 


1 ) 


y = Ax + Bx + C + Exe x 


Fe x 


and 


Then Dy 

(D 5 + 2D 2 -D - 2)y 


2Ax + B + Exe x + (E + F)e x t 
2 A + Exe x + ( 2 £ + F)e*, 

Exe x + (3 E+F)e X t 

- 2Ax 2 - 2 (£+A)x + ( 4 A-B- 2 C) + 6Ee X = e* + x . 


Equating coefficients of like terms, - 2 A = 1 , B + A = 0 , 4A-B-2C = 0 , 6 £ = 1 ; hence, 
A = - ■£, B = •£, C =-■£, £ = ■£, and £ is arbitrary. Now F should be arbitrary here, since 
C ± e x is a term of the complementary function. Thus, in writing 1 ), the inclusion of Fe x was 
unnecessary. 

1 2 1 5 lx 

Hence, a particular integral is y = - - x + -x-- + -xe, 

2 2 4 6 

and the primitive is y = C ± e X + C 2 e~* + C 3 e~ 2x - -x 2 + \x - - + -xe*. 

2 2 4 6 


8 . Solve (D 2 -4D + 4)y = x 5 e 2 * + xe 


2 x 


2x _ 

The complementary function is y = Cje + C 2 xe Now e is a part of Q and also occurs 
in the complementary function corresponding to a root of multiplicity two. As aparticular in¬ 
tegral, we take 

y = Ax e + Bx e + Cx e + Ex e • 

Note that terms involving xe 2x and e 2 * are not included, since they appear in the complementary 
function with arbitrary coefficients. Then 

Dy = 24*V X + (54 +2B)xV x + (4fi +2C)*V* + (3C + 2E)*V X + 2 Exe x , 

D 2 y = 44x , e 2 x +(204+ 4B)x'*e 2x + (204+ 16B+ 4 C);e 5 e 2x + ( 12 B+ 12 C+4E)x 2 e 2x + (6C+ 8E)xe 2x + 2Ee 2x , 
and (0 2 -4D + 4)y = 204x*e 2x + 12 B* 2 e 2x + 6 Cxe 2x + 2Ee 2x = x^e 2 * + xe 2x . 


Equating coefficients of like terms, 20 A = 1 , 12 £ = 0 , 6 C = 1, 2 £ = 0 ; hence, A = 1/20, 

B = 0, C = 1/6, E = 0. 

Thus, a particular integral is y = ^ x^e 2 * + - x 5 e 2x , 

20 6 

, ., . ., , ^ 2x „ x 1 5 2x 1 5 2x 

and the primitive is y = Cie + C 2 xe + — x e + - x e . 

20 6 


2 2 

9* Solve (D + 4)y - x sin 2x. 

The complementary function is y = C%cos 2x + C 2 sin 2 x. 

Since x 2 sin 2x occurs in Q and sin 2x is a part of the complementary function correspond¬ 
ing to a root of multiplicity one, we take as a particular integral 
i z 2 2 

y = Ax cos 2 x + Bx sin 2 x + Cx cos 2 x + £x sin 2 x + Fx cos 2 x + Gx sin 2x. 

Note that H cos 2 x + K sin 2 x is not included, since these terms are in the complementary func¬ 
tion. Then 

Dy = 2 Bx 5 cos 2 x - 2 Ax 5 sin 2 x + ( 3 A + 2 £)x 2 cos 2 x + (3£ - 2 C)x 2 sin 2x 

+ ( 2 C + 2 G)x cos 2 x + ( 2E-2F)x sin 2 x + F cos 2 x + G sin 2 x , 
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D*y = -44** cos 2x - 4Bx 5 sin 2x + (12B-4C)x 2 cos 2* + (-124-48)* 2 sin 2* 

+ (6/4+ 8S-48)x cos 2* + (6B-8C-4G)x sin2x + (2C+4G)cos 2x + (28-48)sin 2*, 
and 

(8 2 +4)y = 12Bx 2 cos 2* - 124x 2 sin 2x + (64 + 8E)x cos2* + (6B - 8C)x sin 2x 

+ (2C + 4G)cos 2x + (28-48)sin 2x = x 2 sin 2*. 

Equating coefficients of like terms, -124 = 1, 128 = 0, 64 + 88 = 0, 68 - 8C * 0, 

2C + 4G = 0. 28 - 48 = 0; hence, 4 = -1/12, 8 = 0, C = 0, 8 = 1/16, 8 = 1/32, G = 0. 

A particular integral is y = —i x* cos 2* + x 2 sin 2* + ■£- * cos 2*. 

12 16 32 

and the primitive is y = C t cos 2* + C 2 sin 2* - -i* 5 cos2* + -ix 2 sin2x + -^*cos2*. 


SUPPLEMENTARY PROBLEMS 

Solve, using the method of variation of parameters. 


10. 

(8 2 

+ Dy 

= CSC X 


Ans. 

y 

* C t cos x + C 2 sin x + sin x In sin x - x cos x 

11. 

<8 2 

+ 4)y 

2 

= 4 sec 2x 

Arts, 

y = 

C^cos 2x + C 2 sin 2x - 1 + sin 2x ln(sec 2x + tan 2x) 

12. 

(D 2 

-4 

-X v -1 

• 3 )y = (1+ e ) 


Ans. 

y 

= C t e x + C 9 e 3 * + ie 2 * + i(e x - e 3 *) ln(l + e~ x ) 

13. 

<8 2 

- i)y 

- e x sin e x + cos 

-X 

e 

Ans. 

y 

= C x e x + C**"* - e x sin e~ x 

14. 

(D 2 

- Dy 

—% —2 
= <1+* ) 


Arts, 

y 

= C t e x + - 1 + e~ x ln(l + e x ) 

Solve, using the method of undetermined coefficients. 

15. 

(D 2 

+ 2)y 

it 

a 

K 

+ 

to 


Ans. 

y 

= C x cos *£x + C 2 sin y£x + e*/3 + 1 

16. 

(8 2 

- i)y 

= e x sin 2x 


Arts . 

y 

= CjC* + C 2 e~* - e*(sin 2x + cos 2x)/8 

17. 

(D 2 

+ 2D h 

2 

h 2)y = x + sinx 

Ans. 

y = 

e~*< 

1 2 1 

[C t cos x + C 2 sinx) + -(x - 1) + -(sinx- 2 cosx) 
“2 5 

18. 

(D 2 

- 9)y 

= x + e 2x - sin 2x 


Ans. 

y 

= C t e 5x + C a e' ix - z/9 - e 2x /5 + i sin 2x 

19. 

<8* 

+ 38 2 

+ 2D)y = * 2 + 4*+ 8 

(Use 

Ax 3 -* 

fix 2 

l +Cx.) 






Ans. 

y 

r* r> ~ x r* ~* x 1 3 1 2 11 

= C t + + C 3 e + -x + -x + — x 

6 4 4 

2a 

(8 2 

+ l)y = 

= - 2 sin x + 4x cos x 


Ans. 

y 

2 

= Cxcos x + C 2 sin x + 2x cos x + x sin x 

21. 

(8* 

- D 2 - 

• 48 + 4)y * 2* 2 - 4* - 1 

+ 2* 2 

2x 

e 

_ 2x 2X 

+ 5xe + e 






A ns. 

y 

r )C r 2x „ -2x , 1 2 1 5 2X 

= C t e + C 2 e + C 9 e + -* + -x e 

2 6 





CHAPTER 16 


Linear Equations with Constant Coefficients 

SHORT METHODS 

A PARTICULAR INTEGRAL of a linear differential equation F(D)y = Q with constant 
coefficients is given by y = (?» For certain forms of Q the labor in¬ 

volved in evaluating this symbol may be considerably shortened, as follows: 


a) If Q is of the form e , 

y = 


1 ax 

F(D) 


1 ax 

e . 


F(a) 


F(a) * 0. 


See Problems 2-3 when F(a) t 0, and Problems 4-5 when F(a) = 0. 

b) If Q is of the form sin(ax + b) or cos(ax + b), 

y = —-— sin(ax + b) = --— sin(ax+b), F(-a 2 ) 4 0, 

F(D 2 ) F(-a 2 ) 


y = 


* cos (ax + b) = --— cos(ax + b), F(-a 2 ) ^ 0. 


F(D 2 ) 


F(—a ) 


See Problems 7-11 when F(-a 2 ) 4 0, and Problem 12 when F(-a ) = 0. 
c) If Q is of the form x". 


y ' 7m * = <*” + * - fl *.* ’• D) * ’ *° * °’ 

obtained by expanding —— in ascending powers of D and suppressing all terms 

F(D) 


beyond D*, since D n x 9 = 0 when n>m. 


See Problems 13-15. 


d) If Q is of the form e F(x), 
See Problems 17-20. 


y = 


1 e°* V = e®*- 1 -F. 


F(D) 


F(D + a) 


e) If Q is of the form xF(x), 
See Problems 21-23. 


y = 


■1— xV = x—^F - EliEL- v. 


F(D) 


F(D) {f(D )f 


SOLVED PROBLEMS 

1. Establish the rule in a) above. 

. ax ~ ax n 2 2 ax 

Since when y - e , Dy - ae , D y - a e , 




rf ax r ax 
D e - a e , 


F(D) = £P r I>V* 


— n r ax v ax „ 1 ax 1 ax 

ZP r a e * F(a) e . Hence, - c = - e . 

r r F(D) F(a) 


99 






100 


LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS 


2. Solve (0 3 -20 2 -50 + 6)y = e % or (0 -1) (D -3) (0 + 2)y = e™. 


4X 




The complementary function is y = C x e X + C 2 e 5 * + C 3 e 2x • 


A particular integral is y 


(Z) -1) (Z) - 3) (Z) + 2) 


(4-l)(4-3) (4+2) 


*X 




1 4X 

e 


3-1-6 


1 *x 
— e • 
18 


Hence, the primitive is y = C 1 e x + C 2 e 5 * + C 3 e~ 2x + —e**. 

18 


3* Solve (D -2D -5Z)+6)y = (c + 3) . 


The complementary function is, from Problem 2, y = C t e x + C 2 e 5 * + C 3 e~ 2 *. 


A particular integral is y = 
1 


1 


(Z) -1) (Z) -3) (Z) + 2) 

4X 6 


(Z) - 1) (D -3) (Z) + 2) 

6 2 % 


(Z) -1) (Z) - 3) (Z) + 2) 


(e 2 X +3 ) 2 


2 % 

e + 


Ox 


(Z) -1) (Z) - 3) (D + 2) 


1 HX 

- e + 


9 


3(1)6 


1 (—1) 4 


(-1) (-3)2 


«*x 


18 


3e 2 * + 3 


*vx o 2x _ 

mi_ . ., . . ~ x „ 5x ~ -2x e 3e 3 

The primitive is y = Cje + C 2 e + C 3 e + - - - + - 

18 2 2 


4. Solve (O 5 - 20* - 50 + 6)y = e 3 *. 


The complementary function is y - C\ e % + C 2 e 3x + C 3 e~ 2X . 


A particular integral is y 


JSx 


(D - 1) (D - 3) (Z) + 2) 
method does not apply. However, we may write 

1 1 / 1 


Now F(a) = F(3) = 0, and the short 


y = 


(Z) - 1) (Z) -3) (Z) + 2) 


e 3 * = -L( 

n o' 


0-3 (0-1)(0 + 2) 


g 3x, _ 1 / 1 e 5*x _ _1_ _ e 

0 — 3'2*5 ^ 


i 1 5* 

10 0-3 


1 5x r 5% -5x , 

= — e J e e dx = 

10 J 10 


1 -5*/^ = 

J in 


10 


The primitive is y = C x e % + C 2 e 5 * + C^ 2 * + xe 5 */l0. 


5. Solve (Z) 5 -5Z) 2 +8Z)-4)y = e 2 *+ 2e* + 3e~*. 

X 2X 2X 

The complementary function is y = C*e + C 2 e + C 3 xe , and a particular integral is 


y 35 


1 


(Z}-l)(Z)-2/ 


2 x 

e + 


(Z) - 1) (Z) - 2) z 


e* + 


(0 - 1 ) (0 - 2 ) z 


1 / l2x\ 2 / 1 

-rr(— e ) + + 


(O - 2) 0-1 


0-1 ( 0 - 2 ) 


( 0 - 1 ) ( 0 - 2 / 


1 2x 2 x 

e + - e + 


(Z) - 2) 2 D - 1 

= e 2x ff (dx) 2 + 2e X jdx - - e 


(-2) (-3/ 
1 -x 
6 


1 2 2x n x 1 -x 

- x e + 2xe - - e . 

2 6 
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The primitive is y = C ± e X + C 2 e 2 * + C 3 xe 2x + ^x 2 e 2x + 2xe X - *. 

6. Establish the rule in b) above for cos (ax + b). 

Since, when y = cos (ax+b) t D 2 y = -a 2 cos (cue + 6) , D*y - (-a 2 ) cos(a*+6), 

D 2r y = (-a 2 ) r cos(a* + b ), then 

F(D 2 ) cos (ax + 6) = 2 P r 0 2r cos(a* + 6) = 2 P r (-a 2 ) r cos (ax + b) = F(-a 2 ) cos(a* + b ). 

T T 

Hence, —— cos(a*+6) = —cos(a* + 6), 

F(D 2 ) F(-a ) 

7. Solve (0 2 +4)y = sin 3x. 

The complementary function is y - cos 2x + C 2 sin 2x, and a particular solution is 

y = —-— sin 3x = --- sin 3* = - - sin 3x. 

J 2 2 5 

0+4 -(3) + 4 

The primitive is y = CiCos 2x + C 2 sin 2x - ~ sin3*. 

5 


8. Solve (Z) 4 + 1O0 2 + 9)y = cos(2x + 3). 


The complementary function is y - C t cos x + C 2 sin x + C 3 cos 3x + C A sin 3x , and a particu¬ 
lar integral is 

y = — -——— cos(2x+3) = 


(D 2 + 1) (D 2 + 9) 


1 cos(2*+3) =--cos(2z+3). 

15 


(-3)(5) 


The primitive is y = C t cos x + C 2 sin x + C^cos 3x + C 4 sin 3x - — cos(2x + 3) 


9* Solve (0 2 + 30-4)y = sin 2x . 


The complementary function is y = C ± e x + C 2 e ~* X , and a particular integral is 

1 . . 1 


sin 2x 


0+30-4 


(0 -1) (0 + 4) 


sin 2x . 


The operator here is not of the form-* and the short method does not apply* However, 


F(D 2 ) 

we may use either of the following procedures to shorten the work. 
1 


a) y * 


(0 - 1) (0 + 4) 
1 


sin 2x 


(P + 1) (D -4)_ sin 2 * = J_ (D 2 -3D-4) sin 2x 

2 _ _ v 100 


(0 -1)(0 -16) 


100 


(-4 sin 2x - 6 cos 2* - 4 sin 2x) 


-- (4 sin 2x + 3 cos 2x ). 

50 


b) y - 


1 


0 + 30-4 
1 


sin 2* = 


sin 2x = 


J^sin2* = sin 2* 


(-4) + 3D-4 


3D-8 


9D -64 


(30 + 8) sin 2x --— (6 cos 2x + 8 sin 2x) - — — (4 sin 2* + 3 cos 2x). 

100 100 50 

The primitive is y = C^e* + C 2 e" 4 * - — (4 sin 2x + 3 cos 2x). 

50 
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10. Solve (0 5 + 0 2 + 0+l)y = sin 2* + cos 3*. 

The complementary function is y = C t cos * + C 2 sin x + C g e~ x , and a particular integral is 

y = —i ---(sin 2* + cos 3*) = — -i- sin 2* + -i- cos 3 * 

(D +1) (0 + 1 ) (0 2 + l)(0 + l) (0 2 +l)(0 + l) 

= - | sin 2* - ^ cos 3* = - - sin 2* - - JLzL CO s 3x 

3 D + l 8 2 ) + i 3 D 2 - 1 8 D 2 1 

= (O - l)sin 2x + A (0 - l)cos 3* = -i(2 cos 2x - sin 2*)--(3 sin 3* + cos 3x). 

AO 80 15 80 

The primitive is 

y = C t cos* + C 2 sin* + C 3 e~ x + -i (2 cos 2 * - sin 2 *) - —(3 sin 3 * + cos 3 *). 

15 80 

11. Solve (0 2 -0 + l)y = sin 2*. 

The complementary function is y = e 1 (Qcosi/Fx + C 2 sin±/l*), and a particular inte¬ 
gral is 

y = - 5 —^- sin 2 * = - l - sin 2 * =-— sin 2 * = - D ~ 3 sin 2 * 

0-0 + 1 (-4) - 0 + 1 0 + 3 d 2 -9 

= "A -3)sin 2* = ~(2 cos 2* - 3 sin 2*). 

13 13 

The primitive is y = e iX (CiCosiv'S* + C 2 siniv^*) + —(2 cos 2* - 3 sin 2x). 

13 

12m Solve (Z) 2 + 4 )y - cos 2x + cos 4 x. 

The complementary function is y - Cicos 2x + C 2 sin 2x, and a particular integral is 

y = ~— ( cos 2x + cos 4x) = —i— cos 2x + —i— cos 4x. 

0+4 Z ) 2 + 4 D 2 +4 

The method of this chapter cannot be used to evaluate — l — cos 2x since, when Z ) 2 isre- 
2 0 2 + 4 

placed by -4, Z) + 4 = 0 . However, the following procedure may be used. 

Consider -J— cos(2 + /i)* = -L-- cos(2+/i)* =-— cos(2 + h)x 

D + 4 -(2+/i) 2 + 4 4 / 1 +/i 2 

= ■ 7 " * , < cos 2 X - hx sin2* - i(hx) 2 cos 2x + .. ) 

n(4 + n) 

by Taylor’s theorem. The first term, cos 2x t is part of the complementary function and need 
not be considered here. Hence, a particular Integral is 

"T- cos(2 + /i)* = -—i- (hx sin 2x + ±(hx) 2 cos 2x - . ) 

Z> + 4 fc(4 + fc) 

- —^ (* sin 2x + i/uc 2 cos 2* - . ) . 

4 + h 

Letting h-0, we obtain —— cos 2* = \x sin 2*. Since —i- cos 4* = - — cos 4* 

0+4 4 D 2 +4 12 * 

the primitive is y * C^cos 2* + C 2 sin 2* + ^ x sin 2x - i cos 4*. (Compare this solution 

with that given in Problem 8, Chapter 14.) 







SHORT METHODS 


103 


13. Solve (2D +2D + 3)y = x 2 + 2x-l. 


The complementary function is y - e ^*(CiC 08 i/5 x + C 2 sin £ 1/5 x ) # and a particular in¬ 


tegral is 


--( x 2 + 2x - 1) = (± - |i> - J-0 2 )(x 2 + 2*-l) 


2D + 2D + 3 


3 9 27 


-(x 2 + 2* -1) - -(2*+2) - —(2) 
3 9 27 


1 2 2 25 

- x + -x - —■ 
3 9 27 


2 D + 2 D + 3 


( i - *o _ jLd 2 + 
3 9 27 


) by direct division. 


The primitive is y = e ^ X (C ±cos 51/5 x + C 2 sinii/5*) + i * 2 + ~ ^ # 


14, Solve (D-2D+4)y = * + 3 * - 5 x + 2 . 

The complementary function is y = C ± e 230 + e x (C 2 cos x + C 3 sinx), and a particular in¬ 
tegral is 

y = - l - (x 4 + 3 x 2 - 5 * + 2 ) = (- + -0 + Id 2 - ii ) 5 - Id'xx' + Sx 2 -^*.®: 


0-20 + 4 


4 8 16 32 64 


1 x 15 3 2 5 7 

= -X + -X + -X - -X-- 

4 2 2 4 8 

The primitive is y = C 1 e~ 2x + e*(C 2 cos x + C 3 sinx) + -x H + -x* + -* - -* - - • 


15. Solve (O 5 -40 2 +3D)y = x z . 


The complementary function is y - Cj. + C 2 e X + C 3 e x , and a particular integral is 


0(0 -40 + 3) 


1 , 1 ,2 

n <_ 2->* 

D 0-40 + 3 


I(i + *0 + —0 2 )x 2 
0 3 9 27 


i (ix 2 + -x + —) = ix 5 + -x 2 + —x, since i{/(x)} = J 7 (x)dx. 

0 3 9 27 9 9 27 O 


r 5 % 1 3 4 2 26 

The primitive is y = C t + C 2 e + C 3 e + -* + + “* 


16. Solve (0% 20 5 -30 2 )y = x 2 + 3e 2 * + 4 sin x. 


The complementary function is y = Ci + C 2 x + C 3 e x + C A e ^ x , and a particular integral is 


y — i ■■ i — ■ ■ i 

0 2 (0 2 + 20-3) 


(x 2 + 3e 2 *+ 4 sin x) 


0 2 (0 2 + 20 — 3) 


* + 3 


D (D +2D-3) 


e 2 * + 4 - 5—5 - sin * 

D (D +2D-3) 


1 f 1 2, 

= -5 {-=-* > + 

0 O 2 + 20 - 3 


4(4 +4 -3) 


e 2 * + -5- sin x 

(-1) (-1 + 20-3) 
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1.1 2 n 7 n 2.2 3 2x 2 

= —r (-- -D - —D )x + —e - -- sm x 


D 3 9 27 


20 


0-2 


=-- “(9a; 2 + 12x + 14) + — e 2x - 2 — + 2 sin x • 

27 D 2 20 Z) 2 - 4 

=-- (-x* + 2x 3 + 7x 2 ) + — e 2 * + -(cos * + 2 sin x ). 

27 4 20 5 

The primitive is 

y ~ C ± + C 2 x + C 3 e* + C 4 e 3 * - (3x 2 + 8x + 28) + ~ e 2 * + -(cos a: + 2 sinx). 

108 20 5 

17* Establish the rule in d) above by first showing that F(D)e ax U = e ax F(D+ a)U. 


Since when y = e^U, Dy = ae ax U + e ax DU = e ax (D + a)U. 

D 2 y = ae^iD + aW + e^DiD + VU = e™ (D 2 + 2aD + a 2 )U = e^iD + afu, .. 

D r y = e ax (D + a) r U, and 

1 ) F(D)e ax U = ZP r D r (e ax U) = | P r e ax (D + af U = e ax I P r (D + a) r U = e ax F(D + a)U. 


Let V = F{D + a)lj so that U 


1 


F(Z) + a) 


K. Then, from 1), 


F(D)e ax --- V = e ax V and —i- e“*K 


F(D + a) 


— {F(D)e ax - 

F(D) F(D) F(D + a) 


1 1/ 1 W 1 

V} = e 


F(D + a) 


18. Solve (D 2 - 4)y = *V X . 


V 


The complementary function is y = C x e 2x + C 2 e~ 2 *, and a particular integral is 


_ 1 2 3x 5x 1 

y = - x e - e - 

D 2 - 4 (Z) + 3) 2 - 4 


* 2 = e 5 * 


D+6D+5 


5x.l 6 n 31 n 2 2 

- e (--Z) + - D )x 

5 25 125 


3x / x z 12 62 

e (— - —x + -) 

5 25 125 


The primitive is y - Qe 2 * + C 2 e~ 2x + — e 3 *(25x 2 - 60* + 62). 

125 


19* Solve (Z) 2 +2Z) + 4)y = e X sin 2x. 

The complementary function is y = e~ x (C x cos \/3 x + Qsin/STx), and a particular integral 

1 


is 

y 


1 X - X 

- e sm 2x = e 


D +2Z)+4 


(Z) + 1) .+ 2 (Z) + 1) + 4 


sin 2x = e x --- sin 2x 

Z) 2 + 4Z) + 7 


x 1 x 4Z) — 3 e X e X 

- e --sin 2x = e -sin 2x --(4Z) - 3) sin 2x =-(8 cos 2x - 3 sin 2x). 

40 + 3 16D 2 -9 73 73 


The primitive is y = e~ x (C t cos i/3 * + C 2 sin 1/3 at) - —(8 cos 2x - 3 sin 2x). 

73 
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20. Solve (D 2 -4D+3)y = 2xe 5x + 3e x cos 2x. 

The complementary function is y = C 1 e X + C 2 e 5 *, and a particular integral is 

y = -i-(2xe 5x + 3e x cos 2x) = 2 --- xe ix + 3 ——-- e x cos 2x 

D 2 -4D + 3 D 2 -4D + 3 D -4D + 3 

= 2e ,x --— x + 3e x -— cos 2x = 2e 3x - • —* + 3e x -- cos 2x 

0 Z + 2 D D 2 -2D D 0 + 2 -A-2D 

- ** H ~ \ D)X ~ ! e% ^ C0S2% = 5 * 5 ‘ 5 (fc - 1) + Te eX(D - 2)cos2x 

= — e^ x (x 2 — x) — — e x (cos 2x + sin 2x). 

2 8 

The primitive is y - C±e x + (* 2 - *) - § e ( cos + sin 2*). 

2 o 

21. Establish the rule in e) above by first showing that F(D)xU = xF(D)U + F'(D)U. 


Since when y = xU t Dy = xDU + U, D 2 y - xD 2 U + 2 DU, 

D r y = xD r U + rD r ~ 1 U = xD r V + (— if )t/, then 

dD 


1 ) F(D)xU 

= £ 
r 

ii 

2 P r xD r U + 
r T 

2P r 
r T 

<1 

D r )U = xF(D)U 

+ F'(D)I/. 

Let K = 

F(D)U 

so that U 

= —V. 

Then, 

substituting in 1), 





F(D) 






F(D)x 1 

V = 

xF(D) 1 V 

+ f'(D) J_L 

-K. 

xV 

= 

- F\D) 

1 

F(D) 


F(D) 

F(D) 


F(D) 


F(D) 

and —— 

xV = 

X —i- V - 

— F'(D) 

1 

V 

II 

K 

; l“ 

1 

F'(D) 

V. 

F{D) 


F(D) 

F(D) 

F(D) 


F(D) 

{F(D)} 2 



22. Solve (D + 3D + 2)y = x sin 2x. 

J| y — 2X . , 

The complementary function is y = C±e + C 2 e , and a particular integral is 


x sin 2x 


D + 3D + 2 


= x - sin 2x 

3D - 2 


D + 3D + 2 
2D + 3 


. _ 2D + 3 

sin 2x - —--- sin 2x 

(D + 3D + 2) 


D* + 6D 3 + 13D 2 + 12D + 4 


* - sin 2x 

3D-2 


(-4) + 6(-4)D + 13 (—4) + 12D + 4 


sin 2x , replacing D by -4, 


3D + 2 . 1 (2D + 3) (3D - 8) . 0 

x ~- sin 2% + - -^ 1 sin 2x 

9D 2 -4 4 9D 2 - 64 


-x(3 cos 2x + sin 2x) + 24 sin 2x + 7 cos 2s 
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The primitive is y = C t e~ x + C s e~ 2x - cos 2x - 5 *~ 12 sin 2*. 


200 


100 


23. Solve (0 2 -l)y = x 2 sin 3x. 


The complementary function is y = C A e x + C 2 e*”*, and a particular integral is 

1 2 1 2 D 

y = -- x sin 3* = x - x sm 3x - - x sin 3x 

D 2 -1 D 2 -1 <0 2 -l) 2 


* 2 ——— sin 3* - * ——— sin 3* - 2D {x ——— sin3* - — ^ . sin3x} 


D 2 -1 


<0 2 -l) 2 


0 4 -20 2 +l 


(0 4 -20 2 +l) 2 


* 2 ———sin 3* - x —sin 3* - 2D {x —^—- sin3x } + — j — - sin 3* 


0 2 -l 


(D 2 -1) 2 


(0 2 - i) 2 


(D 2 -!) 5 


- ^ * 2 sin 3x - — * cos 3* - — D(x sin 3*) + -2- sin 3* 
10 50 50 125 

1 2 3 13 

-* sin 3* - — x cos 3x + - sin 3x . 

10 25 250 


The primitive is y = C t e x + C 2 e~ x - — ~ 13 sin 3x - — x cos 3* , 

250 25 


24. Solve (D 5 -30 2 -60 + 8)y = xe" ix . 


The complementary function is y = C 1 e x + C 2 e'* x + C 9 e~ 2x , and a particular integral is 


0 5 - 3D 2 - 6D + 8 


-Jx 

xe 


By a): y = e~ ,x 


(D- 3) 5 -3(0-3) 2 -6(0-3) +8 


-Jx 


O 5 - 12D 2 + 390 - 28 


_ -Jx. 1 39 ns -Jx. 1 39 

- € (“ TT- D )x = e (- X - -) 

28 784 28 784 


By c): y =* x 


D*-3D 2 -60 +8 


-Jx 


30 - 60 - 6 e -jx 


(0 5 - 30 2 - 60 + 8) 2 


J_ -Jx 30 - 60 - 6 -jx 
' ' (-28) 2 


1 -Jx 39 -jx 

zr xe - - e . 

28 784 


-3% 

The primitive is y = Qe* + C^e 4x + Qe -2 * - --(28x + 39). 

784 



SHORT METHODS 


107 


SUPPLEMENTARY PROBLEMS 


Find a particular integral. 

25. (Z) 2 + 2)y = e 2 * 

26. (Z) 2 + D + l)y = e x 

27. <Z) 2 - l)y * e x 

28. <Z> _ 2 ) 2 y = e x + xe 25 ' 

29. (Z) 4 - l)y = sin 2x 

30. ( D * + l)y = cos * 

31. (Z) 2 + 4)y * sin 2x 

32. (Z> 2 + 5)y = cos 1/5 x 

33. (Z> } + D 2 + D + l)y = e x + «” x + sin x 

34. (Z) 2 - l)y = x 2 

35. D*(.D 2 - l)y = x 2 

36. (Z) 2 + 2)y = x* + x 2 + e -2x + cos 3* 

37. ( D 2 -2D - l)y = e x cos * 

38. (Z) - 2) 2 y = e^/x 2 

39. (Z) 2 - l)y = xe 3x 

40. (Z) 2 + 50 + 6)y = e _2x (sec 2 x)(l + 2tanx) 


4ns. y = e 2x /6 
y = e x /3 



y = ^ e 5 x (4 x-3) 
y * e _2x tan x 






CHAPTER 17 


Linear Equations with Variable Coefficients 

THE CAUCHY AND LEGENDRE LINEAR EQUATIONS 


THE CAUCHY LINEAR EQUATION 

,n ,n-i 

+ P *»-» d -- y + 


i) p 0 x 


± + 


+ Pn - lX tc* PnV = Q(X) ’ 


dx" dx n ~ 1 

in which p 0 ,p lt . ,P n are constants, and the Legendre linear equation 

2) p (ax + b) n —^ + p (ax + fo)"" 1 —-— + • • • • • + p (ax + b)^ + p y = (?(*) , 

0 dx" 1 ^"- l * 


dx" 


of which 1) is the special case (a=l, b= 0), may be reduced to linear equa¬ 
tions with constant coefficients by properly chosen transformations of the 
independent variable. 

j 

THE CAUCHY LINEAR EQUATION. Let x = e z ; then if J9 is defined by J£> = — . 

dz 


n, dy _ dy dz _ 1 dy 
dx dz dx x dz 

»V =■ _ 4 ) and 

dx x dz x*dz dz 

D ly = - _2 (fi _ _ dV) 

x 5 dz 2 dz x 5 dz 5 dz 2 


xt>y = 77- = %> 
dz 


x 2 D 2 y = J9(J9-l)y, 


- 1 (£z - 3^ + 2 — 


x 3 dz 3 


dz 


2 —) 

dz 


and 


x 3 D 5 y = J9(JS)-l)(J£>-2)y, 


x r Z) r y = J9(fi — 1) (J9 — 2).(J9 — r + l)y. 

After making these replacements, 1) becomes 

{p o £)(fi -1) (fi - 2) • • • • (fi -n +1) + p 1 J9(J9-1)(J9-2)-(J$)-n+2) .. 

+ Pn.!® + P„>y = 0( e *)» 

a linear equation with constant coefficients. 


See Problems 1-3. 


THE LEGENDRE LINEAR EQUATION. Let ax + b = e z \ then 

Dy = ± ± 


D 2 y = 


a 

dy 

and 

(ax + b)Z>y = 

a ± 

ax + b 

dz 

dz 

(Si. 

J 2 

dz 


and 

(ax + b) 2 D 2 y 

- a 
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(ax+b) r D r y = a r fl(J9-l).(J9-r+l)y. 

After making these replacements, 2) becomes 


{/> 0 a" J£>(J9 -1) (J0-2)* •• • (fi-n + 1) + p i a n_1 J9(fl — 1) (J5 — 2)-(fl-n+2) + 

a linear equation with constant coefficients. 


+ p n -i aS + p n ^y = Q( e - a 


See Problems 4-5. 


SOLVED PROBLEMS 


1. Solve (*Z) 5 +3 xZ) -2xD+2)y = 0. 

The transformation x = e z reduces the equation to 

{J9(J0-l)(J9-2) + 3J9(J!)-1) - 2J9+ 2>y = (D 5 - 3J0 + 2)y =0 
whose solution is y = C x e Z + C 2 ze Z + C 3 e ~ 2z . 

Since z- In*, the complete solution of the given equation is y = C±x + C 2 x In* + C 3 /* 2 . 

2. Solve (x$ + 2xD - 2)y = * 2 In x + 3*. 


The transformation x - e Z reduces the equation to 

{J9(J9-1)(J9-2> + 2fi - 2}y = (J9 - 1) (J0 2 - 2J0 + 2)y = ze 2z + Ze 
The complementary function is y = C x e Z + e z (C 2 cos z + C 3 sin z), and a particular integral is 


J9 5 -3J9 2 + 4J9-2 


22 Z 22 

-{ze + 3e ) - e 


■ z + 3 - 


2z 


(J9 + 2) 3 -3(J9 + 2) 2 + 4(fi + 2) - 2 (fi- I)(f) 2 -2J9+ 2) 

_1_ 

j£) 5 + 3fi 2 + 4J9 + 2 


1 z 

2 + 3 - e 




22 


= e 

2 2 


(£ - J9)z + 3e Z f e Z • e~ Z dz = e 2Z (%z - 1) + 3 ze 


Thus, the solution is y = C ie z + e Z (C 2 cos z + Q,sinz) + ± e 2z (z- 2) + 3ze Z 

= C t * + *(C 2 cos In* + C 3 sin In*) + £* (In* -2) + 3* In*. 


3- Solve (* D -*D + 4)y = cos In* + * sin In *. 

The transformation * = e Z reduces the equation to 

{j0(£)*“ 1) - fi + 4}y = (J9 — 2J9 + 4)y = cos z + e Z sin z • 


is 


The complementary function is y = e Z (C±cos 'z + C^sin z), (md a particular solution 


y = 


1 1 2 

cos z + —-- e sin z 


-2J0 + 4 
1 


cos z + e 


J5 -2J9 + 4 

2 1 

—- sin z 

fi 2 + 3 


1 X z 

= —(3 cos z - 2 sin z) + -e sin z. 
13 2 


3-2JS) 


sin z 
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Thus, the solution is 

y = e Z (Cicos y/Z i +. C^sin y/Zz) + —(3 cos z - 2 sin z) + \e Z sin z 

13 2 

= *(Ctcos/S^ln* + C 2 sin v^ln *) + —(3 cos In* - 2 sin In*) + \x sin In*. 

13 2 

2 

4. Solve (* + 2) 2 - (* + 2) + y = 3* + 4. 

dx 2 dx 

Put *+>2 - e z ; then the given equation becomes 

{*>(£>-1) - J9+ l>y = (fi-l) 2 y = 3e z -2. 

The complementary function is y = C±e Z + C 2 ze Z , and a particular integral is 

y = -l—(Ze z -2) = 3e 2 /jW - 2 —±— e 0z = |zV- 2. 

<J9 -1) 2 (J9-1) * 

z z 3 2 z 

The solution is y = Cj.e + C 2 ze + -z e - 2 or, since z = ln(* + 2), 

A 

y = (* + 2) [C! + C 2 ln(* + 2) + 2 ln 2 (z + 2)] - 2. 

2t 

5- Solve {(3*+ 2) 2 /) 2 + 3(3* + 2)Z) - 36 }y = 3* 2 + 4* + 1. 

The transformation 3* + 2 = e Z reduces the equation to 

{9fl(fi-l)+ 9fl-36>y = 9(fl 2 -4)y = |(9* 2 + 12* + 3) = |(e 22 - 1) or (if-4)y = ±( e 2 * - 1). 

22 „ -2z 11 2z 1 Qz 

The complete solution is y = Cie + C*e + -“( —- e - — - e ) 

27 Jy - 4 J9 -4 

/■v ^2 « ** 2 2 , 1 / ^2 I -f \ 

* Cie + Cae + m (ze +1} 

or y = Ci (3* + 2) 2 + C 2 (3* + 2) -2 + -L [(3* + 2) 2 ln(3* + 2) + l] . 

SUPPLEMENTARY PROBLEMS 


Solve. 



6. 

(* 2 D 2 - ZxD + 4)y = * + * 2 In* 

4ns. 

2 2 1 2 3 

y = C t * + C 2 * In* + * + - * In * 

6 

7. 

(* 2 /) 2 - 2 xD + 2)y = In 2 * - In * 2 

Ans, 

y = C ± x + C 2 * 2 + ^(ln 2 * + In *) + i 

8. 

(* 5 D 5 + 2x 2 D 2 )y = * + sin(ln *) 

Ans . 

y = Ci + C 2 * + C 3 ln * + * In * 

+ 3 (cos In * + sin In *) 

9. 

* 5 y'" + *y' - y = 3* 4 

Ans . 

2 i| 

y = Ci* + C 2 * In* + C 3 * In * + * /9 

10. 

[(* + l) 2 D 2 + C* + 1)D - l]y = ln(x + l) 2 + * - 

4ns. y = C ± (x + 1) 

1 

+ C 2 (* + 1)“ 1 - ln(* +1) 2 + i(* + l)»ln(* + l)+2 

11. 

(2* + l) 2 y" - 2(2x + l)y' - 12y = 6* 

4ns. 

y = C 1 (2* + l)" 1 + C 2 (2x + 1) 3 - 3*/8 + 1/16 


11 



CHAPTER 18 


Linear Equations with Variable Coefficients 

EQUATIONS OF THE SECOND ORDER 


A LINEAR DIFFERENTIAL EQUATION of the second order has the form 


& + R(x) — + 


S(x)y = Q(x). 


If the coefficients R and S are constants, the equation can be solved by 
the methods of the preceding chapter; otherwise, no general method is known. 
In this chapter certain procedures are given which at times will yield a so¬ 
lution. 


CHANGE OF DEPENDENT VARIABLE. Under the transformation 



y = w, 

u = u(x) 

and v = 

v(x). 



dv 
u — 
cbc 

. du 

V dx ’ 

II 

d 2 v 

u — » + 
dx 2 


du 

dx 

d 2 u 

+ V- » 

dx 2 


1) becomes 

2 ) 


^ + R t (x) ^ + S t (x) v = Q t (x) 

dx 2 dx 


With R ± (x) = l $ + R(x), S t (x) = f { ^ + R(x) ^ + S(x)-u>, Q t (x) = 9^1 . 

u dx u dx 2 dx u 

a) If u is a particular integral of + R(x) + S(x)y = 0, then = 0 

dx 2 dx 

and 2) becomes 

3) ^ = Qi (x). 


The further substitution ^ = p, ^ reduces 3) to 

d* dx 2 dx 


^ (*)P = Qi(x), 


a linear equation of the first order. 


b) If u is chosen so that R t (x) = - ~ + R( x ) = 0 or — 

u dx u 


See Problems 1-6. 
= - £ff(x) ebc, then 


u = e 
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Now — = - 5 u/?(x) and = - jtf(x) — 5 U ^ so that 

dx dx 2 dx dx 


Si(x) = S(x) 


+ R(x) du + 1 dfu = S(x) + , *(x> du _ , c* = s _ _ 

• * 2 u dx 2 dx * 


u dx u dx 


and Q ± = Q/u. 


If Si(x) = S - £/? 2 - k ^ = A, a constant, 2) becomes ^ + Av = Q/u, 

dx dx 

a linear equation with constant coefficients. 

2 

If Si(x) = A/x , 2) becomes x 2 — + Av = Qx/u , a Cauchy equation, 

dx 2 

and the substitution x = e z will reduce it to one with constant coefficients. 

See Problems 7-10. 

CHANGE OP INDEPENDENT VARIABLE. Let the transformation be z = 6(x). Then 


dy _ dy dz 
dx dz dx 


dV = dV ( dz )2 + ± dfi , 


u jr ^ U/ u 

dz 2 dx dz dx 2 


and 1 ) becomes 


£<*>* ♦ & * * $>$ + sy - « 


dx dz 


d 2 y dx 2 dx dy + Sy 


C_N 2 (—V 

K dx 'dx' 


Let z = 0(x) be chosen so that ^ = /if , the sign being that which makes 

dx V a 2 

real and a 2 being any positive constant. (One may consistently take a 2 = l.) 
dx 

d 2 z dz 
— o + R — 

If now -- = A, a constant, then 5) becomes —- + 4^- ± a 2 y = —^—. 

/dz -,2 dz 2 dz /dz .2 

'dx* W 


a linear equation with constant coefficients. 


See Problems 11-14. 


OPERATIONAL FACTORING. It may be possible to separate the left member of 

{P(x)D 2 + ff(x)Z) + S(x)}y = <?(x) 
into two linear operators Fi.(0) and F 2 (D) so that 

6 ) {F t (D).Fi(D)}y = F i (D){F i (D)y} = {P(x)D 2 .+ ff(x)D + S(x)>y = 0 (x). 

Then, setting F 9 (0)y = v, 6 ) becomes F 1 (D)v = @(x), a linear equation of 
order one. 
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The factorization in this section differs from that of Chapter 13. With 
possible exceptions, the factors here contain the independent variable x, 
they are not commutative, and the factorization differs from that when D is 
treated as a variable. For example, 

{xD 2 - (x 2 + 2)D + x}y = { (xP - 2) {D -x) }y , 

since 

{(xD -2) (D -x) }y = (xD -2) (— -x)y = (xD - 2) (y'~ xy) 

dx 

= (x-j--2)(y'-xy) = x(y"-y-xy') - 2(y'-xy) 

dx 

= xy" - (x 2 + 2)y' + xy = {(xD 2 - (x 2 + 2)D +x>y. 

The factors are not commutative, since 

{ (D-x) (xD -2) }y = (D -x) (xy'-2y) = xy" + y' - 2y' - x 2 y' + 2xy 

= xy" - (x 2 + l)y’+ 2xy = {xD 2 - (x 2 + 1)D + 2x}y . 
Finally, when D is treated as a variable rather than an operator, 

{(xD-2) (D-x)}y = {xD 2 - (x 2 + 2)D + 2x)y. See Problems 15-17. 


IN SUMMARY, the following procedure is suggested for solving 

+ S(x)y = Q(x). 

dx 2 & 


1) Find by inspection, or otherwise, a particular integral u = u(x) of the 
equation when Q(x) = o. The substitution y = uv will yield a linear equa¬ 
tion in which the dependent variable v does not appear. This equation is 
of the first order in dv/dx = p. 

2) If a particular integral cannot be found, compute S - lR 2 - A—. If this 

dx 

is a constant K or K/x 2 , the transformation y = ve~^ Sdx reduces the given 
equation to a linear equation with constant coefficients or to a Cauchy 
equation. 


3) If the above procedure does not apply, put — 

dx 

so that the square root is real) and substitute 


= ,/-r (choosing the sign 
a 


dx 


in 


dx 2 

dx 


If this 


is a constant, the transformation z = m dx yields a linear equation 
with constant coefficients. 


4) If the left member of the equation is operationally factorable, the prpb- 
lem is then reduced to that of solving two linear equations of order one. 

Note. As a partial check on the work, it is desirable to know the type of equa¬ 
tion which results when the transformations in l)-3) are made. 
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SOLVED PROBLEMS 


1. For the equation (D 2 + RD + S)y = 0, show that 

а) y = x is a particular integral if fl + *S = 0, 

б) y - e x is a particular integral if 1 + R + S = 0, 

c) y = e~ x is a particular integral if 1-R+S = 0, 

d) y = e wx is a particular integral if j n 2 +mR + S = 0* 

9 2 

a) If y = x is a particular integral of (D +RD + S)y = 0 then, since I)y = l and D y=0, R+Sx= 0, 

d) If y = e m * is a particular integral of (D 2 + RD + S)y = 0 then, since Dy = my and D 2 y - m 2 y , 

(m 2 +mR+S)y =0 and w 2 + *fi+S=0. 6) and c) are special cases (»=!,* = -1) of <4). 


2. Solve (D 2 - - D + 4>y = 2* -1. 
x x z 

2 3 3 

Here R+Sx = 0 and y = x is a particular integral of (D- D + —)y = 0. 

* x z 


dv 

The transformation y =%v, Dy = *-— + v, 

dx 

_2 d 2 v , .. 

/> y = *— + 2— reduces the 

dx 2 d* 

2 2 
<4 v _dv dv 3 3 d v dv 

x - + 2--3-- v + -v = *-- 

^2 dx dx x x ^2 dx 

= 2* -1 or 

dj; 

dx 2 

Putting — = p, ^ * this becomes 

dx H dx 2 dx 


for which 

integrating factor. Then 



£ = f _ A)* = 2 In * + - 

X J X x 2 X 

v dv 

**• ' ■ s 

= 2x In * 


f-dx/x 


- I . 

x 

1/x is an 


V = J*(2* In* + 1+Kx)dx = * 2 ln* + *+Ct* 2 +C8, and y = Cj* 5 + C 2 * + * 5 In* + * 2 


Solve * 2 (* + l)i2 _ x(2+4* + * 2 )v- + (2 + 4x+* 2 )y = -x* - 2* 1 . 
dx 2 * 


2 2 

Here, R + Sx = - *(2 + 4* + * ) + ^ 2 + = 0 and y = * is a particular integral of 

x 2 (x + 1) x 2 (x + 1) 

the equation with its right member replaced by zero. 

The transformation y = xv, = * -^ + v, —21 = * —21 +2—22 reduces the given equation 

dx dx dx 2 dx 2 & 


2 

to x 2 (x +1) (* — + 2 ~) - *(2 + 4* +* 2 )(* $2 + t>) + (2+4*+* 2 )*v = - ** - Z* 3 

dx* dx dx 


or 


d 2 v 

d * 2 


* + 2 dv 
x + 1 dx 


* + 2 
* + l 


Putting — = p, this becomes — - p = - for which e * +1 = —— is an 

dx dx * + 1 * + l * + l 


integrating factor. Then 
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-X r , , -X -X 

_i_ p = - f ^ = -1_ + C; 

X + 1 J (X + l) 2 * + 1 

v = - = x + C\Xt‘ + C 2 , 


and 


p = ^ = 1 + C^x + De*, 

CIX 


y = C±x 2 e x + C^x + x 2 . 


2 

4, Solve x - (2x + l)^ + (x + l)y = (x 2 +x-l)e 2 *. 


dx* 


Here 1+fl +S = 1 - 


dx 

2x + 1 . x + 1 


+ ”—- = o and y = e is a particular integral of the equation 
xx 


with its right member replaced by zero. 


2 2 

The transformation y = e x v, ^ = e x $- + e), ^ = e x (^ + 2^ + v) reduces the 

dx dx dx 2 dx 2 ®* 


d v 1 dv , , , Lx 

given equation to —- - - — = (x + 1-)« • 

dx 2 x dx x 


Then 


dv .. . 

-— = p, this 

becomes - -p = 

(* + 1-1).* 

dx K 

dx x 

X X 

X 

X 

P - = r (e* + 

Xe - e )dx = e* 

+ V + «. 

* J 

* 2 

X 

V = JL = 

xe X + C^ 2 + C 2 . 

and y = 


dv 

dx 


2 x , s* x a 2x 
x x e + C 2 e + xe . 


5. Solve (x-2)^ - (4x -7)^ + (4x-6)y = 0. 
dx 2 * 


o 9 4i_7 4x •— 6 9v 

Here * + jrH +S = * - *- + - = 0 when w = 2, and y - e is a particular 

x— 2 x-2 

2 2 

2x dy 2x dv n 2x d y 2 x d v 2x dv 2x 
= c v, -r s e -r- + 2e v, —~ —r + 4e — + 4e v 

dx dx dx 2 dx 2 * 

(x -2)(— + 4 ^ + 4v) - (4x -7)(^ + 2v) + (4x -6)v = 0 or SLl-— = 0. 

<ic 2 dx dx cfc 2 x -2 ax 

Putting — = p, this becomes — - —p = 0. Then 

dx dx x - 2 

v 9 9r 2 2x 

= = Ci(x-2) + C 2t and y = Cje (x-2) + C 2 e . 


integral. 


The transformation y 
reduces the given equation to 

v 
cbc 

dv 


P - * e 2x 


d 2 a 

6* Solve —- - 2tanx~ + 3y = 2 secx. 
dx 2 dx 

By inspection, it is seen that y = sin x is a particular integral of (Z) 2 - 2 tanx D + 3)y = 0. 
The transformation y = v sin x reduces the given equation to 


dy 
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2 2 2 

sin* + 2(cos x - = 2secx, or + 2(cot x - tan = 4 esc 2x. 

^2 cos x dx c&2 dx 

The substitution ~ = p reduces this to ~ + 2(cot x - tanx)p = 4 esc 2x for which an 
dx dx 

integrating factor is i sin 2 2x. Then 

ip sin 2 2x = f sin2x dx = - i cos2x + £K lt P = -r = -2csc2x cot 2x + csc 2 2x, 

dx 


sin x 


= esc 2 x + K cot2x + C 2 , and y = i secx + Ci(cos x - i secx) + C^sinx. 


u d y 2 dy 2 % 

7. Solve —- - - -r + (1 + — )y = xe. 
dx 2 x d* x 2 


Here R - - - > 5=1 + —. S - 4 R 2 - £ — = 1 and u = e 

* * 2 dx 

dy dv d 2 y d 2 v 

The transformation y = uv = xv, — = x — +v, —- = x —- + 2 

dx dx dx 2 dx 2 ck 


- £ dx / dx/x 


dv 


= € - X. 

reduces the given 


equation to - + v = e , a linear equation with constant coefficients, whose complete solu- 

dx 2 

tion is v = - = Ctcos x + C 2 sin x + —-— e x = C^cosx + C 2 sin x + ?e X . 
x Z) 2 + l 

Thus, y = C t x cos x + C*x sin x + ixe*. 


d y _ dy . 2 £(x 2 + 2x) 

Solve —- - 2x — + (x + 2)y = e 

dx 2 

2 

Here R = -2*. S = x 2 + 2, 5 - &R 2 - £ — = 3. and u = e " ±f Kdx = e** 

dx 


.2 d 2 i; x 

The transformation y = e v reduces the equation to - + 3v = e whose complete solu- 

dx 2 


tion is v - y/e^* 2 = Cicos i/3 x + C 2 sinv/Tx + —i—e X = C ± cos/2x + C 2 sini/3x + ie** 


1 x 


D 2 +3 


Thus, y ‘= e^ X (Cicos y/3x + C 2 sin 4*) + ie^ % + 2x ^ 


9* Solve (D 2 - -D + —)y = 2x - 1. (Problem 2,) 
x ^2 


u o id 2 . dR 3 9 3 

Here S - tR - £ — =- 

* x 2 4x 2 2x 2 


and u = e 


-£Jtfdx _ -£/- 5 dx/x _ 3/2 


4x* 


5/2 

The transformation y = uv = x v reduces the equation to 


fLi! - -2- v = or x 2 - - v = 2x^ 2 - x 1/2 , a Cauchy equation. 

dx 2 4x 2 J' 2 dx 2 4 
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Putting * = e 2 , we have (£) 2 - f) - -)v = 2e^ Z ' 2 - e 2//2 . 

4 

—2/2 52/2 

The complementary function is v = Cie + C 2 e , and a particular integral is 

... 1 52/2 2/2. 1 32/2 , 2/2 32/2 . 2/2 

u = —-(2e - e ) = --- e + e = ze + e 


#-£1-3/4 fi " 3 /2 

The complete solution is v = y/x 5 ^ 2 = CjX -1 / 2 + C 2 x ,/2 + x 5 ' 2 In * + x 1/2 


and 


5 5 2 

y = C%x + C 2 x + x In x + x . 


2 

10. Solve i-Z - 4x & + 4x 2 y = xe**. 
dx 2 dx 

Here S-ifl 2 -±—=2 and u = e 2 ^ x ** = e**. 
dx 

2 ^2^ 

The transformation y = ve reduces the equation to - + 2v = x whose complete solu- 

tion is 

v = CiCos/2x + C 2 sln/2x + ix. 

22 2 

Then y = ve* = e* (C x cos i/3 x + C^sinv^x) + ^xe* . 


11. Solve ^ - (1 + 4e x )— + 3« 2x y = e 2(x+eX) . 
dx 2 dx 

dz _ /S /3e 2x x d 2 z/dx 2 + R(dz/dx) e X - (1 + 4e*)< 

* Va 2 V 3 * ’ (dz/dx) 2 (e x ) 2 


When 


The introduction of 2 = e as new independent variable leads to 


d y A dy 2 
—— + A — + a y = 
dz 2 dz 


or £ 2 : - 4 ± + 
2 dz 2 


( dz/dx) 

whose complete solution is y = C t e 2 + C 2 e 52 + 


dz 

1 2z 


3y = 


^2(x + e*) 
2x 


= -4 = 4. 


2« 22 
e = e 


J9 -4J0+3 


= C ie 2 + Cse 32 - e 22 . 


x €* *e x 2e x 

Replacing 2 by e , we have y = C t e + C 2 e 5 - e . 


tfote. The choice of a 2 = 3 is one of convenience only. Taking a - 1, — = /3 e* and 4 = —« 

1/3 

2 

The transformation z =/5e x yields -i?^ + y= - e 2 *^ whose solution is 

dz 2 y/3 dz 3 


y - C^e 2 ^ 5 + C 2 e 5 2 - e 2Z ^^. Then y = Cie e + C 2 e 5e - e 2e , as before. 


2Z//3 


12. Solve - cot x — - sin 2 . 


dx' 


dx 


x y = cos x - cos x. 


Here *S = -sin x and when 


dz _ / ->S 

dx ’ V 1 


2 2 

sin * d z/dx +R(dz/dx) _ cosx+ (-cotxXsinx) _ 
(dz/dx) 2 sin 2 x 
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Thus the Introduction of z = - cos * as new independent variable leads to 

,2 

CL Y Z ~ Z 

—- - y = cos x = -z whose complete solution is y = C x e + C 2 e + 2 . 
dz 2 

ry , . . . ~ -COS X ~ COS X 

Upon replacing 2 by - cos x , we have y = Cie + C 2 e - cosx. 


13. Solve O + H * + J. = ^L_Li 


<ix 


2 x dx ** 


When 


— = /S’ = /-i-' » — , = 0 . Thus the introduction of 2 = - - 

* * 2 (dz/d *) 2 


,2 

ci y 2 

as new independent variable leads to —- + y = 2 + 2 whose complete solution is 

cfc 2 

y = Cicos 2 + K sin 2 + 2 2 . 

2 

Upon replacing 2 by -1/x, we have y = CiCos(-l/x) + K sin (-1/x) + 1/x 

= Cicos (1/*) + C 2 sin(l/*) + l/* 2 . 


14. Solve + (4* - + 4 * 2 y = 3*e" X . 


My 


d*“ 


* dz; 


When — = Js = ■/$}? = 2x, d ** /dx * t R(dz/dx) = 2 + (4x ~ Vx)2x = 2. Thus the in- 

* (dz/d *) 2 ( 2*) 2 


troduction of 2 = x 2 as new independent variable leads to + y = —— whose com- 


<* y , o 


3e 


dz* 


dz 


4/2 


plete solution is y = C x e~ z + C*ze z + ——— e z z X ^ - C x e z + e z . 

(D + 1) 2 

^2 2 ^2 ^2 

Upon replacing 2 by x 2 t we have y = C 1 e~* + C 2 x e“ x + x 5 e~* . 


15. Solve (0 2 - 2/) + -l)y = 2x-l. (Problem 2.) 
x x 2 

2 3 3 

a. The equation is equivalent to D y - D(-y) = D(D-)y = 2 x - 1 . 

3 2 

Putting (D - -)y * v, we have Dv - 2x - l and v = x - x + K. 

Now (D - -)y = x 2 -x+K for which -i is an integrating factor. Then 
x x 5 

2. = (* (i —— + —)dx = In* + - + + C 2 and y = Ci* + C 2 * 5 + * 2 (1 + * In*). 

X * */ X X 2 * v 2 


6 . The equation (xD 2 -3D + j)y = 2 x 2 -x is equivalent to (D - |)(xD - l)y = 2x 2 -x. 
Putting (xD-l)y = v, we have (D - -)i/ = 2x 2 -x for which — is an integrating factor. 


— = f (- - —)c& = 2 In x + - + /( 

r 3 J V * y* * 


Then 


and 
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(xD-l)y = v = 7x In* + x* + K* 5 or ( D-l/x)y 

Here 1/x is an integrating factor so that 

y/x = /( 2x Inx + 1 + Kx)dx = x 2 Inx - £x 2 + x + K^x 2 
and y = C±x 5 + C 2 x + x 2 (l + x Inx). 


2 2 
= 2x Inx + x + Kx . 


+ Co = 


2 2 
x In x + x +Cjx + C 2 


16. Solve [xD Z + (1 -*)Z) - 2(1 +x)]y = e"*(l-6*). 

The equation is equivalent to [xD + (l+x)][Z)-2]y = e~ x (l-6x). 

Putting (D-2)y = v, we have [x£)+l+x]v = e~ x (l-6x) or (D + i + l)v = e~ x (j - 6), 

Now xe x is an integrating factor so that vxe x = J(l-6x)dx = x - 3x 2 + K 

and (D-2)y = v = (1 -3x)e x + Ke x /x. 

“ 2x 

Here e is an integrating factor so that 

yc- 2 * = J[(i-3*)e- 5x + Ke-* x /x]dx = *e -5 * + d* + C 2 

•5x 

, - 2* f e , - 2 jc 

and y - xe + Cje J —dx + C 2 e . 

17* Solve [(x + 3)D 2 - (2x + 7)D + 2]y = (x+3) 2 e*. 

The equation may be written as [(x + 3 )D - l] [D - 2]y = (x + 3) 2 e*. 

Putting (Z)-2)y = v, we have [(x+3)D-l]v = (x+3) 2 e* or (D -—)v = (x+3)e*. 

x + 3 

Using the integrating factor l/(x + 3), we have v/(x+3) = Je X dx = e x + K 
so that (D-2)y = v = (x + 3)e* + K(x+3). 

—2x 

Using the integrating factor e , we have 

ye” 2X = f[(x* 3)e- x + K(x+3)e~ ZX ]dx = -»"* - 4*"* + K(- i X e~ 2x - V 2 *) + C 2 

2 4 

and y = - xe x - 4e* + C t (2x + 7) + C 2 e 2x . 


18# Show that the Riccati equation — + y P(x) + y 2 Q(x) = H(x), Q(x) ^ 0, is reduced to a 

dx 

linear equation of the second order by the substitution y = — ~ . 

Qu dx 


Since ^ ~ - -4- ^ » the substitution yields 

Qu 2 


dx 


<2* dx 2 Qu 2 <** Q‘u 


, 2 „ dx dx 


1 d 2 u 1 du 2 1 dQdu Pdu 1 du 2 D „ d 2 u n 1 dQ. du D 

<?“ dx 2 Qu 2 <** Q 2 u dx dx Qu dx qJ dx °dx 2 Q dx dx “ 


19. Use the procedure outlined in Problem 18 to solve ^ + - y + -* 3 y 2 = — • 

d* x ' 2 2* 

The substitution y = A -r- = ~ reduces the equation to 

Qu dx x 3„ dx 
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dx 


d u 2 3x 2 /2 du lx 3 _ d*u 1 da 1 2 

- + (-—)•— - -r- u = 0 or - - - -x u = 0. 

2 * x l /2 dx 2x 2 * ’ ' 


^2 x dx 4 


cfz l—is I &x^ 

In turn, the substitution = /— = /- = x reduces this equation to 

dx V 4 Y 4 


^ - 7 u = 0 whose solution is u = + C 2 e 

dz z 4 


Then , . ±*! , , , 

«■ * *’ C,e ! ' • C,r 4z 


1 ,^-fe-*' 2 


where k = 


Ci 


20. Solve — - (tan x + 3 cosx)y + y 2 cos 2 x = - 2. 
dx 

2 

The substitution y = -—~ = —~r reduces the equation to 
Qu dx u dx 

d 2 u du 2 

- + (tan x - 3 cosx)— + 2ucos x = 0. 

dx 2 dx 


In turn, the substitution 


dz _ \ 

dx " V 


2 cos x 


= cos x, or z = sin x, reduces this equa¬ 


tion to - 3 — + 2u = 0 whose solution is u = Cie 2 + C 2 e 22 . 

dz 2 dz 

- , 2 z ns* 22r sin x rtL 2 slnx 

. 1 du sec x(C t e + 2C 2 e ) e + 2ke 

Then y = -—~ = - - -2-cos x = sec x --- 

Qu dx c ±e z + C 2 e 22 e sin * . L 2slnx 


+ fee 


SUPPLEMENTARY PROBLEMS 


Solve. 


21. xy" - (x + 2)y' + 2y = 0 

22. (1 + x 2 )y " - 2xy' + 2y = 2 

23. (x 2 + 4)y" - 2xy' + 2y = 8 

24. (x + l)y" - (2x + 3)y' + (x + 2)y « (x 2 + 2x + l)e 2x 

25. y" - 2 tanx y' - lOy = 0 

26. x 2 y" - x(2x + 3)y' + (x 2 + 3x + 3)y = (6-x 2 )e* 

27* 4 x 2 y n + 4x 5 y' + (x 2 + l) 2 y = 0 

28. x 2 y" + (x - 4x 2 )y' + (l-2x+4x 2 )y = (x ? -x + l)e* 

29. xy" - y f + 4x 5 y = 0 

30. xV" + 2x 5 y' + y = (l+x)/x 


Arts . y = C ± e X + C 2 (x 2 + 2x + 2) 

y = C t x + C 2 (x 2 -1) + x 2 

y = C t (x 2 - 4) + C 2 x + x 2 

y = C 4 e* + C 2 e*(x + 1) 2 + xe 2 * 

y = (C 1 e 5x +C 2 e*" 3x )sec x 

y = C t x e + Cgxe + e (x +2) 

2 

y - y/x e~ x ^ (C t + C 2 In x) 

y = ^(Cxcos lnx + C 2 sin lnx) + e* 

2 2 
y = Cisin x + C 2 cos x 

y = CiCOS(l/x)+ C 2 sin(l/x) + (l+x)/x 
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31. *V + + y - l/* 5 

32. ( x sin* + cos*)y" - x cos* y' + y cos* = * 

33. *y" - 3y f + 3y/* = * + 2 

34. Solve Problem 21 by factoring. 

35. [(* + 1 )D* - (3*+ 4)D + 3]y = (3* + 2)e 5 * 

36* x 2 y" - 4xy' + (6 + 9* 2 )y = 0 

37. *y" + 2y' + 4xy = 4 


Ans. y - CiCos(l/3* J )+ C 2 sin(l/3x 5 )+ 1/x 5 

y = Ci* + C 2 cos * - sin * 

3 2 

y = C t * + Cjj* - * - * In * 

y = Ci (3*+ 4) + C 2 e 5 * + 

2 

y = * (Cicos 3* + C 2 sin 3*) 
y = (Cicos 2* + C 2 sin 2* + 1)/* 



CHAPTER 19 


Linear Equations with Variable Coefficients 

MISCELLANEOUS TYPES 


IN THIS CHAPTER various types of differential equations of order higher than the 
first and with variable coefficients will be considered. There is no general 
procedure comparable to that for linear equations. However, for the types 
treated here, the procedure consists in obtaining from the given equation 
another of lower order. For example, if the given equation is of order three 
and if, by some means, an equation of order two, which is solvable by one of 
the methods of the previous chapters can be obtained from it, the given equa¬ 
tion can be solved. 


DEPENDENT VARIABLE; ABSENT. If the equation Is free of y, that is, is of the form 


1 ) 


/( 


d n y d n ~ 1 y 
dbS’ dx"' 1 ' 
2 


*. x) - 0. 

dx 


the substitution & = p, •••• will reduce the order by one. 


dx 


dx 


2 dx 


EXAMPLE* The equation x 2 ^-2- + 2 _ 3 *(fjZ) 2 + x 5 = 0, of order three, 

dx 3 d%2 dx dx 


is re- 


d 2 d Hp dy d 2 y 

duced to x 2 —£ + 2p -£ T 3xp 2 + x 3 = 0, of order two, by the substitution y- =p, —- 


dbf 

dp d^y = djp 
do?' dx 2 ' 


dx 


dx dx 2 


If the given equation is of the form 
2 ) /( 


the substitution 


dx* 


3) 


dx 

/3 


d y 

n-i 

d y 

. *> - 

dx n 

dx 71 ” 1 

, k 
dx 

= q, 

d k * X y dq 

—;— = — » * 

••• will reduce the order by k. 


dx k+1 dx 




See Problems 

If 

the equation 

is free of x, that is, is of the 

,n 

d y 
—— » 

,n-i 
d y 

© 

H 

>> 

■w“ 

dx n 

dx"' 1 * 

dx 

ft 

d 2 y _ dp dy 

. n dp 

r» 

dx 2 dy dx 

' P "T“ * 
dy 


= 4 (p = {p ±£ +( ±f } & = p * Jill* pi^E) 2 ' etc., 


dx ’ 


dy dy dx 


dy 2 ^ ^ 


dy 


dy' 
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will reduce the order of the differential equation by one. 


EXAMPLE. The substitution — =p. Ll = p LR, Ll = p 2 Ll + p(L ?.) 2 

* P dx 2 P ^ dx 3 P dy 2 P V 


reduces the 


2 

equation yy‘" - y"(y') 2 = 1 . of order three, to yp 2 Lt + py(L-) 2 _ p 5 ^ = 1 , of order 


two. 


dy‘ 


dy r dy 

See Problems 6-10. 


LINEAR EQUATIONS WITH KNOWN PARTICULAR INTEGRAL. If a particular integral y=u(x) 
of the equation 

4) (P 0 D n + P^D 71 - 1 +. + P n _iD + P n )y = 0 


is known, then the substitution y=uv will transform 
5) (P 0 D n + P 1 D n ' 1 +. + P n . t D + P n )y = 0(x) 


into an equation of the same order but with the dependent variable absent. In 
turn, the order of this equation may be reduced by the procedure of the first 
section of this chapter. Equation 4) is called the reduced equation of 5). 


Example. 


dy dv 
dx = X & 


+ v. 


Since y = x is a solution of ( D 2 - xD + l)y = o, 
2 2 

d y d v _ dv , ^2 2x 

—r = x —r + 2 - 7 - reduces (D - xD+ 1 )y = e x 

dx 2 dx 2 dx 


the substitution y - vx % 

to — + 2 ~* 2 Ll = e2x 

dx 2 * dx x ’ 


Here, the dependent variable v is missing and the procedure of the first section above applies. 


See Problems 11-14. 


EXACT EQUATIONS. The differential equation 


6 ) 



,n-l 
d y 


dx 


n-X 


dy 

dx 


y, x) 


Q(x) 


is called an exact equation if it can be obtained 
equation 


7) 




,n-l ,n- 2 

d y d y 


dx 


n-l 


dx 


n-2 


dy 

dx 


y, x) 


by differentiating once an 
= Qx (x) + C 


of one lower order. For example, the equation 

3yV" + 14yy'y" + 4(y') 3 + 12y'y" = 2x 

is an exact equation since it may be obtained by differentiating once the equa¬ 
tion 5 „ , J o 9 

3y y + 4y(y ) + 6(y') = x + C. 


The linear equation 4) is exact provided 
p n ~ p n-i + P n-2 + . + (-l) n Po n) = 0, identically. 


Example. Consider the equation (x 3 - 2x)y'" + (8x z -5)y" + 15xy' + 5y = 0 In which P 3 
= 5. P 2 = 15x and P 2 = 15. , P t = 8x 2 - 5 and P" = 16, and P 0 = x 3 - 2x and P™ = 6. The equa¬ 
tion is exact since P g - P 2 + P t _ P o = 5-15+16-6 = 0. The given equation is the exact de¬ 
rivative of (x 3 - 2x)y" + (5x Z - 3)y' + 5xy = C. 
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If equation 6) is not linear no simple test for exactness can be stated. 
In this case, we show that 6) is exact by producing the equation of one lower 
order from which it may be obtained by a differentiation. 

If 6) is not exact, it may be possible to find an integrating factor. 
Again, no general rule can be stated for determining an integrating factor. 

See Problems 15-21. 


SOLVED PROBLEMS 


DEPENDENT VARIABLE ABSENT. 

i. Solve 2 ^ - (^) 2 +4=0. 
dx 2 


dy dp 2 2 dp , 

The substitution = p reduces the equation to 2 ~ = p -4 or = etc. 

dx dx p 2 - 4 

Integrating, 5 In P ~ 2 = * + In A; P ~ 2 = Cie 2x , p = —1 = 2(1 + -), 

P + 2 P + 2 1 - C t e 2x 1-C t e* 


2y 

and y = 2 x - 2 ln(l-Cie ) + C 2 
2* Solve x - 2 —^ = 0. 


dx 5 


dx" 


d^v da 

The substitution —- = q reduces the equation to x -p - 2q = 0. 

d * 2 * 

,2 

Then In q = In x 2 + In K, q - —- = Kx 2 , and y = Cjx 1 * + C 2 x + C 3 . 

dx 2 


3* Solve 


The 


= i. 

dx* dx - 5 

• d^y da 2 

substitution —£ = q reduces the equation to q = 1 and q = 2 x + C±. 

dx 3 * 


d\ 

Then q = —£ = ±(2x 
dc 5 


+ Ci) l/2 , = ± i(2* + C 1 ) J/Z + A, ^ = ± -i(2* + C t ) 5/2 + Kx + K s 

dx* 6 ax 15 

= ± -L(2* + Ci) 7/2 + K 2 X 2 + A 3 * + K a or 105 y = ±(2*+Ci) 7/2 + C 2 * 2 + C 3 x + C*. 
105 

dx 5 dx 5 dx 2 

d 2 y da 2 da dq dq . 

substitution —- = q reduces the equation to (-r) + x ~ - q = 0 or q = x — + (--) 

^2 dx dx dx dx 


4. Solve ( 


The 


a Clairaut equation. 


2 

Then q = il = Kx + K 2 , ^ = itf * 2 + K 2 x + C 2 = C * 2 + 4C 2 * + C 2 , and 

dx^ dx 2 

y - —Cx^ + 2C x + C 2 x + C 3 — + 18 C^x + C 2 x + C 3 » 
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5. Solve (l + 2*)^-| + 4x - (l-2x)& = e~*. 
dx } 




'dx 


dy 

The transformation p = -f reduces the equation to 

dx 


(1 + 2%)p" + Ax p'- (1-2 x)p = <f 


or 


/, 4* , 1-2* 

P + 7-TP ‘ 7 — P 


1 + 2 * 


1 + 2 * 


1 + 2x 


Since 1 -fl+S = 0 , we use the substitution 

p = e“*v, p' = p" = c"*(v"- 2 v' + v) 

to obtain w (l+2*)i/'- 2v r = 1 or (1 + 2*) 2 v"-2(1 + 2*)v' = (1 + 2%), a Legendre linear equation. 
The substitution 1+2* =e* reduces the equation to [4J!)(J9 - 1 ) - 4 fi]v = e' or J9(J9-2 )v = 

Then v = K ± + K 2 e 2t - = K x + K 2 {\ + 2*) 2 - ^(1 + 2*), 

p = ~ = e” X u = K t e~ X + /( 2 (1 + 2x) 2 e~ X - ^(l+2*)e~*, 

and y = Cie x + C 2 (4* 2 + 12* + 13)e~* + C 3 + ^(2* + 3)e“ X 

or y - Ae x + B(x 2 + 3*)e x + C + £*e *. 


INDEPENDENT VARIABLE ABSENT. 

6 . Solve y" = (y') 3 + y'. 

The substitution y'=p, y w = p— reduces the equation to p ~ = p 5 + p or ^ = p 2 + 1. 

dy dy dy 

Then = dy, arc tan p = y + J£ lt and P = y- = tan (y+K ± ). 

p 2 + 1 

Now cot(y+ K±)dy - dx. In sin(y + J( 1 ) = x+K 2 , sin(y + K t ) = C 2 e x , and y = arc sinC 2 e* + C 1# 


7. Solve yy" = 2(y ') 2 - 2y\ 


dp 


The substitution y'= p, y" = p reduces the equation to p(y - 2p f 2) = 0. 


dp 


dy 

Here p = 0 and y = C is a solution, or 

dp 0 dy _ _ .2 2 

—— = 2 * ln(p - 1 ) = In Ay, 

p- 1 y 


dy 


,2 2 * 

p - A y + 1 , 


or 


dy 


, i 2 2 

1 + 4 y 


= dx. 


Then - arc tan Ay = x + K, 
A 


arc tan Ay = Ax + B, and Ay = tan(4* + £). 


8 . Solve yy" - (y ') 2 = y 2 lny. 


The substitution y' = p, y" = p -y- reduces the equation to 


dp 


dy 


dp 2 2 , 

yP dy~ P = y ln y 


or 


2 y 2 p dp-2p 2 y dy 


= 2 lny ^ • 

y 


Then = ln 2 y + C, — dy - 

y 2 y i/ln 2 y + C 


= ±<£e. 


and 


ln( ln y + /ln 2 y + C ) = ± * + ln K. 
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Now In y + S In 2 y + C = Ke ±x , Sin 2 y + C = Ke ± *-lny, and C = K 2 e ±2x -2Ke ±X In y. 

This may be written as In y = C 1 e ix + C 2 e + * or, finally, In y = C t e x + C 2 e * 

since Ci and C 2 are arbitrary constants. 


9. Solve yy" + (y ') 2 = y 2 . 

The substitution y'= p, y" = p ^ reduces the equation to py^ + p 2 - y 2 for which y 

dy dy 

is an integrating factor. The solution of py 2 dp + p 2 y dy = y 5 dy is 2p 2 y 2 = y* + C 2 . 

/ 2 2 

Now t/2 p = 1/2 — = ± whose solution is y/2 sinh 1 2L = ± 2x + Ky/2 . Then 

r dx y C 

2 2 

sinh "* 1 ^ = ii/ 2 *+K, 2L = sinh(± S2x + K) = ± sinh (>/2 x + K x ), and y 2 = C ± sinh (\/5x+C 2 ). 
C C 


10. Solve 


,2 • 

fLz = 6 2 ^ 

dx 2 


given that y = y '=0 when x = 0 . 


Putting y" = p , we have 2 p dp - 2e 2y dy whose solution is p 2 = + K . 

<*y 

Using the initial conditions, 0 = 1 +K and K = -1. Now p = -7* = ± Se 2y - 1 which, by the 

cue 

substitution e 2:y = z, becomes -—- = ±cfr. The solution of this equation is arc tan Vz - I 

2 z /z - 1 

* ±x + C or, in the original variables, arc tan Se 2y - 1 = ±x + C. Here, the initial con¬ 
ditions require C =0 so that Se 2y - 1 = tan(±x) = ± tanx and, finally, e 2y = sec 2 x. 


It should be noted that the form of the solution of the given equation depends on the sign 
of the first constant of integration. If in p 2 = e 2y + K, K is positive and = A 2 , we solve 

/z + A 2 - 4 


dz 


2 z 


= ± dx. and obtain ~ In v ^ 2+ ^ 2 _ zA - ± x + C. 

STTiS 24 


Sz+ A 2 + 4 


Then 


/z + 4* + 4 


Be 


±2><x 


and 


2j4* 2 


1 = /z + 4 2 . Since 4 is arbitrary, we may write z+4 2 = ^ ^ 1 * - - —1 
1 - Be ±2 * x (1 - Be 2Ax ) 2 


and 


obtain 


2 y 

z = e = 


(1 - Be 2<<X ) 2 


e* = 


2ACe 


Ax 


-<?e 


2 Ax 


LINEAR EQUATIONS WITH KNOWN PARTICULAR INTEGRAL. 


11. Solve x 3 (sin*)y" 


2 3 

- (3* sinx + x cosx)y" + 


( 6 xsinx + 2 x cosx)y' - (6 sinx + 2 x cosx)y = 0 . 


By inspection it is seen that y = x is a particular integral. 


By means 

of the substitution y 

= xv, y* - xv r + v, 

y" = xv" + 2v', y w = xv"' + 3v", 

equation is 

d\ 

reduced to sin * - 

d% 

- cos x - * 0 . 

d 2 v 

In turn, the substitution - 


dx 5 

dx 2 

dx 2 


the 
= 9 
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reduces this equation to sin x — - q cos * = 0 or — = cot x dx. 

dx q 


,2 

Then In q = In sin* + In C, q = -2 = C sin*. and t> = £ = C t sin* + Cj* + Cs. 

dx 2 x 

Thus, the solution is y * C t * sin* + C 3 x 2 + C 3 *. 


12. Solve (* 5 -3* 2 + 6*-6)y lv - x y'" + 3* 2 y" - 6*y' + 6y = 0. 


By inspection it is seen that y-x is a particular integral* 

The substitution y =xv, y'= xv'+ v, y" = xv" + 2v\ y'" = xv'" + 3V". y 1V = *t/ iV + 4t>" ; 
reduces the equation to (** - 3* 5 + 6* 2 - 6*)v lv + (-*“ + 4* 5 - 12* 2 + 24* - 24) v" = Q. 
d\ 

Putting - = q, this equation becomes 

d*’ 

*(* 5 -3* 5 + 6*_6)^ + <-**+ 4* 5 - 12* 2 + 24*-24)q = 0 or ^ + (-1 + 2- —— 6 )d* = 0. 

* 9 * *5-3* 2 + 6*-6 

,3 5 2 

Integrating, In g = x - 4 In x + ln(x 3 - 3x 2 + 6x - 6) + In A or q = — = A * zjx + 6x~6 x * 


d*v f x 3 - Zx 2 + 6x - 

dx 2 J x * 


Then 


6 x , 
- e ax 


d*5 

5 2 

* 1.x - 3x + 6x - 6 x x 

4 '5 ( -I?- e > 


= Ae x ^_ ( * 3 -3* 2 +6«-6 
i) + 1 ' 


JL + -6 _ JL), 

D + l X x 2 x 5 x *' 


Now D(i) = - 1. 0 2 (i) =2. and D 5 (l) = - 2 , 


X X 

1 , 1 ± + JL J 

X 2 X 3 X 1 


X 4 

X 


so that _ ( + 2 _ 2 > = ^ [i + 3D(i) + 3D 2 (i) ♦ Z>’<±>] = -±- 


D + 1 (D + 1)5 


(D 2 +2D + 1)(j) 


* 2 - 2 * + 2 
.5 


Thus. *2 = A £l* + * 9 * + B ' 


<fx‘ 


X 

X 

e 

x 


y 2 

= r = Ci —• + C 2 x + C s x + c A , 


2 = 4 + & + c. 

dx x 2 


and y = C ± e X + C 2 x 3 + CaX* + C 4 x. 


In this exanq>le, it is fairly easy to see that y=x, y=x 2 , y =x 3 , and y = e x are particu¬ 
lar integrals* Thus the complete solution could have been written down immediately* 


13* Solve (2 sin x - x sin x - x cos x)y" + (2x cos x - sin x - cos x)y" + x(sin x - cos x)y' 

+ (cos x - sin x)y = 2 sin x - x cos x - x sin x. 

By inspection-it is seen that y - x, y - e*, and y = sin x are particular integrals of the 

reduced equation* We shall obtain a particular integral of the given equation using the method 

of variation of parameters • 
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y — L±x + L&6 + Lq sin x • 

+ L 2 e X + L 3 C 0 S * + (Li* + L 2 e + LgSin *) 

Li* + L 2 e* + L^sln * = 0. 

L 2 e* - L 3 sin * + (Li + L 2 e* + Licos *) 

Li + Lie* + Li cos * = 0 . 

L 2 e* - Lgcos * + (Lie* - Lisin *) 

Lie* - Lisin * = 2 sin * - * cos * - * sin *. 

Solving A), B), C) simultaneously, we obtain 
Li = - sin * + cos* and L t = cos * + sin *, 

Li = -e"*(* cos * - sin *) and L 2 = ±*e'*(-sin* + cos *) - e"*sin* - ie"*cos * 

Li = -1 + * and L 3 = -* + 5 * 2 . 

Thus, the complete solution is 

y = C t x + C 2 e* + C 3 sin * + ^* 2 sin* + 

A 


3 1 „ 1 

-x cosx - x sinx - - cos z , 

2 2 2 


We take 

Then y f = 

and we set 

A) 

Now y= 

and we set 

B) 

Then y" = 

and we set 

C) 


14. Solve (* 2 + *)/' - (* 2 + 3* + l)y" + (* + 4 + §)y' - d + f + jp* m 3* 2 (* + l ) 2 . 

By inspection it is seen that y =* is a particular integral of the reduced equation. The 
substitution y - xv reduces the given equation to 

(* 2 + *)t>"' - (* 2 -2)t>" - (* + 2)v' = 3*(* + l ) 2 

and, in turn, the substitution v'= u reduces this to 

A) (* 2 + *)u" - (* 2 -2 )u' - (* + 2 )u = 3*(* + l) 2 . 

Since the sum of the coefficients of the reduced equation of A) is identically zero, u=e 
is a particular integral and we use the substitution 

u = e*w, u' = eV + e*w, u" = e*u>" + 2 eV + e\ 

to reduce A) to 7 -x 2 

(jc + x)w n + (x + 2x + 2)w f = 3xe (x + 1) • 

Using the substitution w r - z t this becomes 





<% 2 + x)z' 

+ (* 2 

+ 2x + 2)z = 3xe 

*<* + l) 2 










2 x 





or 

dz 

— + 
dx 

(1 + 2- 
X 

--L)z = 3e~* 
x + 1 

(*+d 

for 

which —r 
x + 1 

is an 

integrating 

factor. 



2x 

r 2 



dw 


„ -X v 

x + 1 

-X 


Then 

x e 

Z x + 1 

= 1 3xo* = * 

5 + 

• 

— = z 
dx 

= x(x + 

l)e + 

* a 

e , 

u 

7 x 

= w = 

2 -X 

-x e 

- 3xe~ X - 3e” x + 

-X 

Cxi- 

X 


dv 

dx 

2 

u = -x 

- 3* - 3 + 

2i + 

X 

C 2 e*. 

and 

y 

X 

= = “ T “ 

3 3 
-x - 
2 

3* 2 + 

C t x Inx + 

C*xe X + 

C 3 x • 
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EXACT EQUATIONS. 


15 


• Show that P a (x) y lv + P t (x) y'" + P 2 (x) y" + P 3 (x) y' + P 4 (x) y 
p _ p' + p" _ p'" + p lv = o 

4 3 r 2 *1 r *0 U * 


0 is exact if and only if 


Let the given differential equation be obtained by differentiating 

flo(*) y" + y" + fl 2 (o y' + fl 8 (*) y = c t . 

Since this differentiation yields fl 0 y lv + + (fl' + fl 2 )y" + (R a + R a )y' + 

we have P Q = fl 0 , P 2 = + fl t . P 2 = + fl 2 . P 3 = ft' + fi 3 , and P 4 = ft' . 

Now P 4 - P 3 ' + P 2 " - P'" + P 0 1V = ft' - (ft'' + fl') + (ft"' + ft") - (fif + ft") + fif = 

Conversely, suppose P 4 - P 3 + P 2 " - P"' + P 0 lv = 0 . Since 


fl 3 y 

0 . 


£ 

dx 


W + - P 0 ')y" + <p 2 - p/ + Or' + (P, - K + Pi" - Po )y] 


Or 


= £ y lv + ^y'" + P,y* + P 3 y' - (- p 3 ' + K - if + P 0 lv )y 

iv 

= P 0 y + P 1 y" / + P 2 y" + P 3 y' + P 4 y, the given differential equation is exact. 


16* Solve xy'" + (x 2 + x + 3)y w + (4*+2)y f + 2y = 0. 

The equation is exact since P* - P* + P’l - Pq = 2 - 4 + 2 - 0 = 0. 

Consider the left member x y'" + (x 2 +x + 3)y" + (4x+2)y' + 2y. 

To obtain the first term we must differentiate xy". Now — (xy") = xy"'+y" and when this 

dx 

is removed, we have (x 2 +x + 2)y" + (4x +2)y' + 2y. To obtain the first term of the result¬ 
ing relation, we must differentiate (x 2 + x + 2)yWhen ~(x 2 + x + 2)y' = (x 2 + x + 2)y" + (2x + l)y' 

is removed, we have (2x + l)y' + 2y = -^-(2x + l)y. Thus the given equation is the exact de¬ 
ck 

rivative of 

A) xy" + (x 2 + x + 2 )y'+ ( 2 x+l)y = C ± . 

Since P 2 - P ± ' + = (2x + 1) - (2x + 1) + 0 =0, we now treat the left member of A) 

precisely as we did the corresponding member of the original equation. 

We remove ^(xy') = *y"+y' and have (x 2 + x + l)y'+ ( 2 x + l)y = ^(x 2 + x + l)y. 

Hence A) is the exact derivative of 

B) xy f + (x 2 + x + l)y = C t x + Cg, 

■Lx(x + 2) 

a linear equation for which xe z is an integrating factor. 

Thus, the complete solution of the given equation is 

xye±* ( * +2> = Cl fxe^ (x * 2) dx ♦ C 2 f e* x(x * 2) dx + C 3 . 

The following scheme will be found convenient. 
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xy" 

(x 2 + x + 2 )y' 

( 2 x + 1 )y 

A) 
xy r 

(x 2 + x + 1 )y 

B) 


xy"' + (x 2 + x + 3 )y n + (4x + 2)y' + 2y = 

xy"' + _y^_ 

(x 2 +x + 2 )y" + ( 4 x+ 2 )y ; + 2 y 
(x 2 + x + 2 )y" + ( 2 x + l)y / 

( 2 x + l)y' + 2 y 
( 2 x +l)y ; + 2 y 

xy" + (x 2 + x+ 2 )y' + ( 2 x + l)y = Ci 

xy" 4* _y^_ 

(x 2 + x + l)y' + ( 2 x + l)y 
(x 2 +x + l)y' + ( 2 x+l)y 

xy' + (x 2 + x + l)y = C ± x + C 2 . 


Solve 2 y ^ + 6 ^ ^ = 
d * 5 dx 2 * 

“ x 2 * 



We write 

♦ 

dx 5 

6 ^ 1 ^. 

dx 2 dx 


d 2 y 

+ 

dx’ 

0 t< 2 y dy 
dx 2 <** 




4 cffy ^ 

dx 2 


Thus, the given equation is 

exact, being obtained by differentiating 


* z <?> ! ■ 
dx 

-f-idx 

J ,2 

= - + Kl 

X 

A second integration yields 

2 y ^ = In x + 
dx 

K t x + fa 

whose solution 


y 2 = x In x + Cix 2 + C 2 x + C 3 . 


18. Solve (1 + 3xy z )y'" + 9(y 2 + 2xyy f )y" + 18y(y') + 6x(y') 




We write 


(1 + 3xy 2 )y" 


6 y 2 y' 


6xy(y') 


(1 + 3xy 2 )y'" + 9y 2 y" + lfixyy'y" + 18y(y') 2 + 6 x(y ') 3 
(l + 3xy 2 )y'" + 3y 2 y" + 6 xyy'y" __ 

6 y 2 y" + 12 xyy'y" + 18y(y') 2 + 6 *(y ') 5 
_ + 12 y(y ; ) 2 _ 

12 xyy'y" + 6 y(y ') 2 + 6 *(y ') 5 
12 xyy'y" + 6 y(y ') 2 + 


6 y 2 y" 


The given equation is exact, being obtained by differentiating 

(1 + 3xy 2 )y" + 6 y 2 y' + 6 xy(y ') 2 = 


6 x + K 
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and this equation is obtained by differentiating (l + 3xy 2 )y' + y 5 = 3x 2 + Kx + C 2 . 
In turn, this equation is exact and we have xy 5 + y = x 5 + Cix 2 + C 2 x + C3. 


19« Solve x 5 y"' + 5x 2 y" + (2x-x 5 )y' - (2+x 2 )y = 40x 5 - 4x*. 

It is readily verified that this linear equation is not exact. To test whether or not it 
has an integrating factor of the form x*, we multiply by x m to get 

x y + 5x y" + (2x - x )y' - (2x + x )y = (40x - 4x )x 

and write the condition 

- (2x* + x m+2 ) - 2(* + l)x* + (» + 3 )x ** 2 + 5(» + 2) (» + l)x m - (» + 3) (m + 2) (m + l)x* 

= (*t + 2 )x m+2 + (m + 2 ) (m -m 2 )x* = 0 , for all values of x. 

_2 

Then ot = -2, and x is an integrating factor. Using it, we have 

xy"' + 5y" + (- - x)y' - (— + l)y = 40* - 4 * 5 

* x 2 


xy" 


4y'+ (- - x)y 


X y'" + y« 


4y" + <§ - *)y' - (4 + Dy 

* *2 

4y" + (| - *)y' - + i)y 

X % 2 


and 


xy" + 4y' + (“ - *)y ~ 20x 2 - x 4 + /t. 


The transformation y = -~ reduces this equation to t/"-v = (Z) 2 -l)v = 20x 5 - x 5 + Kx, 

x 2 


and the complete solution is v = x 2 y = C t e* + C 2 e~* - (1 + Z) 2 +Z) 6 + • • •) (20x 5 - x 5 + &c) 

x ~ -x ^ 5 

- C ± e + + CgX + x . 


20. Solve 2yy"' + 2(y+3y')y" + 2(y ') 2 = 2. 

We write 2yy"' + 2yy" + 6 y'y" +2 (y r ) 2 = 2 

2 ^y" 2 yy"' + 2 y'y" 

2 yy" + 4y'y" + 2 (y ') 2 

2yy'+2(y') Z 2yy" + 4y'y" + 2(y ') 2 

and thus obtain by integration 

2 yy" + 2 (y ') 2 + 2 yy' = 2 * + K x 
2yy' 2yy" + 2 (y ') 2 

2yy' 

y 2 %yy' 

and obtain 2yy' + y 2 = * 2 + K t x + K 2 . By inspection, is an integrating factor; then 
y 2 e X = x 2 e x - 2xe x + 2e* + K l (xe x - e x ) + /? 9 e* + C 3 or y 2 = * 2 + + C 9 * + C 9 e~ x . 
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21. Solve * cosy y'" - 3* siny y'y" - cosy y" - x cosy (y') 3 + siny (y') + * cosy y' - sin y = 0. 

Since — ( Sln y ) = * C0S .Ul.~ S1 I*-L , the last two terms of the given equation suggest -i 
dx * x * x 

as a possible integrating factor. Using it and integrating, 

cosy y" - siny(y') 2 + siny = or cosy/ ,_ sin y (y') 2 + sin y = C 2 x. 

X X 

The substitution siny = z reduces this equation to z' ! + z = Ci* whose complete solution 

■4 Q 

z = sin y = Ci* + C 2 cos* + C 3 sin*. 


SUPPLEMENTARY PROBLEMS 


Solve. 


22. y" + (y') +1 = 0 

23. (1 + x 2 )y" + 2xy' = 2x" 3 

24. xy r/ - y' = - 2/* - In * 

25. y'" + y" = x 2 

26. yy" + (y') 5 = 0 

27. yy" + (y') 2 = 2 

28. yy" = (y') 2 (1 - y' cos y + yy' sin y) 


29. (2* -3)y"' - (6x-7)y" + 4xy'-4y = 8 
Hint: y-x is a particular integral of the reduced equation 

30. (2* 5 -l)y'" - 6* 2 y" + 6*y' = 0 


Ans. y = In cos^-Ci) + C 2 

y = Ct + C 2 arc tan * + 1/* 

y = C!* 2 + C 2 + (* +1) In* 

y = C\e~ X + C 2 x + C 9 + x 2 (x 2 - 4x + 12)/12 

* = C, + C 2 y + y In y 

y 2 = 2x 2 + C 2 x + C 2 

x = C 2 + C 2 ln y + sin y 

y = CjX + C 2 e x + C 9 e 2 * - 2 


31. yy" - (y ') 2 = y 2 In y 
Hint: Use In y - z. % 

32. (x + 2 y)y" + 2 (y ') 2 + 2 y' = 2 

33. (1 + 2 y +3y 2 )y"'+ 6 y' [y" + (y ') 2 + 3yy"] = x 

34. 3x[y 2 y"' + 6 yy'y" + 2(y') 3 ] - 3y[yy" + 2(y') Z ] = - 2 /x 


y = C'i (x 1 * + 4x) + C 2 x 2 + C 3 
In y = C 2 e x + C 2 e”* 


y(x + y) = x + Cix + C 2 
y + y + y 3 — C 2 x + C 2 x + Cg + x /24 


Hint: 1/x is an integrating factor. 


2X 


35. yy'" + 3y'y" - 2yy" - 2(y') + yy' = 

- y 2 

Hint: e is an integrating factor. Solve also using y = v. 

2 . _ „ 


Ans . y 5 = C ± * 3 + C 2 * + C 3 + * In * 

Ans. y 2 = C x + C 2 e x + C Q xe X + e 2 * 


2 


2 



CHAPTER 20 


Applications of Linear Equations 


GEOMETRICAL APPLICATIONS. In rectangular coordinates the radius of curvature R of 
a curve y = f(x) at a general point on it is given by 


R = 







Let the normal at the point be drawn toward the x-axis. It is clear from 
the figures that the normal and radius of curvature at any point have the same 
direction when y and d 2 y/dx 2 have opposite signs and have opposite directions 
when y and d 2 y/dx 2 have the same signs. 

PHYSICAL APPLICATIONS. OSCILLATORY MOTION. Consider a ball bobbing up and down at 
the end of a rubber string. 

If the other end of the string is held fixed and no external force is ap¬ 
plied to the ball to keep it moving once it has been started, and if the mass 
of the string and the resistance offered by the air are such that they may be 
neglected, the ball will move with simple harmonic motion 

x - A cos bit + B sin bit 

where x is the displacement of the ball at time t from its position of rest 
or equilibrium. 
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APPLICATIONS OF LINEAR EQUATIONS 


For simple harmonic motion: 

a) The amplitude or maximum displacement from equilibrium position is /A 2 VP, 
since when dx/dt = 0, tan uf = A/B, and x = /A 2 + B 2 . 

b) The period or number of units (sec) of time for a complete oscillation is 
2n/w sec, since when t is changed by 2n/u sec the values of x and dx/dt 
are unchanged, while for any change of t less than this amount one (or both) 
of x and dx/dt is changed. 

c) The frequency or number of oscillations (cycles) per sec is w/2rc cycles/sec. 

d 2 x 

d) The differential equation of simple harmonic motion is m —— = -kx, where 

dt 2 

k is a positive quantity. In the above illustration 


= — mu 2 (.4 cos w f + B sin w t) = - kx 


where m is the mass of the ball and k = mu 2 . 


If the above assumptions are modified so that the resistance of the air 
cannot be neglected, the ball will move with free damped motion 

x = e~ st (A cos wt + Bsinut). 

The motion is oscillatory as before but never repeats itself. Since the damp¬ 
ing factor e~ st decreases as t increases, the amplitude of each oscillation 
is less than that of the preceding one. The frequency is w/2 n cycles/sec. 

See Problem 8a. 

If the resistance offered to the motion is sufficiently great, other cases 
will arise. See Problem 8b. 

If in addition to a resistance, there is an external force acting on the 
ball or the complete system is given a motion, the motion of the ball is said 
to be forced. If the forcing function is harmonic with period 2 n/'K, the mo¬ 
tion of the ball is the result of two motions — a free damping motion which 
dies out as time increases (called the transient phenomenon) and a simple 
harmonic motion with period that of the forcing function (called the steady- 
state phonomenon) . See Problem 9. 


HORIZONTAL BEAMS. The problem is that of determining the deflection (bending) of 
a beam under given loadings. Only beams which are uniform in material and 
shape will be considered. It is convenient to think of the beam as consist¬ 
ing of fibers running lengthwise. In the bent beam shown, the fibers of the 
upper half are compressed and those of the lower half stretched, the two 
halves being separated by a neutral surface whose fibers are neither com¬ 
pressed nor stretched. The fiber which originally coincided with the hori¬ 
zontal axis of the beam now lies in the neutral surface along a curve (the 
elastic curve or curve of deflection). We seek the equation of this curve. 



P(*.y> 
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Consider a cross section of the beam at a distance x from one end. Let AB 
be its intersection with the neutral surface and P its intersection with the 
elastic curve. It is shown in Mechanics that the moment M with respect to AB 
of all external forces acting on either of the two segments into which the 
beam is separated by the cross section (a) is independent of the segment con¬ 
sidered and ( b) is given by 

A) EI/R = M. 

Here, E = the modulus of elasticity of the beam and I = the moment of inertia 
of the cross section with respect to AB are constants associated with the 
beam, and R is the radius of curvature of the elastic curve at P. 

For convenience, think of the beam as replaced by its elastic curve and 
the cross section by the point P. Take the origin at the left end of the beam 
with the x-axis horizontal and let P have coordinates (x,y). Since the slope 
dy/cix of the elastic curve at all of its points is necessarily small, 


R = 


1 

approximately. 


dV 

dV ’ 


dx 2 

dx 2 


reduces to 

Ei^y = 

dx 2 

M. 



The bending moment M at the cross section (point P of the elastic curve) 
is the algebraic sum of the moments of the external forces acting on the seg¬ 
ment of the beam (segment of the elastic curve) about the line AB in the 
cross section (about the point P of the elastic curve). We shall assume here 
that upward forces give positive moments and downward forces give negative 
moments. 

EXAMPLE. Consider a 30 foot beam resting on two vertical supports, as in the figure 
below. Suppose the beam carries a uniform load of 200 lb/ft of length and a load of 2000 
lb at its middle. 



The external forces acting on OP are (a) an upward thrust at O, x feet from P, equal to 
one-half the total load, i.e., i(2000 + 30*200) =4000 lb, and (6) a downward force of 200* 
lb thought of as concentrated at the middle of OP and thus feet from P. The bending mo¬ 
ment at P is 

M = 4000* - 200*(i*) = 4000* - 100* 2 . 

To show that the bending moment at P is independent of the segment used, consider the 
forces acting on PR: (a) an upward thrust of 4000 lb at R, 30 -x ft from P, (6) the load 
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of 2000 lb acting downward at the middle of the beam, 15-% ft from P, and (c) 200(30-%) 
lb downward thought of as concentrated at the middle of PR, i(30-%) ft from P. Then 

M = 4000(30 -%) - 2000(15-%) - 200(30 -%)• £(30-%) 

= 4000% - 100% 2 , as before. 

A beam is said to be fixed at one end if it is held horizontal there by 
the masonry. In the example above the beam is not horizontal at O and is said 
to be freely supported there. 


SIMPLE ELECTRIC CIRCUITS. The sum of the voltage drops 
across the elements of a closed circuit is equal 
to the total electromotive force E in the circuit. 
The voltage drop across a resistance R ohms is Ri , 
across a coil of inductance L henries is L di/dt , 
and across a condenser of capacitance (capacity) 
C farads is q/C. Here, the current i amperes and 
the charge q coulombs are related by i-dq/dt. We 
will consider R , L, and C as constants. 


L 



The differential equation of an electric circuit containing an inductance 
L, a resistance R, a condenser of capacitance C, and an electromotive force 
E(t) is therefore 


C 1 ) L — + Ri + 2 = £(t) 

dt C 

or, since i-dq/dt f di/dt = d 2 q/dt 2 , 

C) L ^ + R *1 + 2 = E(t) 

dt 2 dt c 

from which q = q(t) may be found. 

By differentiating C 1 ) and using ^ = i, we have 

dt 

D) L d-L + R ^: + i = E' (t) 

dt 2 dt c 

from which i = i(t) may be found. 


SOLVED PROBLEMS 


GEOMETRIC APPLICATIONS. 


1. Determine the curve whose radius of curvature at any point P(x,y) is equal to the normal at P 
and (a) in the same direction, (6) in the opposite direction. 


a) Here 


[i + (y') 3 


2i 5/2 


-y[i + (y') 2 ] 


1/2 


or 


yy" + ( y r ) +1 = 0 . 


The equation is exact and an integration yields yy 1 + %-Ci= 0 or ydy+ (x-C^dx = 0* 
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Integrating again, iy 2 + i(*-Ci .) 2 = K or y 2 + (x-Cj .) 2 = C 2 , a family of circles 
with centers on the jc-axis. 

3/2 

b ) Here ^ ^ ^ — = y[l + (y') 2 f /2 or yy" - (y'f -1 = 0. 


The substitution y' = p, y" = p — of Chapter 19 reduces the equation to 

dy 


yp * - P 2 - 1 = 0 
dy 


or 


p dp dy 


1 + p 2 y 


Then ln(l + p 2 ) = In y 2 + In c \, 1 + p 2 = C^y 2 . or 






= ± dx * 


\y 2 -1 


Integrating, cosh*’ 1 C^y = ±Q.x + C 2 , C t y = cosh(± Cj* + C 2 ), or 

1 r (± + <?2 ) -( ± + C 2 ) 

y = - ! e + e J. 

J 2 Ci 

The curves are catenaries and the equation may be written in the form 


y = 


hA[e (B±x)/A + e - (5±x)/ " ]. where 4 = 1 and B = — • 


Cl 


PHYSICAL APPLICATIONS 


MOTION OF A PENDULUM . 

2. A pendulum, of length Z and mass m, suspended at P (see 
figure) moves in a vertical plane through P. Disregard¬ 
ing all forces except that of gravity, find its motion. 

Under the assumptions, the center of gravity C of the 
bob moves on a circle with center P and radius Z. Let 0, 
positive when measured counterclockwise, be the angle 
which the string makes with the vertical at time t. The 
only force is gravity, positive when measured downward, 
and its component along the tangent to the path of the 
bob is mg sin 0, If s denotes the length of arc C 0 C, then 
s ~ IQ and the acceleration along the arc is 

d*s_ _ i d*Q 
dt 2 dt 2 

• « , d 2 e . a 

dt 2 


Thus m•Z 


d*Q 

dt 2 


p 



dQ dQ 2 

Multiplying by 2— and integrating, Z(-—) 

dt dt 

This integral cannot be expressed in terms of 
When 0 is small, sin 0 = 0, approximately. 

d 2 0 p 

differential equation, we have - + -0=0 

dt 2 i 


_ r\ r> flZ0 , dt 

- 2g cos 0 + Cj. or ■ —. = ± — • 

y 2g cos 0 + Ci /I 

elementary functions. 

When this replacement is made in the original 
whose solutioh is 0 = C x cos^ t + C 2 sinj£ t • 


This is an example of simple harmonic motion. The amplitude is 


✓37 


cl 


and the period is 2rc 
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MOTION ALONG A STRAIGHT LINE. 


3* A mass m is projected vertically upward from 0 with initial 
velocity v 0 . Find the maximum height reached, assuming that the 
resistance of the air is proportional to the velocity. 


Take upward direction from 0 as positive, and let x denote 
the distance of the mass from 0 at time t. The mass is acted 
upon by two forces, the gravitational force of magnitude mg 

and the resistance of magnitude Kv = each directed down. 

dt 


Hence, using 


mass x acceleration 


net force. 


m 


d*x 

dt 2 


V d* 

~ mg ~ K dt 


or 


d. 2 x , dx 
- + k — 

dt 2 dt 


-g» 


where K= mk. 



“ k t 2, 

Integrating, 1) x = C x + C 2 e - -t, and then differentiating once with respect to t, 

k 

2) v = J =.-kC 2 e~ kt - 5. 

dt k 

When t = 0, x = 0 and v = v a . Then C,+ C 2 = 0, v 0 = - feC 2 - f . and C t = - C 2 = ^ + — • 

k k k 2 

1 -kt £ 

Making these replacements in 1), we have x = —(g + kv Q )(l - e ) - r t. 

k 2 k 

•~kt _ fr ff 1 g + kVn 

The maximum height is reached when v = 0. From 2), e = —— - —-— and t = - In -- 

fe z c 2 kv ° k e 

Then the maximum height is x = — (g+ kv 0 )(l --—) - -(- In — ■ ^ v ° \ = ~(v 0 - - In ^ - 2 ). 

fe 2 g+kv 0 ’ k'k g fe fe g 


4. A mass m, free to move along the x-axis, is attracted toward the origin with a force propor¬ 
tional to its distance from the origin. Find the motion (a) if it starts from rest at x = x 0 
and (6) if it starts at x = x 0 with initial velocity v 0 moving away from the origin. 


Let x denote the distance from the origin to the mass at time t. 

2 2 

Then m = - Kx or + k Z x = 0, where K = mk 2 . 

dt 2 dt 2 

Integrating, 1 ) x - C x sinfet + C 2 cosfct, and differentiating once with respect to t, 
2 ) v - - fcC 2 sin kt + kC± cos kt . 

а) Wien t = 0 , x = x Q and v - 0 . Then C x = 0 from 2 ), C 2 = x 0 from 1 ), and 

x = x 0 cos fct. 

б ) When f = 0, x -x Q and v - v 0 . Then C 2 = x Q . Ci = v 0 /fe, and 


x = — sin kt + x 0 cos fef, 

k 

In a) the motion is simple harmonic motion of amplitude x 0 and period 2ft/k. 

/v 2 + fc 2 x 2 

In 6) the motion is simple harmonic of amplitude —-— and period 2 n/k. 
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MOTION OF A COMPLEX SYSTEM. 

5 * A chain hangs over a smooth peg, 8 feet being on one side and 12 feet on the 
other. Find the time required for it to slide off (a) neglecting friction and 
( 6 ) if the friction is equal to the weight of 1 foot of the chain. 

a) Denote the total mass of the chain by m and the length (feet) of the chain 
which has moved over the peg at timet by *. At time t there are (8 -*) feet of 
chain on one side and (12+*) feet on the other. The excess (4 + 2*) feet on one 

side produces an unbalanced force of (4 + 2*)— pounds. Thus, 

20 


= ( 4 + 2 *)^ 
dt 2 20 


in o 

or 10 — = g* + 2 g. 


Solution 1, 


d\ 


Integrating — - -I. * = I , we have x 
dt 2 10 5 

Differentiating once with respect to t. 




2 . 




When t = 0, x - 0 and v = 0 . Then C t = C 2 = 1 and * = * + * -2 = 2 cosh F^-1 - 2. 

_ V10 

Hence t = cosh -1 £ (* + 2) = In *■ *!*- + ** . 

V e g 2 

When x = 8 ft has moved over the peg, t = ln(5 + 2)/S ) sec. 


rlr 

Solution 2. Multiplying the equation by and integrating, we have 

dt 


10 


dx d 2 x 

dt 7? 


dx dx 

**T, ' 2 * 37 


and 


5( ii )2 = **** + 2 «* + Ci ' 


When t = 0 , * = 0 and dx/dt = 0 . Then C t = 0 and 


= is* 2 ♦ 2g* 


or 


= /— 


dx 


(The positive square root is used here since * increases with t.) 
Integrating, t 


/l 0 r dx 


e 
) 

ln(* + 2 + v4 2 + 4 * ) + C 2 . 


When t = 0, * = 0. Then C 2 = - In 2, and t = In * * 2 - *— as before. 


,2 

6 ) Here a 5— = (4 + 2*)— - ^ 


dt" 


20 20 


or 


.2 

20 — = ( 2 * + 3 )g. 


dt" 


d* 


Multiplying by ^ and integrating, we have iof —) 2 = g* z + 3 g* + C t . 

at dt 

When t = 0, * = 0 and v=0. Then C, = 0 , and — * /X 

dt V 10 

= ln(* + | + Jx 1 + 3* ) + C 2 . 


(*" + 3*) or dt = /— 


d* 


g i 


Then t 
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When t = 0, x = 0. 
When x = 8 , t = 


Then C 2 = 



[To , 19 + 4V22 

— In--- 

V g 3 


1.4 sec. 


in -(% + |+ /% 2 + 3*). 
V g 3 2 


6 . 


A bead slides without friction along a straight 
rod of negligible mass as the rod rotates with 
constant angular velocity w about its midpoint 0 . 
Determine the motion (a) if the bead is initially 
at rest at 0 and ( 6 ) if the bead is initially at 
O moving with velocity g/ 2 w. 

Let the bead be x units from O at time t. It 
is being acted upon by two forces, (i) gravity and 
(ii) the centrifugal force mU) 2 x acting along 
the rod and directed away from O. Since the rod 
has rotated through an angle wt, the component 
of the gravitational force along the rod has magnitude 
Hence 

d 2 x 2 

m - = mb) x - mg sin wt or 

dt 2 



mg sinwt; its direction is toward 0 . 
,2 

d x 2 

- - U) x = - g sinwt. 

dt 2 


Integrating, l) % = C x e at + C a e~ at + — sinwt. Differentiating once with re- 

2 w 2 

spect to t, 

2 ) v = u>C i e a>t - uCze" 01 * + — cos wt. 


a) When t =0, x = 0 and v = 0. 

Then C t + C 2 = 0 from 1 ), C ± - C 2 + - 0 from 2), Ci = -C 2 =-- , and 

2W 2 

X = - e"S + ■— sinwt =- sinhwt + ~ sinwt. 

4w 2 2w 2 2w 2 2W 2 

b) When t = 0, x = 0 and v = g/2w. 

Then Ci+C 2 = 0, C x -Cz= 0 , C 1 = C 2 = 0 , and x = sin wt. 


SPRINGS . 


7. A spring, for which k = 48 lb/ft, hangs in a vertical position with its 
upper end fixed. A mass, weighing 16 lb, is attached to the lower end. 
After coming to rest, the mass is pulled down 2 inches and released. 
Discuss the resulting motion of the mass, neglecting air resistance. 

Take the origin at the center of gravity of the mass, after coming 
to rest, and let x, positive when measured downward, be the change in 
position of the mass at time t. When the mass is at rest the spring force 
is equal to but opposite in direction to the gravitational force. The 
net force at time t is the spring force -kx corresponding to the change 
x in the position of the mass. Then 



1® ijL = - 48% or — + 96% = 0, taking g = 32 ft/sec 2 . 

8 dt 2 dt 2 
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Integrating, x = C t sin v/96 t + C 2 cos )/96 t. 

Differentiating once with respect to t, v = — = ]/96 ( C ± cos v/§6 * - C 2 sin i/96 t). 


When t = 0, * = ^ and v =0. Then C 2 = - » Ct = 0, and % 
o 6 

O ft 

This represents a simple harmonic motion. The period is - = 


= 1.56 cycles/sec, and the amplitude is - ft. 
2rc 6 


v/96 


= \ cos )/96 t . 

6 

0.641 sec, the frequency is 


8. Solve Problem 7 if the medium offers a resistance (lb) equal to (a) v/64 and (6) 64v, where v 
is expressed in ft/sec. 


a) Here 

tion, 

and 


— — = - 48x _ — — 

g dt 2 ’ 64 dt 


d 2 x 1 dx 

or —- +-- + 96* = 0. Using the D nota- 

dt 2 32 dt 


( ° 2 + h. D + 96) * 


[D - (-0.0156+9.8i)] [D - (-0.0156 - 9.8i)]* = 0, 

“0.0156* 

( C ± cos 9.8 t + C 2 sin 9.8 t ). 


Differentiating once with respect to t, 

~ = v = e” 0#0156 ^ [( 9 .8C 2 - 0.0156 Ci)cos 9.8t - (9.8Ci + 0.0156C 2 )sin 9.81 ] . 
at 

When t = 0, t> = 0 and x =1/6. Then C t = 1/6, 0= 9.8C 2 - 0.0156Ci, and C 2 = 0.000265. 

Thus, 


x 


-0.01564 1 
6 <6 


cos 9.8 t + 0.000265 sin 9.8 t). 


9 8 

This represents a damped oscillatory motion. Note that the frequency == 1.56 cycles/sec 

271 

remains constant throughout the motion, while the amplitude of each oscillation is smaller than 

the preceding one due to the damping factor e At t = 0 the magnitude of the damping 

factor is 1. It will be 2/3 when e °* 0166t = 2/3 or after t - 26 sec. It will be 1/3 when 
-0.0156t 

e =1/3 or after t = 70 sec. 


6) Here 


16 d 2 x 
32 


Integrating, 

Differentiating 


dx 

= - 48* - 64 — 

dt 


„ -0.76* 
* = C ± e 

once with respect to t 
v = - 0.76 Ci e 


or (D 2 + 128 D + 96)* = 

~ -127.24 1 
+ L>2 € • 


-0.76 * 


127. 24 C 2 e~ 


127.24t 


0 . 


When t = 0, * = 1/6 and v = 0. Then C x + C 2 = 1/6, -0.76 C 1 - 127.24 C 2 = 0, 

C 2 = -0.001, and 


C ± = 0.166, 


* 


0.166 


-0.76* 

€ 


0.001 


-127.24* 

€ 


The motion is not vibratory. After the initial displacement, the mass moves slowly toward 
the position of equilibrium as t increases. 
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9- Solve Problem 8a if, in addition, the support of the spring is 
given a motion y = cos 41 ft. 

Take the origin as in Problem 8 and let* represent the change 
in position of the mass after t sec. From the figure, it is seen 
that the stretch in the spring is (x-y) and the spring force 
is -48(x-y) =-48(x - cos4t) lb. Hence, 


16 d 2 * 
* dt 2 


- 48( * - cos 4t) -hft 


or 


(D 2 + — D + 96)* = 96 cos 4t. 

32 



Integrating, x - e °* 016et (Ci cos9.8t + C 2 sin9.8t) + 


96 


cos 4t 


D + D/ 32 + 96 


= e“ 0,0156t (C 1 cos 9 .8t + C 2 sin9.8t) + 0.0019 sin 4t + 1. 2 cos 4t. 


Differentiating once with respect to t, 

v = e -°- 016et [(9.8C 2 - 0.0156Ci)cos 9.8t - (9.8^ + 0.0156C 2 )sin 9.8t ] 

+ 0.0076 cos 4 1 - 4.8 sin 4t. 

When t = 0, v = 0 and * = 1 + 1/6 = 7/6. Then C x = -1/30, C 2 = -0.0008, and 

x = e~° #0156 V-0.0333 cos 9.8t - 0.0008 sin 9.8f) + 0.0019 sin 4t + 1.2 cos 41. 


The motion consists of a damped harmonic motion which gradually dies away (transient phe¬ 
nomenon) and a harmonic motion which remains (steady-state phenomenon). After a time the only 
effective motion is that of the steady-state. These steady-state oscillations will have a 
period and a frequency equal to those of the forcing function y = cos4t, namely, a period of 
2n;/4 = 1.57 sec and a frequency of 4/2rc = 0.637 cycle/sec. 

The amplitude is /(0.0019) 2 + (1.2) 2 =1.2 ft. 


10. A mass of 20 lb is suspended from a spring which is thereby stretched 3 inches. The upper end 
of the spring is then given a motion y = 4(sin 2t + cos 2t)ft. Find the equation of the motion, 
neglecting air resistance. 

Take the origin at the center of gravity of the mass when at rest. Let * represent the 
change in position of the mass at time t. The change in the length of the spring is (x-y), 
the spring constant is 2o/i = 80 lb/ft, and the net spring force is -80(x-y). Then 

2 2 

— 'Ll - - 80(x - 4 sin 2t - 4 cos 21) or — + 128* = 512(sin 2t + cos 2t). 

32 dt 2 dt 2 

— 128 

Integrating, x - C x cos /128 t + C 2 sin /128 t + -—(sin 21 + cos 21). 

O X 

Differentiating once with respect to t, 

256 

V = - /128 Ci. sin i/l28 t + /l28 C 2 cos /l28 t + —(- sin 2 1 + cos 2t). 


When t =0, 

Then 4 = 

* = 4 and v - 0. 

1 9ft 

Ci + -. C x = -0.129; and 

31 

t/l28 C 2 + ^ = 0, 

O X 

C 2 = -0.730. 

Hence, 

* = - 0.13 cos /I28 t 

- 0.73 sin /I28 t 

+ 4.13(sin 2t + cos 2t). 






APPLICATIONS OF LINEAR EQUATIONS 


143 


11. A mass, of 64 lb is attached to a spring for which k = 50 Ib/ft and brought to rest. Find the 
position of the mass at time t if a force equal to 4 sin 21 is applied to it. 

Take the origin at the center of gravity of the mass when at rest. The equation of motion 
is then 


— + 50* = 4 sin 21 

32 d t 2 


or 


d*x 

dt 2 


+ 25* = 2 sin 2t. 


Integrating, 


* = Ci cos 5 1 + C 2 sin 51 + — sin 2t. 

21 


Differentiating once with respect to t, v = - 5 C ± sin 5 1 + 5C 2 cos 5* + — cos 2t. 

4 

Using the initial conditions * = 0 , = 0 when t = 0 , C 1 = 0 , C 2 --» and 

105 

* = - 0.038 sin 5 t + 0.095 sin 2t. 

The displacement here is the algebraic sum of two harmonic displacements of different periods. 


12. A mass of 16 lb is attached to a spring for which -k = 48 lb/ft and brought to rest. Find the 
motion of the mass if the support of the spring is given a motion y ~ sin \/3g t ft. 

Take the origin at the center of gravity of the mass when at rest and let * represent the 
change in position of the mass at time t. 

The stretch in the spring is (*-y) and the spring force is -48(*-y). Thus, 

16 d^x _ d^x 

-= - 48(* - sin /3g t) or - + 3g* = 3g sin /3g t. 

* dt 2 dt 2 

Integrating, * = C ± cos y/3g t + C 2 sin t/3g t - 5 V^3g t cos \/3g t, 


and v = - Ci /3g sin /3g t 

Using the initial conditions 

* = 


+ C 2 /3i cos 1/3g t - 5 /3g cos ^3i t + — t sin /3g t. 

2 

* = 0, v = 0 when t = 0, C 1 = 0, C 2 = 5 , and 

5 sin v/3g t - t cos /3g t. 

2 


The first term represents a simple harmonic motion while the second represents a vibratory 
motion with increasing amplitude (because of the factor t). As t increases, the amplitude of 
the oscillation increases until there is a mechanical breakdown. 


13. A cylindrical buoy 2 ft in diameter stands in water (density 62.4 
lb/ft 5 ) with its axis vertical. When depressed slightly and re¬ 
leased, it is found that the period of vibration is 2 seconds. 
Find the weight of the cylinder. 

Take the origin at the intersection of the axis of the cylin¬ 
der and the surface of the water when the buoy is in equilibrium, 
and take the downward direction as positive. 

Let * (ft) denote the change in the position of the buoy at 
time t. By Archimedes' Principle, a body partly or totally sub¬ 
merged in a fluid is buoyed up by a force equal to the weight of 
the fluid it displaces. Thus, the corresponding change in the 
buoying force is 62.4rt(l) 2 % an <* 



W djc_ 
« dt 2 


- 62.4 Tlx 


or 



2009 


71 * 


0 , 


where If (lb) is the weight of the buoy and g = 32.2 ft/sec 2 . 
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Integrating, x = Ci sin y/\ 2009^/ff t + C 2 cos 1 /200971/If t, 


Since the period is 


'200971/ If 


2 /i If/2009 = 2, If = -jj— = 640 lb. 


J/4iVGItfG C4flL£. 

14. Determine the shape of a uniform cable which hangs under its 
own weight, ip lb/ft of length. 

Choose the coordinate axes as in the figure, the origin 
being at the lowest point of the cable. Consider the part be¬ 
tween O and a variable point P(x,y ). This part is in equilib¬ 
rium under the action of (1) a horizontal force of magnitude 
H at 0, (2) the tension T along the tangent at P, and (3) the 
weight W of OP. 

Since OP is in equilibrium, all force acting horizontally 
toward the right and all force acting horizontally toward the 
left must be equal in magnitude, and, also, all force acting 
vertically upward and all force acting vertically downward. 



Hence, T cos 0 = H, T sin 0 = If, 


. a d y * 

t„9 ■ - ■ j 


Now H is constant, being due to the part OQ of the cable, while If - ws, where s is the 
length of OP. Thus, 

- ±4? = !!* = Vi + (dy/dx) 2 . 

fat H dx H dx H 

dy 

To solve the above equation, write -r = p and obtain 

dx 


dxH 


= - dx . 


Integrating between the limits x = 0, p=0 and x=x t p-p. 


• u- 1 w 

sinh p = - x 

F H 


dy . . w 

p = —— = smh - x . 

V dx H 


Integrating dy = sinh — x dx between the limits x-0, y- 0 and x-x,y-y, 

H 

y = -(cosh - x - 1), a catenary. 

* H 

If the origin had been taken at a distance H/w under the lowest point of the cable (thus 
making H/w the y-intercept of the curve) the equation of the curve would have been 


H , w 
- cosh - x . 
tp H 
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HORIZONTAL BEAMS . 

15« A horizontal beam of length 21 feet is freely supported at both ends. Find the equation of 
its elastic curve and its maximum deflection when the load is w lb/ft of length. 



•NP(x.y) V * = 1 

y '=0 


R 



| y=o 

wl 


X 


Take the origin at the left end of the beam with the x-axis horizontal as in the figure. 
Let P, any point on the elastic curve, have coordinates (x,y). 

Consider the segment OP of the beam. There is an upward thrust wl lb at 0, x ft from P, 
and the load wx lb at the midpoint of OP, ±x ft from P. Then, since El d 2 y/clx 2 = M t 


1 ) 


El 


d*y 

dx 2 


wlx - wxQx) - wlx - i wx 


Solution i. Integrating 1) once. 


El — = - wlx 2 - - u>x 5 + Ci. 

dx 2 6 


At the middle of the beam x = l and dy/dx = 0. Then Ci = - -5 wl* 

O 


2 ) 


El ^ = - wlx 2 - — wx 5 


dx 


6 


- wl 5 . 

3 


and 


Integrating 2), Ely = ^ wlx^ - ~ wx 4 - ~ wl^x + C 2 . At 0, x = y = 0. Then C 2 -0 and 


3) 


y = 


-^(4*x 5 - x* - 8! 3 x). 

24 El 


Solution 2. Integrating 1) twice. 


Ely - -wlx' - — wx + Cjx + C 2 . 
J 6 24 


At 0, x-y- 0, while at R , x = 2 i, y = 0. Using these boundary conditions in turn, we find 

C 2 = 0 and C t = - - wl ^, as before. 

3 

The deflection of the beam at any distance x from O is given by -y. The maximum deflec¬ 
tion occurs at the middle of the beam (x = l) and is, from 3), 

,4 

W .4 .4 _ .4. 5tP 

-y. 


W (41* 


24 El 


l* -81*) - 5wl 


24 El 


16 . Solve Problem 15 if there is in addition a load of If lb at the middle of the beam. 


-- x -• 

r*- 

R x 

▼ P(X 

^^ 


wl + ±W wx % wl + ±W 

0 < x < l 
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Choose the coordinate system as in Problem 15. Since the forces acting on a segment OP of 
the beam differ according as P lies to the left or right of the midpoint, two cases must be 
considered. 

When 0 < x < l, the forces acting on OP are an upward thrust of (wl + £H0 lb at 0, x ft from 

P, and the load wx acting downward at the midpoint of OP, £x ft fromP. The bending moment is 

^ en 1 ) M ~ (wl + ^W)x - wx(£x) = wlx + £ffx - £u>x 2 . 

When l<x< 21, there is an additional force — the load W lb at the midpoint of the beam, 

(x-l) ft from P. The bending moment is then 

2) M = (wl + £l V)x - wx(±x) - Vi(x - l) = wlx + £^x - ±wx 2 - W(x - i). 

Both 1 ) and 2) yield the bending moment M = £ud 2 +£lfZ when x = Z. The two cases may be 
treated at the same time by noting that for 1 ) 

wlx + £lfx - £ wx 2 - wlx - £u>x 2 - £lf(Z-x) + £Jfl 

and for 2) wlx + £Wx - £wx 2 - Jf(x-Z) = wlx - £u/x 2 + £>F(Z-x) + £H7. Then 

,2 

3) El —- = wlx - £wx 2 + £(f(Z -x) + £ 

dx 2 

with the understanding that the upper sign holds for 0 <x<l and the lower for l<x<2l» 

Integrating 3 ) twice, Ely = - wlx 5 - — wx 4 + — H'(Z-x ) 5 + i Wx 2 + C t x + C 2 . 

6 24 12 4 

Using the boundary conditions x = y = 0 at 0 and x -21, y = 0 at P, 

C 2 = — H'l 5 , 2iC, + c 2 = - - ini'* + - u>z“ + — Wl 5 - ITI 5 , and C, = - i wl* - - Wl 2 . Then 

12 3 3 12 3 2 

Ely = - wlx 5 - i- to" - 1 wl 3 x + — W(l-x ) 5 + i W * 2 - -i Wl 2 x + — W 5 

6 24 3 12 4 2 12 

= I u>Z * 5 - — tra* - i a»i 5 * - — »F| Z-jc | 5 + - Wlx 2 - - Wl 2 x + — Wl 5 . 

6 24 3 12 4 2 12 

and y = ^j(41* 5 - ** - 8 i 5 *) + -^|j(3i * 2 - |l -*| 3 - 6 I 2 * + I 5 ). 


The maximum deflection, occurring at the middle of the beam, is -y 


24 El 6 El 


17« A horizontal beam of length l feet is fixed 
at one end but otherwise unsupported. Find 
the equation of its elastic curve and the 
maximum deflection when the uniform load is 
w lb/ft of length. 

Take the origin at the fixed end and let 
P have coordinates ( x,y ). Consider the seg¬ 
ment PR, The only force is the weight w(l-x) 
lb at the midpoint of PR, £( Z — jc) ft from P. 

Then 

A 2 d 

El —- = -u>( l -*)• £(l -x) = -£u/(Z-x) 2 . Integrating once, El - -w(l-x ) 5 + C%* 
dx 2 dx 6 

At 0 : x — 0, • = 0; Ci = - - ud 5 and El — = i w( Z -x ) 5 - i u>Z 5 . 

dx 6 dx 6 6 

1 4 1 5 

Integrating again, Ply =- w(l-x) - - wl x + C 2 . 

24 6 
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At 0 : * = y = 0; 


then 



Ely 



w(l-x)' 


1 ,3 

- wl x + 



and 


y 


w 3 2 2 * v 

— (4Zx - 6 Zx -x ). 


The maximum deflection, occurring at R(x-l), is -y 

relative minimum as in Problem 16 but an absolute minimum 
val 0 ixil. 


1 wl 

- - — • Note that this is not a 
8 EI 

occurring at an end of the inter- 


18 . A horizontal beam of length 3Z feet is fixed at one end but otherwise unsupported. There is 
a uniform load of w lb/ft of length and two loads of W lb each at points l and 21 ft from the 
fixed end. Find the equation of the elastic curve and the maximum deflection. 



Take the origin at the fixed end and let P have coordinates (x,y). There are three cases 
to be considered according as P is on the interval ( 0 <*< Z), (l<x<2l), or ( 2 Z<x< 3 Z). In 
each case, use will be made of the right hand segment of the beam in computing the three bend¬ 
ing moments. 

When 0 <*< Z, (P=P X in the figure), there are three forces acting on P ± R : the weight 
(3Z-*)ii> lb taken at the midpoint of P X R, i( 3 Z-x) ft from P t ; the load W lb, (Z-*) ft from 
Pil and the load lb, ( 2 Z-*) ft from P ± . The bending moment about P t is 

Mi = -(3Z-x)w£(3Z - x) - W(l-x) - W(2l-x) = - ±w(3l-x) 2 - W(l-x) - W(2l-x), 

and 2 

EI = - ±w(3i-x ) 2 - IT(Z-x) - W(2l-x). 
da r 

Integrating, EI & = Im,(3I_x ) 5 + -W(l-x) 2 + -W(2l-x) 2 + C t . 
ox 6 2 2 

At 0 : x = 0 and dy/dx = 0; then | w Z 3 - | Wl 2 , 

EI & = iw(3Z-x ) 5 + i It'(Z-x ) 2 + - »'( 2 Z-x ) 2 - - wl 5 - - Wl 2 , 

dx 6 2 2 2 2 

and 

£Iy = - — wOZ-x)" - | »T(Z-x ) 5 - | »K( 2 Z-x ) 3 - |u>Z 5 x - 
*4662 

AtO: x = y = 0 ; then C 2 = — wl' + - Wl 5 and 

8 2 


I It^x + C 2 . 

mk 





148 


APPLICATIONS OF LINEAR EQUATIONS 


A) Ely = - JL»(3I-*) 4 - |- ±ir<2i.-*) 5 -\wi 5 x- ! wi 2 x + jwi* + |in 5 , 
When l <x <21, (P = P 2 in the figure), the bending moment about P 2 is 


Af 2 = -£u>( 3 Z-x) - lf( 2 i-x), 


and 


,2 

£J 5LZ = -^«,( 3 Z-x) - H^Z-x). Integrating twice, we obtain 

<& 2 


B 1 ) 


Ely = - -w(Zl-x)* - l ^(21 -*) 5 + C a x + C 4 . 

24 6 

dy 


Wy 

When x = l, B ] ) and 4) must agree in deflection and slope — so that C 3 = Cj. and C 4 = C 2 . Thus, 
B) Ely = - JL w(3l-x? - i ir( 2 i-x ) 5 - l^l 5 * - | H'l 2 * + j- v? + | 


2 

When 2l< x < 31, (P = P 3 in the figure), the bending moment about P 3 is W 3 = - £ t» (31 - x) , 
and PI —^ = -iu>C3l-x) . Then 


2 

EI ^-1 = -±w(3l-x) 2 

dx 2 


1 4 1 4 9 ,3 5 u/7 2 27 ,4 3 w ,5 

o £Jy = - JLwOi-*) +*C B * + C e = u>(3i-x) - -wVx - -Y/l x + —wl +5 in. 

since, when x = 2Z, there must be agreement with £) in deflection and slope. 

A), £), C) may be written in the form 

y = ^<121*’- 541 V — **> + ^|j(2* 5 - 9i* 2 ). oixii. 

y = —— (12lx 5 - 54Z 2 jc 2 - **) + —^r(* 5 - 6Z* 2 - 3J 2 * + l 5 ), l % x % 21, 

24 El 6 El 

y = _!L-(12I* 5 - 54lV - *“) + -^(3Z 5 - 5l 2 *). 2 1 ix < 31. 

J 24 El 2 El 


1 4 3 

The maximum deflection, occurring at R (x = 3Z), is -y = —— ( 8 -lwZ + 48 ^ Z )• 

mo * 8 El 

Note that the elastic curve consists of arcs of three distinct curves, the slopes of each 
pair of arcs at a junction point being equal. 


19. A horizontal beam of length Z ft is fixed at both ends. Find the equation of the elastic 
curve and the maximum deflection if it carries a uniform load of w lb/ft of length. 



Take the origin at the left end of the beam and let P have coordinates (x,y). 

The external forces acting on the segment OP are: a couple of unknown moment K exerted 
by the wall to keep the beam horizontal at 0; an upward thrust of iwl lb at 0, x ft from P; 
and the load wx lb acting downward at the midpoint of OP, ix ft from P. Thus, 
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El - K + its I* - its* 2 . 
dx 2 

dy 

Integrating once and using x = 0, dy/dx = 0 at 0, El —- = Kx + 


At R: x = Z, dy/dx - 0 since the beam is fixed there. Then 

Kl + -ieZ 5 - -wl^ =0, K = —~ u>Z 2 , and El ^ = —— «>Z 2 x 
4 6 12 dx 12 


1,2 1 3 

- w Lx - - wx • 
4 6 


+ - u>Zx 2 - - u>x 5 . 
4 6 


Integrating and using x ~y = 0 at 0, 

Ply = - JL w i 2 x 2 + — u>Zx 5 - —t vx* and y = (2Zx - Z 2 - x) 

J 24 12 24 24 £1 

The maximum deflection, occurring at the middle of the beam (x = £Z), is -y max - 


u>Z 


4 


384 El 


20 . Solve Problem 19 when in addition there is a weight W lb at the middle of the beam. 



Using the coordinate system of Problem 19, there are two cases to be considered: from x = 0 
to x ~ 5 Z and from x = iZ to x = Z. 

When 0 <x<£Z, the external forces on the segment to the left of P±(x,y) are: a couple of 
unknown moment K at O; an upward thrust of i(wZ + HO lb at 0, x ft from P x ; and the load wx 
lb, £x ft from?!. Thus, 

El —- = K + -(wl+W)x - -wx 2 = K + ^wZx - iwx 2 + iffx. 

cZx 2 2 2 2 2 2 

Integrating once and using x= 0, dy/dx =0 at 0, 

A 1 ) El — = Kx + i tsl* 2 - i ts* 5 + i Hi* 2 . 

cZx 4 6 4 

Integrating and using x = y= 0 at 0, 

A) Ely = \ Kx 2 + ^^i* 3 - 

When £Z<x< Z, there is in addition the weight H' lb at the middle of the beam, (x - iZ) 
ft from P 2 » Thus, 

£1 = % + iu?Zx - -wx 2 + -Wx - Jf(x - £Z). Integrating twice, 

2 2 2 
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B 1 ) Ely - - Ex 2 + — u>lx* - — iwc 4 + — Hx^ - i W(x - i l)^ + C±x + C 2 . 

3 2 12 24 12 6 

When x = ±i, the values of y and dy/dx for £') must agree respectively with those for 4). Thus, 

Ci — Cq — 0 and 

- Kx 2 + — wlx^ - — ti>x 4 + ~ Hx 5 - ^ H(x - i I) 5 • 


B) 


EIy 2 ""** ' 12 ' ~ 24 ' 12 

To determine K, use x = i 1, dy /dx = 0 in 4 1 ). Then 

1 ,2 1, 


1 + —wl 5 - — uil 3 + J-Hl 2 = 0 and K = - — wl 2 - -Wl. Substituting in 4) and B ), 

2 16 48 16 12 8 


Ely 

y 

Ely 

y 


' 5 wl V + n a ' 1 * 5 ” S “ + S fc5 ■ ‘S H ' i * 2 and 

si? <a b5 - lV -*’> + 45in (4 * 5 - 3I * 2) ' 0 = * = **’ 


—— mi 2 * 2 + — wlx 5 - — mix 4 + — Hx 5 - i H(x - £i ) 5 - nix 2 and 
24 12 24 12 6 16 

-4-(21 x 5 - l 2 x 2 - *") + -L-(l’ - 6 I 2 x + 9Zx 2 - 4x 5 ), ±1 i x < l. 

24 El 48 El 

1 4 3 

The maximum deflection, occurring at the middle of the beam, is -y nax = - (wZ + 2>PZ ). 


21. A horizontal beam of length Z ft is fixed at one end and freely supported at the other end. 
(a) Find the equation of the elastic curve if the beam carries a uniform load w lb/ft of length 
and a weight W lb at the middle. ( 6 ) Loc'ate the point of maximum deflection when Z = 10 and 
W - IO 10 . 



Take the origin at the fixed end and let P have coordinates (x,y). There are two cases to 
be considered. 


When 0 <x<iZ, the external forces acting on the segment P ± R are: an unknown upward thrust 
5 lb at R t (Z-x) ft from?!; the load w(l-x) lb at the midpoint of P±R $ £(Z-x) ft from P*; 
and W lb, (£Z-x) ft from?!. Thus, 

2 

EI — = S(l-x) - tp(Z-x)*£(l-x) - W(£l-x) = S(l-x) - £w(l-x) 2 - W(£l-x). 

dx 2 

Integrating pnce and using x = 0, dy/dx = 0 at 0, 


EI & * 

dx 


-is(Z -*) 2 + U(I-x) 5 + | IF(iI-*) 2 + \S1 2 - \vl 5 - \m 2 . 
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Integrating again and using *=y *=0 at 0, 

A) Ely = (l-x ) 3 - - -H(±Z -*) 3 + ( -SI 2 - -wl 3 --Wl 2 )x - -SI 5 + A wl* + — H'l 5 . 

6 24 6 2 6 8 6 24 48 

When ±l<x < l, the forces acting on PJ{ are the unknown upward thrusts at II, (l-x) ft 
from P 2 and the load w(l-x) lb, b(l-x) ft from P 2 . Thus, 


El = S(l -x) - Iw(l-x) 2 
dx 2 2 


and 


B') 


Ely = |S(Z -*) 5 - -Lwll-x? + C lX + C 2 . 
o 24 

dy 


When x = £Z, the values of Ely and El -p as given by 4) and B 1 ) must agree. Hence, Ci and Co 

ox 

in B 1 ) have the values of the corresponding constants of integration found in determining A), 
and B 1 ) becomes 


B) Ely = is<Z-*) 5 - + (|SI 2 - iml 5 - gH! 2 )* - ~Sl 5 + + itU 5 . 

3 S 

To determine S, use x = Z, y = 0 at B in B); then S = ~wl + ~ If. Making this replace¬ 
ment in A) and B), 

y = ^j( 5 Zjc 3 - 3iV - 2**) + -I-Clljc 5 _ 9Z* 2 ), 0 5 * 5 ±z, and 

y = -^Ei (5lxi - zl ** 2 - 2* 4 ) + ^j (2j5 - 12iZ * + 15i * 2 " 5 *’>» i l ix* l. 


It is clear that the maximum deflection occurs to the right of the midpoint of the beam. 
When Z = 10 , If = 10 u>, the equation immediately above becomes 


—+ 25* 5 + 450* 2 - 6000* + 10000). 
48 El 


dy _ 


Since T = 0 at the point of maximum deflection, we solve 
dx 

8* 5 - 75* Z - 900* + 6000 = 0 

for the real root * = 5.6, approximately. Thus, the maximum deflection occurs at the point 
approximately 5.6 ft from the fixed end. 


ELECTRIC CIRCUITS . 


22 . An electric circuit consists of an inductance of 0.1 henry, a resistance of 20 ohms and a con¬ 
denser of capacitance 25 microfarads (1 microfarad = 10 ” 6 farad). Find the charge q and the 
current i at time t, given the initial conditions (a) q = 0.05 
coulomb, i = dq/dt = 0 when t = 0 , (b) q = 0.05 coulomb, i = 

- 0.2 ampere when t = 0 . 

Since L = 0 . 1 , B = 20, C = 25*lo" 6 , E(t) = 0 , 

■ *<*’ 


dt 2 

reduces to ^2 

—| + 200 ^ + 400,000? = 0. 
dt 2 dt 


C = 25xl0"V 




-w- 


B = 20 ohms 
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Integrating, q = e 100 *(/1 cos 100 /39 t + B sin 100 /39 t ). 

Differentiating once with respect to t, 

i = ^ = 100 e" 100t [ (v^9 B - -4) cos 100^55 t - A + B) sin lOOv^ t], 

at 

a) Using the initial conditions ? = 0.05, i = 0 when t = 0 , A = 0.05 and B = = 0.008. 

v39 

Hence, q = e 100 *(0.05 cos 624.5 1 + 0.008 sin 624.5 1 ) 


and 


i = - 0.32 e l00t sin 624.5 t. 


b) Using the initial conditions q = 0.05, i = -0.2 when t- 0 , A = 0.05 and B = 0.0077. 

-loot. 


Hence, 

and i = e 0.2 cos 624.51 - 32.0 sin 624.5 1) 

Note that q and i are transients, each becoming negligible very quickly. 


q = e (0.05 cos 624.5 1 + 0.0077 sin 624.5 t) 
■ 100 t 


23. A circuit consists of an inductance of 0.05 henry, a resist¬ 
ance of 20 ohms, a condenser of capacitance 100 microfarads, 
and an emf of & = 100 volts. Find i and < 7 , given the initial 
conditions q = 0, i = 0 when t = 0. 

Here 0.05 — + 20 — + --—- = 100 

df2 dt 100- io ~ 6 

d, 2 q da 

or —i + 400 -r + 200,000? = 2000. 

dt 2 dt 

Integrating, q = e Z00t (A cos 400t + B sin 400t) + 0 . 01 . 
Differentiating once with respect to t, 

i = ~ = 200 e 20 °*[(-j4 + 2B) cos 400t + (-B-2A) sin 400t]. 


£ = 100 K 

Hill- 



Using the initial conditions: A = -0.01, -A + 2B = 0 , and £ = -0.005. 


Then 


-2001 

e (- 0.01 cos 4001 - 0.005 sin 400t) + 0.01 


and 


e -200 1 . 

1 = 5e sm 400 1. 


Here i becomes negligible very soon while q , for all purposes, becomes q = 0.01. 


24 . Solve Problem 23 assuming that there is a variable emf of 
E(t) = 100 cos 200t. 


The differential equation is now 
d 2 d 

—- + 400 -3- + 200,000? = 2000 cos 200t. Then 

dt 2 dt 

- 200 1 

q = e (A cos 400t + B sin 400t) + 0.01 cos 200t 

+ 0.005 sin 200f and 

—200 f r , , -1 

I = e [(- 200 A + 400B) cos 400t + (-200 B - 400A) sin 400t] 
- 2 sin 200 t + cos 200 t. 


E = 100 cos 2001 



= 20 ohms 
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Using the initial conditions: A - -0.01, -200A + 4005 +1 = 0 and B = -0.0075. Then 

- 200 1 

q - e (- 0.01 cos 400t - 0.0075 sin 400*) + 0.01 cos 200* + 0.005 sin 200* 

and 

- 200 1 

i - e (- cos 400* + 5.5 sin 400*) - 2 sin 200* + cos 200*. 

Here the transient parts of q and i very quickly become negligible. For this reason, when 
the transients may be neglected, one needs find only the steady-state solutions 

q = 0.01 cos 200* + 0.005 sin 200* and i = cos 200* - 2 sin 200*. 

The frequency 200/2 ti cycles/sec of the steady-state solutions is equal to the frequency of 
the applied emf. (See also Problem 25.) 


25* For a circuit consisting of an inductance L, a resistance R , 
a capacitance C, and an emf E(t) = E 0 sin tot, derive the 
formula for the steady-state current 


where 

from 


E 0/ R . m X 

i = -^(- sm wt - - cos tot) = 

Z cj Z 


x = Lw - — . Z = v4 2 + i? 4 , 
Cto 

r\ X A r\ R 

sm 0 = - and cos 0 = - • 


^ sin(wt - 0 ), 
and 0 is determined 


By differentiating L + R — + - = E 0 sin wt 

dt 2 dt C 

da 

and using i = — » we obtain 
dt 

1 ) L — + fl^l+i= (ID 2 + RD + 1 /C)i 

dt 2 dt c 





E = E 0 sin (i)t 




to£ 0 °os tot. 


The required steady-state solution is the particular integral of 1): 


<*>£ c 


COS tot 


<*>£0 


LD + HD + 1 /C 
to£"o (AD + *to) 


h 2 d 2 - jrV 


cos tot = 


RD - (Lto-)w 

Cto 


-cos wt 


£o 


fl 2 + z 2 


(R sin ut - X cos wt) 


F R X 

— (- sin to* - - cos tot) 

z z z 


-2- sin(tot - 0 ). 


X is called the reactance of the circuit; when X = 0 , the amplitude of t is greatest (the 
circuit is in resonance). Z, called the impedance of the circuit, is also the ratio of the 
amplitudes of the emf and the current. 0 is called the phase angle. 

At times t = it/2to, 37t/2to, . the emf attains maximum amplitude, while at times giver 

by tot-0 = n/2, 371/2, ., that is, when t = V? ® ..the current attain? 

to to 

maximum amplitude. Thus the voltage leads the current by a time 0/to or the current and volt 
age are out of phase by the phase angle 0 . 

Note that 0=0 when X = 0 , that is, 0=0 if there is resonance. 





154 


APPLICATIONS OF LINEAR EQUATIONS 


26 - The circuit consisting of an inductance L, a condenser of 
capacitance C, and an emf E is known as an harmonic oscil¬ 
lator. Find q and i when E = £ 0 cos(«)t and the initial con¬ 
ditions are q = q 0 , i - io when t = 0. 


Since R = 0, 


the differential equation is 
q E 0 


d 2 q 


dt d 


CL 


cos wt. 


E = E 0 cos tot 



There are two cases to be considered: 

(a) to f -i— and (6) to = —i- 

/cl /cl 


a) 


A cos - t + B sin -1 + -2 

/cl /cl 


1 D 2 + 1/CL 


COS tot 


1 1 EC 

= A cos -t + B sin -1 + ---cos tot 


/cl 


/cl 1-i/cL 


and 


11 i £ Q (j) 

i - - (-A sin-1 + B cos -1) - —-- sin tot. 

/cl Zcl /cl 1-uCL 


E C / " '** " * 

Using the initial conditions: A = q 0 -2- and B = /CL i 0 . Then 


and 


1-w CL 


9 = (9 0 ~ 


£ 0 C 


-) cos 


1- to 2 CL /S’ 


i = i Q cos —: t - -—(q 0 - 


+ i 0 sin —*t + — 

/cl 1-i/cl 

EqC to 


) sin —— t - 


/cl M 1 -</cl /cl 1 -uCL 


-COS tot 


sin wt. 


6) Here 


Then 


and 


i-S. + w 2 q = cos to t. 
dt 2 L 


£ 

q = A cos tot + B sin tot + —— t sin tot 

2 Lto 

£o 1 

i = w(- A sin tot + B cos tot) + — (- sin tot + t cos wt). 


2L w 


Using the initial conditions: A = q 0 and £ = i 0 /to. 
Then 


q = <7 n cos tot + ~ sin tot + —2- t sin wt 

° w 2L to 


E 1 

and i = i cos tot - g n w sin tot + — (-sin tot + t cos tot). 

2 L w 


Note that in (6) the frequency of the emf is the natural frequency of the oscillator, that 

is, the frequency when there is no emf. The circuit is in resonance since the reactance X = 

1 1 E t 

Lto-=0 when to = -- The presence of the term -2— cos wt, whose amplitude increases 

Cu /cl 21 

with t, indicates that eventually such a circuit will be destroyed. 
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SUPPLEMENTARY PROBLEMS 

27. Determine the curve for which the radius of curvature is proportional to the slope of the 
tangent. 

Ans. y = ± ( /^-(x+Q ) 2 + k In —-~ ( * + C * )2 ~ * ) + C s 

% + Ci 

28. A 6 inch pendulum is released with a velocity of 1/2 rad/sec, toward the vertical, from a po¬ 
sition 1/5 rad from the vertical. Find the equation of motion. 

Ans . 0=1 cos 8 t - — sin 8 t 

5 16 

29. A particle of mass m is repelled from 0 with a force equal to k >0 times the distance from 
0. If the particle starts from rest at a distance a from 0, find its position t sec later. 

_ I , y/k/n t -Vk/% t 

Ans. x = £a(e + e ) 


30. If, in Problem 29, k = m and a = 12 ft, determine a) the distance from 0 and the velocity when 

t = 2 sec, b) when it will be 18 ft from 0 and its velocity then. 

Ans. a) x = 45.1 ft, v = 43.5 ft/sec; 6 ) t = 0.96 sec, v = 13.4 ft/sec 

31. A chain hangs over a smooth peg, 8 ft on one side and 10 ft on the other. If the force of 

friction is equal to the weight of 1 ft of chain, find the time required for it to slide off. 

Q 

Ans. — ln(17 + 12) sec 

y/i 


32. When the inner of two concentric spheres of radii r t and r 4 , r t < r*, carries an electric 
charge, the differential equation for the potential V at any point between the two spheres 
at a distance r from their common center is 

d 2 V 2 dV 

— + - — = 0 . 

dr r dr 

Solve for V given K = V r 1 when r = r 1 and V=V 2 when r=r 2 . 

Ans. V = l '^ (r - r ‘ ) ~ <»•-»•«> 

r(r2-r ± ) 


33 . A spring is such that it would be stretched 3 in. by a 9 lb weight. A 24 lb weight is attached 

and brought to rest. Find the equation of the motion if the weight is then 

а) pulled down 4 in. and released. 

б ) pulled down 2 in. and given an upward velocity of 2 ft/sec. 

c) pulled down 3 in. and given a downward velocity of 4 ft/sec. 

d) pushed up 3 in. and released. 

e) pushed up 4 in. and given an upward velocity of 5 ft/sec. 

Ans. a) x = i cos 4^3 t. b) x = i cos 4vS t - ^ sin 4v^ t. c) x = i cos 4 v^t + ^ sin 

d ) x = - £ cos 4v*§ t, e) x = - i cos 4v^31 - sin A]/3t 
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34. A spring is such that it would be stretched 3 in. by a 30 lb weight. A 64 lb weight is at¬ 
tached and brought to rest. The resistance of the medium is numerically equal to 8 dx/dt lb, 
Find the equation of the motion of the weight if 

а) it is started downward with velocity 10 ft/sec. 

б) it is pulled down 6 in. and given an upward velocity of 10 ft/sec. 


Ans. a) x 


5/L4 

14 


e~ 2 * sin 2/l4 t. 


b) x - e~ 2t ( ^cos 2/14 t - sin 2i/l4 t ) 


35. A spring is such that it would be stretched 6 in. by a 3 lb weight. A 3 lb weight is attached 
and brought to rest. The weight is then pulled down 3 in. and released. Determine the equa¬ 
tion of motion if 

13 4 

а) an impressed force -sin 6t acts on the spring. Ans. x - - cos 8* - ^ sin 8t + - sin 6t 

б) an impressed force | sin 8t acts on the spring. Ans. x = j(l-4t)cos 8t + g sin 8 1 


36. 


A beam of length l ft is fixed at one end and otherwise unsupported. Find the equation of 
the elastic curve and the maximum deflection if there is a uniform load of w lb/ft of length 
and a load W lb at the free end. 


Ans. y = 


24 El 


(4 lx° 


2 2 

6 lx -X ) 


6 El 


(x - 3 lx ), —y % 


24 El 


(3wl* + 8Wt>) 


37. 


A beam of length 21 ft is freely supported at both ends and carries a uniform load of w lb/ft 
of length. Taking the origin at the midpoint (low point) of the beam, find the equation of 


the elastic curve and the maximum deflection. 
Hint: Ely" = wl(l-x) - ±w(l-x) 2 = ±w(l 2 -x 2 

W ,2 2 4 

Ans. y = -(6Z x -x ), y 

24 El 


max 


5 w£_ 

24 El 


Compare with Problem 15, 

) and y = y r = 0 when x ~ 


0 . 


38. A beam of length 3 l ft is freely supported at both ends. There is a uniform load of w lb/ft 
of length and loads of W lb at a distance l ft from each end. Taking the origin as in Prob¬ 
lem 37, find the maximum deflection. 

2 


Hint: M = |(^ 


- x 2 ) + - x), |<*<^; and M = - x 2 ) + Wl, 0<*<s 


11 . »,» 1 ‘ 

M - -(- T 


Ans - y n ax = 


384JEJ 


(405 wl* + 368 HZ 5 ) 


39. A circuit consists of an inductance of 0.05 henry, a resistance of 5 ohms, and a condenser 
of capacitance 4(10)'“ farad. If q = i = 0 when f = 0, find q and t in terms of t when a) there 
is a constant emf = 110 volts, b) there is an alternating emf = 200 cosl00t. Find the steady 
state solutions* in 6). 


Ans. 


a) q - e 50 *(-— cos 50 i/l9 1 - 

250 

b) q = e' 50t (- — cos SOvTSt- 

170 

i = e ' 50t (- ^cos so/wt + 


ii^sin 50/l9t) + —. i = — e 50t sin 50vf9* 

4750 250 19 

L 2 /Ij sin 50/191) + —(4 cos 100* + sin 100*), 

1615 170 

1640/19 + 12(cos lOOt - 4 sin 100*) 

323 17 


40. Solve Problem 39 after replacing the 5 ohm resistance with a 50 ohm resistance. 

ci + —<34-7 1 - 55 1 -9^7 t 

Ans. a) q = - 0.047e 5 + 0.0026e + 0.044. 1 = 2.46(e - e ) 

b) q = - 0.0i8e‘ 55 * + 0.005e" 9 “ U + 0.034 sin 100* + 0.014 cos 100*, 
i = 0.98e" Wt - 4.43e' 9 “ n + 3.45 cos 100* - 1.38 sin 100* 



CHAPTER 21 


Systems of Simultaneous Linear Equations 


IN PREVIOUS CHAPTERS, differential equations involving only two variables have been 
treated. In the next several chapters, equations involving more than two va¬ 
riables will be considered. If but one of the variables is independent, the 
equations are ordinary differential equations; if more of the variables are 
independent, the equations are called partial differential equations. In this 
chapter we shall be concerned with systems of ordinary linear differential 
equations with constant coefficients such as 


A) 


and 




dx 

Tt + 3x + y = 0 


r 


dx dy 

— + — + y = 1 
dt dt 


n \ j dx dz 

B) < T:--r +2 * + ;z = 1 

' dt dt 

dy dz 

dt + jt + y + 22 = 0 


{ 2(D-2)x + (D-l)y = e* 

(D + 3)x + y =0, where D = — 

dt 


j Dx + (D + l)y = 1 
or B') < (D + 2)x - (D- 1)2 = 1 
(^(D + l)y + (D + 2)z = 0 


in which the number of simultaneous equations is equal to the number of depen¬ 
dent variables. 


THE BASIC PROCEDURE for solving a system of n ordinary differential equations in 
n dependent variables consists in obtaining, by differentiating the given equa¬ 
tions, a set from which all but one of the dependent variables, say x, can be 
eliminated. The equation resulting from the elimination is then solved for 
this variable x. Each of the dependent variables is obtained in a similar 
manner. 


EXAMPLE. Consider system A): 1) 2^ + - 4x - y = «*, 2 ) j- + 3x + y = 0 . 

Solution 1, 

First, we note that the general solution * = x(t), y = y(t) of this system will also 
satisfy 


3) 


^ ♦ 3 ± + ± = 0 
dt 2 dt dt 


obtained by differentiating 2). Moreover, multiplying l) by -1, 2) by -l, 3) by 1, and add- 
ing, we obtain 

,2 

t 


4) 


d 2 x 

dt 2 


+ x = - e‘ 


which is also satisfied by * = x(t), y = y(t). This latter differential equation, being 
free of y and its derivatives, may be solved readily; thus, 
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5) 


* = Ci cos t + C 2 sin t - —-— e t = Ci cos t + C 2 sin t - ie*. 

0+1 

To find y in a similar manner, we differentiate 1) to obtain 

2^-1 + 4*1 - 4— - 4l = e t 

oft® eft® dt dt 


and between this and equations 1).2),3) eliminate * and its derivatives. However, it is 
simpler here to proceed as follows. Prom 2), we have 

y = - — -3x = -(-C t sint + C 2 cost - ie*) - 3(C t cost + C 2 sint - ie*) 

oft 

= (Ci - 3C 2 )sin t - <3Ci + C 2 )cos t + 2e*. 

Thus. * = Ci cost + C 2 sint - ±e*, y = (Ci - 3C 2 )sin t - (3Ci+C 2 )cos t + 2e* is the 
general solution. 

When the equations are written in the 0 notation, there is a striking similarity between 
the procedures used here and the method of solving a system of n equations in n unknowns. 
This is due to the fact, noted in previous chapters, that the operator 0 may at times be 
treated as a variable (letter). 

Solution 2. Consider the system A 1 ): 1) 2(0-2)x + (D-l)y = « 

2) (0 + 3)x + y = 0. 


Proceeding as in the case of two equations in two unknowns x and y, we multiply 2) by 
J}-1. Actually, we operate on 2) with 0-1 = (— - 1)# to get 

(0 -1)(0 + 3)x + (0-i)y = o 

and subtract 1) from it to obtain 

[(0-l)(0 + 3) - 2(D-2)]x = -e t or (D* + l)x = -e*. 

Now this is 4) above as might have been anticipated, since operating on 2) with D- 1 is 
equivalent to differentiating 2) and adding -1 times 2) as in the previous solution. The 
general solution is obtained as in Solution 1. 


Solution 3. We may also effect a solution using determinants. From system -4 1 ) we obtain 



e t D- 1 


2(D - 2) D- 1 


2(0-2) e t 

X — 


and 


y = 

0 + 3 0 


0 1 


D + 3 1 



or (D Z + 1)* = -e* and (D 2 + l)y = 4e*. 

The first of these equations is 4) above, and the second would have been obtained by the 
procedure rejected in Solution 1. We shall now show why it was rejected. When the two equa- 
tions are solved, we have 

6) * = Ci cost + C 2 sint - ie* and 7) y = C 3 cost + C A sint + 2e*. 

We know from Solution 1 that 6) and 7) contain extraneous solutions. To eliminate them (that 
is, to reduce the number of arbitrary constants), we substitute in 2) and see that 


(C 2 + 3 Ci+C 9 )cos t + (3C 2 -Ci+ C*)sin t = 0 


for every value of t. Thus, 


Cg = - (3Ci+ C 2 ) and C 4 = Ci - 3C 2 . 

When these values are substituted in 6) and 7), we obtain the general solution found above 
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THE NUMBER OF INDEPENDENT ARBITRARY CONSTANTS appearing in the general solution of 
the system 

f x (D)x + g t (D)y = h t (t) 
f a (D)x + g a (D)y = h a (t) 


is equal to the degree in D of the determinant A 


fi (D) g t ( D) 
f*(D) g a (D) 


provided A does not vanish identically. If A e 0, the system is dependent; 
such systems will not be considered here. 


For the system A 1 ) , A 


2(D - 2) D -1 

0 + 3 1 


-( 0 2 + 1 ). 


The degree (2) in 0 agrees with the number of arbitrary constants appearing 
in the general solution. 


The theorem may be extended readily to the case of n equations in n depen¬ 
dent variables. 


SOLVED PROBLEMS 


1. Solve the system: 1 ) (D-l)x + Dy = 2t + 1 

2 ) (2D + 1 )* +2 Dy = t. 

Subtracting twice 1 ) from 2). we have 3* = -3t-2. Substituting x = -t-2/ 3 in 1 ), we 

obtain Dy = 2 t + 1 - (D-l)* = t + | and y = it 2 + -t + C t . 

3 2 3 

The complete solution is x = - t - - , y = -t 2 +-t + Ci. 

3 2 3 


Note that 


D -1 D 
2D +1 2D 


is of degree 1 in D and there is but one arbitrary constant. 


2 . 


Solve the system: 1 ) (D + 2)x + 3 y =0 

2 ) 3* + (D + 2 )y = 2 e 2t . 

Operating on 1 ) with D+ 2 , multiplying 2 ) by 

Then x = + C 2 e” 5t - ^e 2t . Prom 1 ), 


-3, and adding: (Z ) 2 + 4D-5)* = - 6 e 2t . 

y = _ i(D + 2>* = -Cie* + C a e' 5t + ? e 2t . 
3 7 


3« Solve the system: 1) (D- 3)x + 2(D+2)y = 2 sin t 

2) 2(D+l)x + (D - l)y = cos t. 

Operating on 1 ) with D — 1 and on 2 ) with 2(Z) + 2 ), we have 

3) (D — 1 )( D — 3)% + 2 (D — 1 ) (D + 2)y = (Z) — 1 ) [2 sin t] =2 cos t — 2 sin t 

4) 4(Z) + 2 )(Z) + 1 )* + 2 (D + 2 )(i) - l)y = 2 (Z) + 2 )cost = 4 cost- 2 sint. 

Subtracting 3) from 4) and noting that (Z)-l)(Z) + 2 ) = (D + 2 ) (D - 1 ), since the operators 
have constant coefficients. 
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[4(D 2 +3D + 2) - (D 2 - 4 D + 3)]* = (3Z > 2 + 16D + 5 )* = 2 cos t 


and 


X = C±€ ^ + C 2 e ^ + 


cos t 


Cl e + C 2 e ~* /5 + 


3D +16D + 5 


8 D + 1 


cos t 


= Cje -5 * + c 2 e" t/3 + (8 sin t + cos t)/65. 
Prom 2), (D - l)y = cost t 2(D + 1)* 


= cos t + 8 Cie -3 * - -C 2 e “^ 5 - (18 cos t + 14 sin t )/65 
1 3 

= 8 Cie” 5t - -C-ie ”*^ 5 + (47 cost - 14 sint)/65. 

3 


Then 


ye _t = J^C^e" 

6t 

4 -4t/3 

47 cos t - 14 sin 

t 

g 


gC 2 e 

65 



= -l^e- 

6 1 

C 2 e-“ t/5 + 

61 sin t - 33 cos t 

-t 

+ 

130 




bt + 

r e -t/5 + 

61 sin t - 33 cos t 

4. 

C3 6 

y - --C ie 


U 2 C T 

130 




and 

Since the degree of A is 2, the general solution has but two arbitrary constants. Hence, 
when these expressions are substituted for x and y in 1 ) it is found that C 3 = 0 . Then 

_ _ -t/^ 8 sin t + cos t 4 ^ -5t . ^ -t/3 . 61 sin t - 33 cos t 

x = + C 2 e + ---* y = - 5 + C 2 e + -^- 

is the general solution. 


4* Solve the system: 1) (D 2 - 2)x -3y = e 2t 

2) (O 2 + 2)y + x =0. 

Find the particular solution satisfying the conditions *=y = 1, D*=Z)y=0 when t = 0. 

Operating on 1) with D 2 to obtain D^x — 2D 2 x —ZD y = 4e and making the replacements D x 
= 2i + 3y + e 2 * from 1) and D*y =-*-2y from 2), we have (D 4 -1)* = 6e 2 *. 

Then x = C.e* + C 2 e _t + C 3 cos t + C 4 sin t + § e 2t and, using 1), 

5 


y = i[(D 2 - 2)x - e n ] = - ^(Cie* + C 2 e"*) - (C 3 cost + C* sint) - — e r 

Note that x could also be obtained by the use of determinants. Thus, 


D 2 - 2 


-3 I 
D 2 + 2 


2 1 


D 2 + 2 


or 


(D 4 -!)* = 6 e 2t , etc. 


Zk = C t - C 2 + C 4 + - = 0 , 


When t = 0, * = + C 2 + C 3 + - = 1 and 

5 

y = - i(C 1 + C 2 ) - C 3 - = 1 and Dy = - ±(C t -C 2 ) - C 4 - ^ =0. 

Then Ci = 3/4, C 2 = 7/4, C 3 = -19/10, C 4 = 1/5. and the required particular solution is 


1 f + 1 2 2t 

= _( 3 e + 7 e )-(19 cos t - 2 sin t) + - e , 

4 10 6 


y = 


1(36* + 7e"*) + 1(19 cos t - 2 sin t) - — e 2t . 


12 


10 


Y 
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5* Solve the system: 1) (D+l)x + (Z)-l)y = e*, 2) (D 2 + D+l)x + (Z) 2 -Z) + l)y = t 2 . 

Operating on 1) withZ) 2 +Z) + l and on 2) withD + 1, and subtracting, we have 

2y = t 2 + 2t - 3e* and y = ^ t 2 + t - - e*. 

2 2 

Operating on 1) withZ) 2 -Z) + l and on 2) withjD-1, and subtracting, we have 

2x = t 2 - 2t + e' and x = - t 2 - f 

2 2 

Z)+l Z)-1 

= 2 is of degree 0 in Z); hence, there are no arbitrary 

D +D +1 Z) -Z) + l 
constants in the solution. 

6. Solve the system: 1) D 2 x - m 2 y = 0, 2) Z) 2 y + m 2 * = 0. 

Operating on 1) with Z) 2 and substituting D 2 y = -ra 2 x from 2), we obtain 

D x — m 2 (-m 2 x) = D*x + mx = (Z) 4 + 01 **)* = 0. Then D = ± -^L(l ± i) 

/2 

and x = e (Ci cos mt/y/2 + C 2 sin mt/y/2) + e mt / y/ 2 cos m ^j^2 + C 4 sin mt/y/2). 
Substituting for * in 1) and solving, 

y ~ ~~2 ^ x = e cos sin mf/i/2) + e (C 3 sin mt/y/2 — C 4 cos mt/i/i2). 

m 

7* Solve the system: 1) (D 2 +4)x - 30y = 0. 2) 3D* + (D 2 + 4)y = 0. 

Operating on 1) withD 2 +4 and on 2) with 3D, and adding, we have 
[(£> 2 + 4) 2 + 9 D 2 ]x = (D 2 + 16) (D 2 + 1)* = 0 and x = C t cos4t + C 2 sin4t + C 3 cos t + C 4 Sint. 

Operating on 1) with —3D and on 2) with D 2 + 4, and adding, we have 
2 2 

(D + 16) (D +l)y = 0 and y = K x cos4t + K 2 sin 4t + K a cost + K A sint. 

To eliminate the extraneous solutions, substitute for x and y in 1). We have 

~ 12C t cos4t - 12C S sin4t + 3C 3 cos t + 3C 4 sint + 12^ sin4t - \2K a cos4t + 3 K s Sint 

- 3 K a cos t = 0 

for all values of t; thus, K t = C 2 , K 2 = - C 1( K s = - C 4 , K A = C 3 . 

The complete solution is: x = C t cos 4t + C 2 sin 4t + C 3 cos t + C 4 sin t, 

y = C 2 cos 4t - C 2 sin 4t - C 4 cos t + C 3 sin t. 

8. Solve the system: 1) Dx + (D + l)y = 1 

2) (D + 2)x - (D-l)z = 1 

3) (D + l)y + (D + 2)z = 0. 

Subtracting 3) from 1), we have 4) Dx - (D + 2)z = 1 which is free of y. 

Operating on 2) with D and on 4) with D + 2, and subtracting, we have (5D+4)z = -2; then 

= _ _ + C t e~ H/ \ Substituting for z in 3), (D+ l)y = -(D + 2)z = 1 - - ; then 

5 


Note that 


2 
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y = «,-* J(e* - | C t e m )dt = e'^e* - 6C t e t/5 + C 2 ) = 1-6^'^ + C 2 e "*. 

Substituting for y in 1), Dx = l-(D + l)y = | C±e ^ \ then x = ~ 2 ^ ±€ + ^ 3 * 


Since 


D D+l 0 
D + 2 0 -(D - 1) 

0 Z)+l D + 2 


= -(5D 2 +9D + 4) is of degree 2 ini), there are but two ar¬ 


bitrary constants in the general solution# Substituting for x and 2 in 2), we obtain 

3 

4 


<5 Cl e- 4t/5 - 3C ie - 4t/5 + 2C 3 ) - | C.e- 1 ^ 5 + | - C.e'^ 5 > = 1 and, hence, C 3 = \ . Thus, 

5 3 " 


3 3 r 

x = 5 - - c ie , 


y = 1 - 6Cte + C 2 e , z - - - + 


is the general solution. 

9 . Solve the system: 1 ) (D + l) 2 x + 2 Dy + 3 Dz = 1 

2 ) Dx +2=0 

3) x - Dy - Dz = 0. 

Find the particular solution for which *=2 = 1, y=0 when t =0. 

2 

First, operate on 2) with D to obtain 4) D x + Dz = 0# 

Next, add twice 3) to 1) and subtract 4) to get (2D + 3)x = 1; then 

xe 5t/2 = 1 C it/* dt = 1 e J«/t + Ci 

2 J 3 

2 = -Dx 


and 


1 + r ,- 3t/2 

x = — + Cl* . 
o 


Prom 2), 


3 „ -3t/2 
2 ClC 


From 3), 

Dy = 

* - 

Dz = 


(D +1) 2 

2D 

3 D 

Since 

D 

0 

1 


1 

-D 

-f) 


e " 3t/2 + ®C t e - 5t/2 = i + H Cl e- 5t/2 ; 

4 3 4 


then 


y “ 5* 


H Cl e- 3t/2 + C 2 . 

6 


= 2D 2 + 3D is of degree 2 in D, there are 2 arbitrary constants 


1 „ -it/2 1, 13 _ -it/2 r , _ » r ■ 

and the general solution is x = - + Ci« , y = -* - + Ca ’ z " 2 l * 


When t =0: 


3 * 3 

Thus, the required particular solution is 


i + C t = 1 and Ct = | ; y = (- ^> <|> + C 2 = ° and C 2 = -^ 


+ C 2 , 

z = |Cie‘ 

and 

r - 13 

c 2 - T’ 


■it/2 


12 -3t/2 
* = 3 + 3 C * 


1* 13 — Jt/2 13 

7 3 9 9 


2 = e 


-3*/2 


Note that a particular solution satisfying a given set of initial conditions cannot always 
be found. For example, there is no solution satisfying the conditions x = l, y=z=0 when t- 0 
since x = 1, y=0 contradicts x = 1/3 + 2z/3. Similarly, y=0, z - 1, dx/dt = l when t =0 con- 
tradicts dx/dt = -2 * 
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SUPPLEMENTARY PROBLEMS 


Solve the following simultaneous 

10. O* - (0 + l)y = - e* 

* + (O-l)y = e 2t 


equations. 

Ans. x - (Ci-CaJcos t + (Ci+C 2 )sin t + 3e zt /5 
y = C t cos t + C 2 sin t + 2e 2t /5 + e t /2 


11. (0 + 2)* + (0 + l)y = t 

5* + (0 + 3)y * t 2 

12. (0 + 1)* + (20 + 7)y = e* + 2 

- 2* + (0 + 3)y = e*_ 1 

13. (0-1)* + (0 + 3)y = e _t -1 

(0+2)* + (0 + l)y = e 2t + t • 

14. (0 2 + 16)* -6Dy = 0 
60* + (0 2 + 16)y = 0 

15. (0 2 + 4)* + y = sin 2 2 
(O 2 + l)y - 2* = cos 2 2 

16. (0 2 + 0 + l)* + (0 2 + l)y = e* 
(O 2 + 0)* + 0 2 y = e‘* 


Ct~3C 2 s ^ n t _ 3C t + C 2 — . .2 


cos t - t 


y = Cicos t + C 2 sin t + 2t - 3t - 4 

1 **41 r 

* » 5 C t e [cos(t + C 2 ) - sin(t + C 2 )] - 
y = C ie ' Ht sin(t + C 2 ) + ^ + 1 


x = zu+e + —e + -1- 

17 7 49 

v . o r -7t/5 1 2t 1 -t 26 

y - 3C t e - —c + -e + -t - — 

17 2 7 49 


+ t + 3 

5e* 13 

26 17 


* = Cicos 2t -C 2 sin 2t + C 3 cos 8t + C*sin 8t 

y = C 2 cos 2t + Cisin 2t + C 4 cos 8t - C 3 sin 8t 

* * Ctcos ( y/2z + C 2 ) + C 3 cos ( vGz + C 4 ) + £ cos 22 

y = -2C t cos(i/52 + C 2 ) - CgCosivGz + C 4 ) + £ cos 22 

* = - e* - 2e -t - Ci 
y = 2e* + e -t + C 2 


17. (0-1)* + (0 + 2)y = 1 + e* 
(0 + 2)y + (0 + 1)2 = 2 + e* 
(0-1)* + (0+1)2 = 3 + e t 


x = - 1 + te*/2 + C 2 e* 
y = e /6 + C x e 
2 = 2 + e*/4 + C a e~* 



CHAPTER 22 


Total Differential Equations 


THE DIFFERENTIAL EQUATIONS 

A) (3 x 2 y 2 - e x z)dx + (2 x 5 y + sin z)dy + (y cos z - e x )dz = 0, 

B) (3 xz + 2 y)dx + x dy + x 2 dz = 0, 

C) ycfx + dy + c/z= 0, 
being of the general form 

P(x t y, z, * • • t t) dx + Q(x, y, z, • • •, t)dy + + S(x,y, z, • • •, t)dt = 0, 

are called total differential equations . 

It may be verified readily that A) is the exact differential of 
f(x,y,z) = x 5 y 2 - e*z + ysinz = C, 

C being an arbitrary constant. Such an equation is called exact . 

Equation B) is not exact, but the use of x as an integrating faotor yields 
(3x 2 z + 2 xy)dx + x 2 dy + x 5 dz = 0 

which is the exact differential of x 5 z+x 2 y = C. Equations A) and B) are 
called integrable . 

Equation C) is not integrable; that is, no primitive 
1) f(x,y,z) = C 

can be found for it. It will be shown later (Problem 32) that for such equa¬ 
tions a solution 1) can be obtained consistent with any prescribed relation 
g(x,y,z) = 0 of the variables. 


THE CONDITION OP INTEGRABILITY of the total differential equation 
2) P(x t y 9 z)dx + Q(x t y t z)dy + R(x t y,z)dz = 0 

is 

pc^Q. _ + 0(— - —) + /?(— - —) = 0, identically. See Problem 1. 

' ^Bz By ox Bz By Bx 


EXAMPLE 1. For equation B), 

f y -2, g-ta; e~.H-l.fi-®: *-«*• H- 2 *- | = 0 ’ “ d 

3) becomes (3xz + 2y) (0 -0) + x(2x -3x) + x 2 (2 - 1) =0-x 2 +x 2 = 0. The equation 
is integrable. 

Example 2. For equation C), 

'■ = >'. |p-l. tf-°: e-l. li = If “ °: *-l-i = !and 3) becomes 

y(0-0) +1(0-0) +1(1-0) ^ 0. The equation is not integrable. 
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THE CONDITIONS FOR EXACTNESS of 2) are 
4) 


BP _ 

Bz 
BO 

— = cos z; 

Bz 

BP 

— = cos z , 

By 

and the conditions 4) are satisfied. The equation is exact. 

Example 4. From Example 1 it is readily seen that 4) is not satisfied; 
hence, equation B) is not exact. 


folrs 

II 

* 
co Iro 

II 

*1* 

3P BP 

By ’ Bx 

For equation A), 



P = 3x 2 y 2 - e x z. 

B P 
By 

= 6x 2 y, 

Q = 2x 5 y + sin z, 

Bp 

Bx 

= 6x 2 y, 

R = y cos z -e x . 

Bff 

Bx 

= - e*. 


TO SOLVE AN INTEGRABLE TOTAL DIFFERENTIAL EQUATION in three variables: 

a) If 2) is exact, the solution is evident after, at most, a regrouping of 
terms. See Problem 3. 

b) If 2) is not exact, it may be possible to find an integrating factor. See 
Problems 4-6. 

c) If 2) is homogeneous, one variable, say z, can be separated from the others 
by the transformation x=uz, y=vz. See Problems 7-10. 

d) If no integrating factor can be found, consider one of the variables, say 
z, as a constant. Integrate the resulting equation, denoting the arbitrary 
constant of integration by <£(z). Take the total differential of the inte¬ 
gral just obtained and compare the coefficients of its differentials with 
those of the given differential equation, thus determining 4>(z ). This pro¬ 
cedure is illustrated in Problem 13. See also Problems 14-16. 

PAIRS OF TOTAL DIFFERENTIAL EQUATIONS IN THREE VARIABLES. The solution of the si¬ 
multaneous total differential equations 

5) P t dx + Q t dy + R x dz = 0 

6) P 2 dx + Q^dy + R a dz = 0 

consists of a pair of relations 

7) f(x,y,z) = C 2 

8 ) 6{x,y,z) = C 2 . 

To solve a given pair of equations: 

e) If 5) and 6) are both integrable, each may be solved by one or more of the 
procedures a)-d). Then, 7), say, is the complete solution (primitive) of 
5), and 8) is the complete solution of 6). See Problem 18. 

f) If 5) is integrable but 6) is not, then 7), say, is the complete solution 

of 5). To obtain 8), we use 5),6),7) to eliminate one variable and its dif¬ 

ferential, and integrate the resulting equation. See Problem 19. 

g) If neither equation is integrable, we may use the method of chapter 21, 
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treating two of the variables, say x and y, as functions of the third vari- 
able z. 

At times it may be simpler to proceed as follows: Eliminate in turn dy and 
dz (or any other pair) between 5) and 6) to obtain 

Pi 0i 01 *1 Pi p i 01 Pi 

dx - dz = 0, dx - dy = 0 

P 2 Q ,j 0 2 R 2 P« p z 02 P« 

and express them in the symmetric form 


9) 


dx 

_ dy 

dz 



X 

Y 

— " " T 9 

Z 



0i *i 

l«i 

Pi 

l p i 

01 

where 

X = \ 

II 

Ph 

* 

~ 

II 

N 



Qo. R* 

|J? 2 

r 2 

\Pt 

0« 


(Note that this is the procedure for obtaining the symmetric form of the 
equations of a straight line when the two-plane form is given.) 

Of the three equations 

9 ') Y dx = Xdy, Xdz = Zdx, Z dy = Y dz 

given by 9), any one may be obtained from the other two. Hence, in obtaining 
9), we merely replace the original pair of differential equations by an equiv¬ 
alent pair, that is, any two of 9'). 

If two of 9') are integrable, we proceed as in e). See Problem 20. 

If but one of 9') is integrable, we proceed as in f). See Problem 21. 

If no one of 9') is integrable, we increase the number of possible equa¬ 
tions. By a well known principle, 

dx _ dy _ dz !■> dx + n^dy + n x dz _ l 0 dx + m^dy + n g dz 
X Y Z lt.X + + n x Z 1 2 X + m^Y + n s Z 

where the l,m,n are arbitrary functions of the variables such that 

IX + mY + nZ 4 0. 

By a proper choice of the multipliers, it may be possible to obtain an inte¬ 
grable equation, say 

dy _ldx + mdy + ndz a_dx_*_l}_dy_t_c_dz _ pdx+qdy + rdz , 

"y" " lx~~+~mY~+~nZ aX + bY + cZ pX + qY + rZ 

If so, we proceed as in /). See Problem 22. 

In actual practice, it may be simpler at times to find by means of multi¬ 
pliers a second integrable equation, rather than to proceed as in f). See 
Problems 23-24. 

If IX +mY + nZ = 0, then also ldx + mdy + ndz= 0. 

If now Idx + mdy+ndz = 0 is integrable, we integrate and have one of 
the required relations. See Problems 25-29. 
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SOLVED PROBLEMS 


1. Obtain the condition of integrability of Pdx+ Qdy + Rdz = 0. 

Suppose that the given equation is obtained by differentiating 
1) f(x 9 y 9 z) = C 

and, perhaps, removing a common factor /x(x,y,z). Since from 1) fa + ^ dy + — dz = 0, 

dx dy 'dz 

it follows that = jjP t - ^Q, and ^ = fiR. 

dy Bz 

Now assuming the existence and continuity conditions. 


A) 

3 2 / 

BP 

= U -~ 

+ P^Sf = 

BQ 

u — 

+ <?^ = 

B 2 / 

By dx 

3y 

By 

3* 

v 3* 

3* 3y 

B) 

3 2 / 

BQ 

+ = 

Bfi 

+ = 

B 2 / 

Bz By 

^ Bz 

Bz 

M 3y 

By 

By Bz 

C) 

3 2 / 

dR 

+ = 

3P 
u — 

+ p& = 

3 2 / 

Bx Bz 

^ dx 

3* 

M 3z 

3z 

Bz Bx 


Upon multiplying these relations by R,P,Q , respectively and adding. 


dy dz dx 


, (?3?> 


and the condition 


p ( 52 . 

32 By 


+ <?(|5 - |?) ♦ 

ox dz 


«<h - h, 

9x 


follows. 


2, If fj,(x 9 y 9 z) = 1 in Problem 1, the differential equation is exact. Show that this implies 

BP = dQ, BQ = BP f BR = BP. 

By dx dz dy dx dz 

These relations follow from A),B),C) in Prob.l. For example, if /u = 1, 4) yields 5? = 52. 

By Bx 

3- Solve (x -y)dx - x dy + zdz = 0. 


Since 5? = _i = 52. 52 = 0 = 5*. 5? = 

oy Bx Bz By Bx 

Upon regrouping thus xdx - (x dy + y dx) + z dz = 0 
i* 2 - *y + £z 2 = or x 2 


0 = — » the equation is exact. 
dz 

and integrating, we have 
- 2 xy + z 2 = C. 


4* Solve y 2 dx - zdy + y dz - 0. 

Here p -y 2 ’ 1C = 2y * IC =0: <? = -*• I 2 -®. I 2 —!: fl = y. ? = 0 . 5«=l; 


^ 02 ' 3* ' 3 ■ - " 3* ” 3y 

then P(|2_g) + Q(|?- |C> + = y 2 (-l-l)-2(0-0) +y(2y-0) =0 and the equa¬ 
tion is integrable. The integrating factor 1/y 2 reduces the equation to d*+ y ~ 2 = o whose 

V 2 

solution is x + z/y = C. 7 
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5* Solve (2x^y + l)dx + x* dy + x 2 tanz dz = 0, 

The condition of integrability is satisfied since 

(2x 5 y + 1) (0 -0) + x 1 * (2x tanz -0) + x 2 tanz (2x 5 - 4x 5 ) = 0. 

The integrating factor 1/x 2 reduces the equation to 

(2 xy + — )dx + x 2 dy + tan z dz - 0 or (2xy dx + x 2 dy) 4 - -L dx + tanz dz = 0 
x 2 * 2 

2 1 

whose solution is x y -4- In secz = C. 

x 

6# Solve (2 x -z)zdx 4- 2x yz dy + x(z + x)dz - 0. 

The normal procedure here would be to show that the equation is integrable and then to' seek 
an integrating factor. By examining the preceding problems it will be found that, upon using 
the integrating factor, one variable appears only in an exact differential, for example, the 
variable z in tanz dz in Problem 5. 

When the equation of this problem is divided by x 2 z, the variable y appears only in the term 
2 y dy which is an exact differential. Thus, we shall use l/x 2 z as a possible integrating fac¬ 
tor. The result is 2x dx + 2y dy 4 - - dz 4- - o whose solutionis x 2 4- y 2 + In z + - = C* 

z x 2 

Of course, the separation of the variable here does not indicate that the equation is inte¬ 
grable; for example, x dx 4 - z dy 4 - dz - 0 is not integrable although x appears only in an exact 
differential. 


7- Show that if P dx + Qdy + R dz = 0 is homogeneous (i.e., if P, Q, R are homogeneous and of the 
same degree) then the substitution x -uz t y-vz will separate the variable z from the vari¬ 
ables u and v . 


Let the coefficients P, Q, R be of degree n in the variables. 
Substituting x-uz , y =vz, the given equation becomes 


P(uz,vz,z) [u dz+zdu] + Q(uz t vz, z) [v dz + z dv] + R(uz,vz t z)dz = 
Dividing out the common factor z n and rearranging, we have 

z[P(u,v,l)du + Q(u t v,l)dv] + [uP(u,v, 1)4- vQ(u, v, 1)4- R(u,v,l)]dz 
or z(P ± du + Qidv) + (uPt + vQ t + R ± )dz = 0. where P ± 


0. 


= 0 

= P(u, v, 1), 


etc. 


This may be written as A) --- 

uP t 4- vQ ± 4- P t 

the variable z occurs only in the last term. 


du 4- 


-—- dv 

uPi 4- vQ± + Pi 



in which 


Now the condition of integrability for A) f 


i b_ Qi _ 1 p i 

Z Bu uP ± 4- vQ 1 + Pi dv uP 1 + vQ ± 4- Pt 


is satisfied provided the original equation is integrable and, when this occurs, the sum of the 
first two terms of A) is an exact differential. Moreover, since the third term is an exact dif¬ 
ferential, A) is an exact differential equation provided only that Pdx + Qdy 4- Pdz = 0 is 
integrable. 


8. Solve the homogeneous equation 2(y4-z)c£x - (x + z)dy + (2y -x 4- z)dz = 0. 


The equation is integrable since 
The transformation x-uz, y-vz 
2z (v + 1) (u dz 4- z du) 


2(y 4- z) (-1 - 2) - (x 4- z) (-1 - 2) 4- (2y-x + z) (2 + 1) 
reduces the given equation to 
- z(u + l)(v dz+ z dv) 4- z(2v - u + 1 )dz - 0. 


= 0. 
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Dividing by z and rearranging, we have 2z(v + l)du - z(u + l)dv + (uv+u + v + l)dz = 0 or, 

2 du dv dz 

dividing by z(uv+u + v + l) = z(u + 1) (v + 1) , - - - + — =0. 

u + 1 v + 1 ^ 

Then 2 ln(u + 1) - ln(v +1) + In z = In K, z(u + l) 2 = K(v + 1), 

(x + z) 2 = K(y + z) or y+z=C(x + z) 2 . 

A 2 

9« Solve the homogeneous equation yzdx - z dy - xy dz = 0. 

The equation is integrable since yz(-2z+x) - z 2 (-y-y) ~ xy(z-O) = 0. 

The transformation x=uz, y -vz reduces it to 

vz 2 (u dz + z du) - z 2 (v dz+ z dv) - uvz 2 dz = 0. 

Dividing by z 2 and rearranging, vz du - z dv - v dz = 0 or du - ^ ~ = 0, 

Then u - In v - In z = In A, vz = Ce U or y - Ce X ^ Z . 


10. Solve (2 y-z)dx + 2(x-z)dy - (x + 2y)dz = 0. 

The equation is homogeneous and, by inspection, is seen to be exact since it may be writ- 
ten a ° 2(y dx + x dy) - (zdx + xdz) - 2 (zdy+ydz) = 0. 

The solution is 2xy - xz - 2yz = C. 


11. Show that xP + yQ + zR - C is the solution of Pdx + Q dy + Rdz = 0 when the equation 
is exact and homogeneous of degree n £ -1. 

First, we check the theorem using the equation of Problem 10. Here 

xP + yQ + zR = x(2y-z) + 2y(x-z) - z(x + 2y) = 2(2xy-xz- 2yz) 
and we obtain the solution above. 

From xP + yQ + zR = C, we obtain by differentiation 

Bx ox Bx By By By Bz Bz Bz 


Since the given equation is exact. 
Making these replacements, 4) becomes 


BQ = BP, BR = 'bP f BR = BQ. 

Bx By Bx Bz By Bz 




a. a. 


Bz 


3x By 


Bz 


Bx 




Bz 


BP BP BP 

Since the given equation is homogeneous, x — + y — + 2 -— = nP, etc., according 

Bx By Bz 

to Euler's Formula on homogeneous functions. 


Making these replacements, B) becomes 

(n + 1)P dx + (n + l)Qdy + (n + 1)R dz =• 0 
, P dx + Q dy + R dz = 0. 


or, since n / -1 
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12 . Solve (y 2 + z 2 + 2xy + 2 xz)dx + (* 2 + z 2 + 2xy + 2yz)dy + (x 2 + y 2 + 2*z + 2yz)dz = 0. 

The equation is homogeneous of degree 2 and is also exact since 

2f j». 22- «..» .jS. |? ■*.♦.>■ 

By Bx Bz By Bx 02 

The solution is x(y 2 + z 2 + 2xy + 2xz) + y(x 2 + z 2 + 2xy + 2yz) + z(x 2 + y 2 + 2xz + 2yz) =/( 


or 


x(y 2 + z 2 ) + y(x 2 + z 2 ) + z(x + y ) = C. 


13- Solve the differential equation Pdx + Qdy + Rdz = 0 given only that the condition of in- 
tegrability is satisfied. 

Consider one of the variables, say z, as a constant for the moment and let the solution of 
the resulting equation 

1) P dx + Qdy = 0 
be 

2) u(x,y,z) = <p(z). 

Differentiating 2) with respect to all the variables, 

3) — dx + — dy + ^ dz = 4> r (z) dz = d(p . 

Bx By dz 

Tin Bu 

Now -- = fiP and ~ = jjlQ, where /x = /x(x,y,z) is an integrating factor of 1). Substi- 
Bx By 

tuting in 3), we have fiPdx + fiQdy + ^ dz = d(f>. 

dz 

But from the given equation fiPdx + jiQdy + fiRdz =0 so that 

d<p = — dz - /xfldz = (— - fjR)dz t 

Bz Bz 

This relation is free of dx and dy and, using 2) if necessary, can be written as a differ¬ 
ential equation in z and <£. Solving the integral for <fr and substituting in 2), we have the 
required solution. 


14 . Solve 2(y + z)dx - (x + z)<fy + (2y-x + z)<iz = 0. (See Problem 8.) 

We treat z as a constant and solve 2(y + z)cfx - (x + z)dy = 0 or 

using the integrating factor e ~ 2 S dx /( x + z ) _ -i~ » to obtain 

(* + z) z 


dy _2_ _ _2z_ ^ 

dx x\z y ~ x + z' 


A) 


y 

(x+z) 2 


/ 


2z 

(X +2) 5 


dx 


z 

(X + Z) 2 


+ 4>(z). 


Differentiating A) with respect to all variables, 

-& - Q —(dx + dz) = - —(d*+dz) + d<t> 

(x + z) 2 (x+z) 5 (X + z) 2 (x+z) 5 

or 2(y+z)cfx - (x + z)dy + (2y-x+z)cfz + (x + z) 5 c££ =0. 

Comparing this with the given equation, it is seen that (x + z) 5 c#> = 0 and <f> = C. 
Since, from 4), y + z = <£(x+z) 2 , the solution is y + z = C(x+z) 2 . 
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15 - Solve (e x y + e z )dx + (e y z + e x )dy + (e y -e x y-e y z)dz = 0. 

The equation is integrable since 

(e x y+e 2 )(e y -e y +e x +e y z) + (e y z + e x ) (~e x y-e 2 ) + (e y -e x y-e y z) (e*-e x ) =0. 
Considering 2 as a constant and solving the resulting equation 

(e x y dx + e x dy) + e y z dy + e Z dx = 0, 
we have e x y + e y z + e z x = 4>(z). 

Differentiation with respect to all variables yields 

(e x y + e z )dx + (e y z + e x )dy + (e y + e z x)dz = d<f>. 

Prom the given equation, (e x y + e z )dx + (e y z + e x )dy + (e y + e z x)dz = (e*y + e y z + e Z x)dz. 
Thus, dxf> = (e x y + e y z + e Z x)dz = 4>dz and <j> = Ce Z . The required solution is 

e X y + e y z + e z x = Ce z , 

16 . Solve yzdx + (xz - yz^ )dy - 2xy dz = 0. 

The equation is integrable since yz(x -3yz 2 + 2x) + (xz -yz 3 ) (-2y-y) - 2xy(z-z) = 0. 
Considering y as a constant and solving the resulting equation 

yzdx - 2xy dz - 0 or z dx - 2x dz = 0, 
we obtain Inx - 2 In z = ln<£(y) or x = <£z 2 . 

Differentiating this result and making the replacement <f> = x/z 2 , we have 
dx - 2 4>zdz - z 2 dtp =0, dx - 2 j cfz - z 2 dp = 0, or yz dx - 2xydz - yz^dcp = 0, 

Comparing this with the given differential equation, we have 

(xz-yz 3 )cfy + yz 3 c#> = (<£z 3 -yz 3 )dy + yz 3 dc£ =0 or c£dy + y c#> - y dy = 0. 

Then <£y - £y 2 = K or <p = £y + K/y, so that the solution is 

x = <pz 2 = z 2 (±y + tf/y) or 2xy = y 2 z 2 + Cz 2 . 

1 /. Discuss geometrically the solution of the integrable total differential equation 

P dx + Qdy + fi dz = 0. 

^ (*o,yo» 2 o) a general point in space for which not all of P 0 = P(x 0 ,y 0 ,z 0 ), & = 

<?(*o.yo.*o). *o = P(x 0 ,yo, 2 o) are zero* 

Assuming that P,Q,R are single-valued, the set (P 0 .Q>./?b) ®ay be considered as direction 
numbers of a unique line through the point. Hence, the given differential equation may be 
thought of as defining at each point (x 0 ,y 0 ,z 0 ) 

a line *~*o = *-*> = 

Po Qo Ro 

and a plane Po(*-*o) + Qo(y-yo) + Ro(z-zo) = 0 normal to the line. 

The solution /(x,y,z) = C of the given differential equation represents a family of sur¬ 
faces such that through a general point (x 0 ,y 0 ,z 0 ) of space there passes a single surface S Q 
of the family. The equation of the tangent plane Kq to this surface at the point is 

(X-Xo'M- + (y.y 0 )^L + (Z = 0 

0*0 By 0 Bzq 
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and the equations of the normal line L 0 are 


* _ y -y 0 = Z-Zp 

3x 0 By 0 B z 0 


From Problem 1, = \P, = \Q, ^ = A JR. Hence, the solution of an integrable total 
Bx 'by 'bz 

differential equation in three variables is a family of surfaces whose tangent plane and 
normal at each point are respectively the plane and line associated with the point by the 
differential equation. 


PAIRS OF TOTAL DIFFERENTIAL EQUATIONS IN THREE VARIABLES. 

18 . Solve the system: ( y+z)cbc + (z+x)dy + ( x+y)dz = 0 

(x+z)dx + ydy + xdz = 0. 

Both equations are integrable. The first may be written as 

(y dx + xdy) + (z dy + ydz) + (x dz + zdx) = 0 
and the solution is xy + yz + zx -■ C %. 

The second may be written as x dx + y dy + (z dx + xdz) = 0 and the solution is 

x 2 + y 2 + 2 xz - C 2 . 

Thus, xy +yz + zx = C lf x 2 + y 2 + 2xz = C 2 constitute the general solution. 

Through each point in space there passes a single surface of each of the two families. 
Since the two surfaces on a point have a curve in common, the solution of the pair of differ¬ 
ential equations is a family of curves. This family of curves may be given by the equations 
of any two families of surfaces passing through the family of curves. For example, 

xy +yz + zx = C lt x 2 + y 2 + 2(C X -xy - yz) = C 2 
also constitute the general solution. 


19 * Solve the system: 1) yz dx + xz dy + xy dz = 0 

2) z 2 (dx + dy) + (xz + yz -xy)dz = 0. 

The first equation is integrable, with solution 3) xyz - C lt but the second is not. 

Multiply 1) by z, multiply 2) by y, and subtract to obtain z 2 (y -x)dy + y 2 (z -x)dz = 0. 
Multiply this by yz, and substitute xyz-C± from 3). The result is 

z 2 (y 2 z-C t )dy + y 2 (yz 2 -C 1 )dz =0 or z dy + ydz - Ci(^ + ^~) = 0 

y * 

y + Z 

whose solution is 4) yz + C ± (^—) = C 2 . 

Equations 3) and 4) constitute a general solution. However, 4) may be replaced by the 
simpler form 4 1 ) xy + yz+xz = C 2 , obtained from 4) by substituting for Cj.. 


20. Solve the system: dx + 2 dy - (x + 2 y)dz = 0 
2dx + dy + (x - y)dz - 0. 



2 -(x + 2y) 

i i 

-(* + 2y) 1 


1 2 

Here X = k 

1 * -y 

it 

i 

CO 

II 

x-y 2 

= -3\(* + y), Z = X. 

2 1 


= -3\. 


For the choice -1/3, X= -x, y=x + y, Z-l, and we write the system in the symmetric form 

dx _ dy _ dz 
-x x + y 1 
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Prom the integrable equation — 

-x 

dx 

From the integrable equation — 

-x 

Thus, 2 + In x = Ci, x 2 + 2 xy 


= — , we obtain z + In x = C±» 

- — » we obtain * 2 + 2xy = Co. 
* + y 

- C 2 constitute the general solution. 


21. Solve the system — = —= _£ . Find the equations of the integral curves through the 

X X + 2 —2 

points a) (1,1,1) and 6) (2,1,1). 

Consider the equations — = — and ~ ■ • The first is integrable and yields xz - 

X —2 X X + Z 

C t . The second is not integrable but is reduced to dy = (1 + Cjx 2 )dx by the substitution 
2 = Cjx . Integrating, we have y = * - Cj/* + C 2 or, substituting C ± = xz, y - x + z - C 2 . 
Thus, xz = Ci, y-x + z - C 2 constitute the general solution. 

The integral curve through the point (1,1,1) is the intersection of the hyperbolic cylinder 
xz = 1 and the plane y -x + z - 1. The integral curve through (2,1,1) is the intersection of 
the cylinder xz - 2 and the.plane y-x +2 = 0. 


22. Solve -*L * JlL * JL. 

y-z 2 - x y-x 


No equation is integrable. By means of the multipliers Z = m = 1, n = 0, we obtain 
dz _ _ l dx + m dy + ndz 

y-x 

A) x + y -z - C x . 


dx + dy 

Uy-z) + m(z-x) + n(y-x) y-x 


or dx + dy - dz = 0. 


Then 


Using A) to eliminate 2 in —— = —2L 

y-z z -x 


we obtain 


dx _ dy 
C±-x y - Ci 


Then 


ln(jc-Ci) + ln(y-Ci) = In C 2 , or (x -C±) (y-C±) = C 2 , or, eliminating C t by means of A), 
B) (z -y) (2 -x) = C 2 . 

A) and £) constitute the general solution. 


23. Solve 


x 2 dx 

7~ 


y dy _ d 2 
r 5 z 


* d!z 

Prom the integrable equation ^^ or x 3 dx - y 5 dy = 0, we obtain 


4 ) 


6 6 n 
x - y = Ci. 

We may then use A) to eliminate x in the non-integrable equation 


dz _ y dy 


z 

2 . * 


• However, it 


is simpler to use the multipliers Z = m = 1, n = 0 to obtain — = fo. Then x 3 + y 3 =C 2 2 3 . 


« 3 + y 3 


24. Solve the system ——— = 

x 2 + y 2 2xy 


Using Z = m = 1, n = 0, we obtain 


dz 


(x + y) z 

dz _ dx + dy 


(x+y) 5 z (x+y) 2 


dz 

or — = (x + y) (dx + dy). Then 
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(x + y) - 2 In z = C t . 


Using l ± = m 1 = 1 , n 1 =0 and Z 2 = 1 , m 2 = - 1 , n 2 = 0. 


we obtain 


cZ* + dy 

(x +y ) 2 


—i— = —— + K or y = C s (x 2 -y 2 ). 
x+y x-y 


Then 

(x-y) 2 


25« Solve the system — = — = ——— • 

y -x 2x-3y 

The eauation — = ^ or xdx + ydy = 0 is integrable and we obtain x 2 + y 2 = Ci. 
y -x 

Using 1=3, »i = 2, n = 1. we find 3(y) + 2(-*) + (2x-3y) = 0. Hence, 3 dx + 2dy + dz = 0 and 
3x + 2y + z = C 2 . 


26 . Solve the system 


dx 

4y-3z 


d y 

4 * - 2 z 


dz 

2y-3x 


We seek multipliers Z,m,n such that A) Z(4y-3z) + m(4x-2z) + n(2y-3x) = 0. 

Rearranging A) in the form (4m - 3n)x + (4Z + 2n)y + (-3Z - 2m)z = 0, we see that it will be 
satisfied when 4m -3n = 0, 4Z + 2n = 0, -3Z - 2m = 0 or Z : m : n = 2 : -3 : -4. Then 

2dx - 3 dy - 4cfz = 0 and 2x-3y-4z=Ci. 

Using the arrangement 4( Zy+mx) + 3(-Zz-nx) +2(ny-mz) = 0 and setting ly + mx = 0, 
-Zz ~nx = 0, ny-mz = 0, we obtain Z : m : n = x : -y : -z. Then 

xdx ~ y dy - zdz = 0 and x 2 -y 2 - z 2 = C 2 . 


27- Solve the system —— = — U &— = —— . 

(q-r)yz (r -p)xz (p-q)xy 

Consider l(q-r)yz + m(r-p)xz + n(p-q)xy = 0. 

Prom q(lyz - nxy ) + r(mxz - Zyz) + p(nxy-mxz) = 0 we obtain Z : m : n = x : y : z. Then 

pxdx + qy dy + rzdz =0 and px 2 + qy 2 + rz 2 = C*. 

Prom z(lqy -mpx) + y(npx - Irz) + x(mrz -nqy) = 0 we obtain l : m : n = px : qy : rz. Then 

p 2 xdx + q 2 y dy + r 2 zdz = 0 and p 2 x 2 + q 2 y 2 + r 2 z 2 = C 2 . 


28 . Solve the system 


dx 
2 2 

x+y -yz 


2 

-x 


dy 

-y 2 +xz 


dz 

(x-y)z 


Using Z = m = 1, n=-l, we obtain (x 2 + y 2 -yz) + <-■ x 2 -y 2 + xz ) - (*-y)z = 0. 

dx + dy - dz = 0 and x + y - z = C±. 

Using Z=xz, m = yz, n = -(x 2 + y 2 ), we find 

xz(x 2 + y 2 - yz) + yz(-x 2 - y 2 + xz) - (* 2 + y 2 ) (* -y)z = 0. 


Then 

and 

or 


2 2 1 x dx + ydy dz 

xz dx + yzdy - (x + y )dz = 0 or-= 0 

x 2 + y 2 2 


ln(x 2 + y 2 ) - 2 In z = In C 2 

2 2 ~ 2 

x+y = C 2 z . 


Then 
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29* Solve the system — = — = 
2x 


dz 


4*y - 2z 


dx _ dy 


Prom — = — we have xy 2 = Ci. By inspection, 2y 4 (2*) + 2yz(-y)-y 2 (4*y 2 - 2z) 
2 x -y 2 

then 2y*dx + 2yz dy - y 2 cfe = 0 or 2etc - y T 2y 2 — = 0, and 2x —~ = C 2 . 

/ y 2 


= 0 ; 


30. Discuss geometrically the general solution of 


dx 


dy _ dz 


For convenience, let us assume that in solving the given system we have obtained a pair of 
integrable equations 

P±dx + Q x dy + R ± dz = 0 and P 2 dx + Q 2 c?y + R 2 dz = 0 

whose integrals are respectively 

g(x,y 9 z) = Ci and h(x 9 y 9 z) = C 2 . 

Through a general point (*o»yo* 2 o) of space there pass two surfaces (one of each of the 
above families) whose curve of intersection C 0 is the integral curve of the given system through 
the point. The tangent planes to the two surfaces at (x 09 y 0 ,z 0 ) are normal to the directions 
(Pi,Qi»Ri) and (P 2 ,Q 2 ,i? 2 ) evaluated at the point, and the line of intersection Lo of these 
planes is normal to the two directions. Let (X 9 Y, Z) be a set of direction numbers for Lq ; 
then 


Qi At 


fli Pi 


Pi Qi 




. z = X 


Q 2 


p 2 


P 2 q 2 


are proportional to P 9 Q,R (all evaluated at the point). 

Now L q is the tangent to C 0 at (*o*yo» 2 o)» since the tangent to a space curve at one of 
its points lies in the tangent plane at the point of any surface containing the curve. Hence, 

the integral curves of the system ^ = — consist of a doubly infinite system of curves 

P Q R 

characterized by the fact that at any point (x 09 y 09 z 0 ) the tangent to the curve through the 
point has (P 0 *Qo*Po) as direction numbers. 


31 . Show that the family of integral surfaces of 1 ) Pdx + Qdy + Rdz = 0 and the family of 

integral curves of 2) — = — - — are orthogonal. 

P Q R 

This follows from the fact that at any general point (x 09 y 0t z 0 ) the direction ( Po,Qo,Ro) 
is: a) normal to the integral surface of 1) through the point (see Problem 17) and 
b) the direction of the integral curve of 2) through the point (see Problem 30). 


32. Solve 1) ydx + xdy - (x + y + 2z)dz = 0 consistent with a) z = a, 6) x + y + 2z = 0, 
c) x + y = 0, d) xy = a. 

Equation 1) is not integrable. Prom each given surface we may obtain an integrable total 
differential equation. Our problem then is to solve this differential equation simultaneously 
with 1) using the particular solution of the former rather than the general solution as in 
/) of the introduction of this chapter. 

a) Here 2 = a, dz- 0. Substituting in 1), we obtain ydx + xdy = 0; then xy = C. 

Equations z = a, xy-C are said to constitute a solution of 1). 
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b ) Substituting x + y + 2z = 0 in 1), we obtain ydx + xdy = 0 and xy = C. 

The solution is xy = C, * + y + 2z = 0. 

2 2 

c) Here y = -x, dy = -c&. Substituting in 1), we obtain xdx + zdz = 0 and x + 2 = C. 

The solution is x 2 + z 2 = C, x + y = 0. 

d) Here xy = a, xcfy + ydx = 0. Equation 1) reduces to (x + y + 2z)dz = 0. 

Then, either x + 2y + 2z = 0 or dz- = 0 and 2 = C. 

xy = a, x+y + 2z =0 and z - C 9 xy = a constitute the solution. 


33* Discuss geometrically the problem of solving Pdx + Qdy + Rdz = 0 consistent with the given 
relation g(x,y,z) = 0. 

Prom the relation g(x,y,z) = 0, we obtain — dx + — dy + — c/z =0. 

Bx By Bz 

We solve the system Pdx + Qdy + Rdz =0, — ck + — dy + ^& dz = 0 using the particular 

Bx By Bz 

solution g(x,y,z) =0 of the latter. Let 

/(x,y,z) = C, g(x 9 y 9 z) = 0 

constitute the solution. The integral curves are those cut out on the surface g(x,y,z) = 0 
by the system of surfaces /(x,y,z) = C . Thus, Problem 32c may be stated as: Find all curves 
lying on the surface (plane) x+y = 0 which satisfy the differential equation 

y dx + xdy - (x +*y + 2 z)dz - 0. 

At a general point (x 0 iy 0 iZo) on the surface g(x,y,z) =0, the line of intersection L 0 of 
the tangent planes to g(x,y,z) = 0 and the surface of the system /(x,y,z) = C, through the point, 
is tangent to the curve of intersection of the two surfaces. Thus, we have found the family 
of curves on the given surface g(x,y,z) = 0 whose tangent at any point lies in the plane, through 
this point, determined by the differential equation, (See Problem 17.) 

For example, consider Problem 32c. On the prescribed surface x+y = 0, choose any point 

(a,-a,6). At this point, the tangent plane to x+y = 0 (here, the plane itself) is normal to 

the direction (1,1,0) and the tangent plane to the surface (of the family) x 2 + z 2 = a 2 + b 2 
is normal to the direction (a,o,6). A set of direction numbers for the line of intersection 
L of these planes [the tangent to the curve through (a,-a,6)] is (-6,6,a). 

Now the plane through (a,-a,b) determined by the given differential equation is normal to 

the direction [y,x,“(*+y + 2z)]( af _ a> = (-a,a,-26). Since (-6,6,a) and (-a,a,-26) are normal 

directions, the line L lies in the plane determined by the differential equation. 


34. Solve 1) 2 zdx+dy + ydz =0 consistent with 2) x+y+z = 0. 

From 2), y ^ -x-z and dy - -dx-dz. Substituting for y and dy in 1), we obtain 

3) (2z - l)dx - (x+z + 1 )dz = 0. 

The transformation z = z t + 1/2, x = x t -3/2 reduces 3) to 

4) 2z ± dxx - (x ± + z x )dz t =0, a homogeneous equation. 

The transformation x ± = uz ± reduces 4) to (u - l)dz± + 2z 1 du = 0 or + 2 - 0. 

z ± u -1 

Then In z± + 2 ln(u - 1) = In K 

Zi(u-l ) 2 = K . 

Replacing u by xjz± % x x by x +3/2 and z ± by z - 1/2, this becomes 

2 


or 
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SUPPLEMENTARY PROBLEMS 


Test for integrability and solve when possible. 

35. (y + 3z)dx + (x+2z)dy + (3* + 2 y)dz = 0 

36. (cos x + e X y)dx + (e % + e y z)dy + e y dz - 0 

37. dx + (x + z)dy + dz - 0 

38. z^dx + zdy - 2y dz =0 

39. x 2 dx - 2 dy - xy dz =0 

40. (x + z) 2 dy + y 2 (dx + dz) =0 

41. 2 x(y + z)dx + (2yz- x 2 + y 2 - z 2 )dy + (2yz -x 2 -y 2 + z 2 )dz = 0 

42. yz dx - 2xz dy + xy dz = 0 

2 2 2 

43. xdx+ydy+(x+y+z +1 )z dz = 0 

2 2 2 2 

44. z(x -yz-z )dx + xz(x + z)dy + x(z -x - xy)dz - 0 


Ans. xy + 2 yz + 3 xz = C 

e X y + e^z + sin x - C 

y + ln(x + z) = C 

xz + y = Cz 

Not integrable. 

y(x + z) = C(x+y + z) 

2 2 2 

X + y + z = C(y + z) 
y 2 = Cxz 

(* 2 + y 2 + z 2 )e^ 2 = C 
(x + y)/z + (y + z)/x = C 


Solve the following pairs of equations. 

45* dx + dy + (x+y)dz = 0 
z(dx + dy) + (x+y)dz = 0 

46. 2yz dx + x(z dy + y dz) =0 
y dx - x 2 z dy + y dz =0 

47. - dy _ dz 

323 

y z x z y 


48. 3 °k 4y = 

yz xz “ xy 


49. 

50. 

51. 

52. 

53. 


dx _ dy ^ _ dz _ 

1 1 (x + y) (1 + 2xy + 3x 2 y 2 ) 


dx 


2 2 2 
x -y -z 


dy = dz 
2xy 2xz 


dx 


dy 


dz 


3y - 2z z - 3x 2x-y 
dx dy 

4 U. 4 4 4 4 

*(2y -2 ) y(z - 2x ) z(x -y ) 


dz 


dx 


dy 


dz 


, 2 2 . .2 2 , 2 2 X 
x(z -y ) y(x - z ) z(y -x ) 


4n$. x + y = C ± e~ Z , x + y = CJz 
2 2 

* yz = Ci, *z+* + z=c 2 

- / = Cx. X 2 - Z 2 = C 2 

3* 2 - y 2 - C t , y 2 - z 2 = C 2 
x - y = C 1( z - xy + x 2 y 2 + x 3 y 3 + C 2 
2 2 2 

y = C ± z t x + y + z = C^z 
x + 2y + 3z = C lf x 2 + y 2 + z 2 = C 2 

2 ^ 4 4 4 „ 

xyz - Ci, x + y + z = C 2 

2 2 2 

xyz = Ci, x + y + z = C 2 



CHAPTER 23 


Applications of Total and Simultaneous Equations 


WHEN A MASS m moves in a plane subject to a force F, its acceleration continues to 
satisfy Newton's Second Law of Motion: mass x acceleration = force. 


To obtain the equations of motion, when rectangular coordinates are used, 
consider the components of the vectors force and acceleration along the axes. 
The components of acceleration a x and a y are given by 


d 2 x 


»y = — 
y dt 2 



COMPONENTS OP F IN RECTANGULAR AND POLAR COORDINATES. 


In polar coordinates, the corresponding equations are 


_ p(—) 2 } = F , 
dt 2 dt p 


f dp dd d 2 0. _ 


where F p and F e are the radial and transverse components of force, i.e., the 
components along the radius vector at P and a line perpendicular to it. 


SOLVED PROBLEMS 

-i 2 2 2 

1. Find the family of curves orthogonal to the surfaces x +2 y +4 z = C. 

Since x 2 + 2y 2 + 4z 2 = C is the primitive of the total differential equation 

xdx + 2y dy + 4 zdz =0, 

the differential equation of the family of orthogonal curves is 

dx _ dy dz 

x 2y 4 z 


(See Chapter 22, Problem 31.) 
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Solving — = — . we have y = Ax 2 . Solving — = — . we have z = By 2 , 
x 2y J 2y 4 z 

2 2 

The required family of curves has equations y = Ax , z = By • 


2. Show that there is no family of surfaces orthogonal to the system of curves 

x 2 - y 2 = ay, x + y = 62 . 

Differentiating the given equations and eliminating the constants, we have 

2 2 

2 x dx - 2ydy = * ■■■ " y dy, dx + dy = ^ dz. 

y z 


The first can be written as 


dx 


2 2 

x + y 


= Solving it for dx, dx - x dy, and substi- 

2 xy 2 xy 


2 2 . 

tuting in the second, we have (— —? ■ + l)dy = dz or —~— • 

2 xy z 2 xy (x+y)z 

Thus, the differential equations in symmetric form of the given family of curves are 

dx dy dz 


2 2 

x + y 


2 xy 


(x +y)z 


Since the equation (x 2 + y 2 )dx + 2xy dy + (x + y)z dz = 0 does not satisfy the condition of 
integrability, there is no family of surfaces cutting the curves orthogonally. 


The x-component of the acceleration of a particle of unit mass, moving in a plane, is equal to 
its ordinate and the y-component is equal to twice its abscissa. Find the equation of its 
path, given the initial conditions x=y= 0 , dx/dt = 2 , dy/dt = 4 when t= 0 . 

d 2 x d 2 

The equations of motion are —* = y, —- = 2x. 

dt 2 dt 2 

A ,2 

Differentiating the first twice and substituting from the second, —* = —- = 2x and 

dt 4 dt 2 

x = C x e at + C 2 e~°* + C 3 cos at + C 4 sin at, where a 4 = 2. 
d 2 x 

Then, y = —- = a 2 (C±e at + C 2 e~°* - C 3 cos at - C 4 sin at), 

dt 2 

^ = a(C x e at - C 2 e~°* - C 3 sin at + C 4 cos at), 


and 


“ = a 5 (C x e at - C 2 e~ at + C 3 sin at - C 4 cos at). 
dt 


Using the initial conditions: Ci+C 2 + C 3 = 0 , C^C^-Cs^O, -C 2 + C 4 = ~* C l -C 2 -C 4 =-i« 

a a^ 

2 2 

Then C t = - C 2 = 2-L?, c 8 = 0 . and C 4 = • 

2 a 5 a 5 


The parametric equations of the path are: 

X = i(2+ -i/2) ^2(6^* - e _y/5t ) - i(2-v^) >2 sin ✓St. 

v v 

y = £(2 + v^2) i/§(e * - e*) + £(2-/5) ✓& sin ✓St. 
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4. A particle of mass m is repelled from the origin 0 by a force varying inversely as the cube of 
the distance p from 0. If it starts at p=a, 0 = 0 with velocity v 0t perpendicular to the ini¬ 
tial line, find the equation of the path. 

,2 


The radial and transverse components of the repelling force are: F = — 


K mk 


Hence, 


,d 2 p _,cJ0.2v mk 2 

■Hr - ) = "T* 


dt‘ 


dt 


P P 3 


d 2 e. 


z _ dp d6 u v \ 

m (2 -T- -p + P — o) = 0 

dt dt dt 2 


F e = 0. 


or 


« £ - <> ! ■ $■ 


dt* 


dr9 dp dd 

2) P -J + 2 ± -r- = 0. 
dt 2 dt dt 


2 dd 


dd 


Integrating 2), p — = Ci. When t = 0, p - a and p= v 0 ; then C x = uv 0 and 

dt 


dt 


d6 _ 0Vq 

Tt - y 


dQ 

Substituting for — in 1) 
dt 


, If. = + — • Multiplying by 2^. 

P 3 P 3 * 


dt 2 


2 d P d jO = o g 2 ^o + fe 2 dp 


dt 


dt d 


= and 
dt 


dp 2 m _ a 2 Vo + fe 2 + c 
dt’ f 


dp 

When t = 0, p=a and ~- = 0; then C 2 = 
dt 


2 2 ,2 
a v + A 


and 


<^> 2 = (o 2 v| + fe 2 >(-4 - -4) = (° 2 vo + fe2 y° 


dt 


a 2 p 2 


a 2 p* 


ru ,d(9 s 2 a 2 u| ,dp s 2 (a 2 v 2 + k 2 )p 2 (p 2 - a 2 ) 
Dividing by (—) = --» (—) = - . - and 




dt 


dd 


Integrating, - arc sec - 
a a 


2 

a v 0 


* 2 
a v 0 


6 + Co 


p/r~r? 


JsJT? 

2 

a Vo 


<* 0 . 


When t = 0, p = a and 0=0; then C 3 = 0 and p 


/2 ,5 

/ a v 0 + k n 

= a sec--- 0 

av Q 


5 . A projectile of mass m is fired into the air with initial velocity vo at an angle 0 with the 
ground. Neglecting all forces except gravity and the resistance of the air, assumed propor¬ 
tional to the velocity, find the position of the projectile at time t. 


In its horizontal motion, the projectile is affected 
only by the x-component of the resistance. Hence, 


d 2 x ,, dx 
m - = —a — 

dt 2 dt 


1 ) * — 


-mk y 
dt 


or 


d 2 x 

dt 2 



In its vertical motion, the projectile is affected 
by gravity and by the y-component of the resistance. 
Hence, 


d 2 y , dy 

2 ) m—^ = - mg - mk 

dt 2 dt 


dt 2 


- k —. 
dt 
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Integrating 1), — = - kx + C x 

at 


a 1 - „ -kt 

and x = “ + C 2 e • 

fe 


Integrating 2 ), ^ - gt - fey + K t and y = - K ± + tf 2 e~ fet - g(i t--). 

fe fe 

Using the initial conditions x-y- 0, ^ = v Q cos 0, — = v Q sin 6 when t = 0: 

at dt 

C x - v Q cos 6> C 2 = - ^ v 0 cos 0; K ± = v 0 sin 0, K 2 = - - v Q sin 6 —— g. 

* fe fe 2 

1 _ bt 1 e —kt 

Thus, x = r (v 0 cos 0) (1 — e ), y = r {(f + v 0 sin 0)<1 - e ) - gt}. 

fe fe fe 


6 * Two masses, 04 and m 2 , are separated by a spring for which fe = fe 2 lb/ft 
and is attached to a support by a spring for which fe = k x lb/ft as in 
the figure. After the system is brought to rest, the masses are displaced 
a feet downward and released. Discuss their motion. 

Let positive direction be downward and let x ± and x 2 denote the dis¬ 
placement of the masses at time t from their respective positions at rest. 
The elongation of the upper spring is then x ± and that of the lower spring 
is x 2 -x x . The corresponding restoring forces in the springs are 
-fe x x x + fe 2 (* 2 -*i) acting on m ± 
and -fe 2 (x 2 -x 1 ) acting on m 2 . 

The equations of motion are 



d x 

m t -- = - k t x t + fe 2 (* 2 -*i) and 

dt 2 


M*2 -*l) 


2 2 
or 1 ) [ai x D + (fei+fe 2 )]*i - fe 2 * 2 = 0 and 2 ) (mj) + fe 2 )x 2 - fe 2 x x = 0. 

Operating on 1 ) with (« 2 D 2 +fe 2 ) and substituting from 2 ), 

22 2 22 2 

(bi^D +fe 2 )(«i D +fe 1 +fe 2 )x 1 - k 2 (m^D + fe 2 )x 2 = (m 2 Z) +fe 2 )(» 1 Z) +fe 1 +fe 2 )x 1 - fe 2 x t = 0 

or (D 4 + = 0 . 

* 2 l»i » 2 

Denoting the roots of the characteristic equation by ±ia , ±ifi, where 

a, / 3 2 = i -(^Lb + ± + ^)2 _ 4 Ms , 

W n x jr 2 h x jr 2 

C ie iot + C s e- iat + C 3 e ifit + and 

*2= -^-(*iD 2 + *1+ fe 2 )*i = fcl+fc ?-* 1 N c ie i ° t +C ae - iat ) + ^ + * 2 ~ ,> 1 ^ 2 (C 3 e W + C <e ~ i % 


= fi(Cie iat + C 2 e- iat ) + v(C 3 e i5t + C.«‘ i4t ). 


Using the initial 

conditions x t = x 2 = a. 

dx x 

dt 

dx 2 
" dT 

= 0 when t = 0 , 

■ c, . S<i— 1 ) 

2 v-p 

2 

_ a >1 - . 

2 «i a? -0 2 

and 

c 3 

_ c - a , 
' c ‘ " s; 


V 2 * * 
a -p 
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7* A uniform shaft carries three disks as in the ad¬ 
joining figure. The polar moment of inertia of the 
disk at either end is I, and that of the disk at 
the middle is 4I. The torsional stiffness constant 
of the shaft between two disks (the torque required 
to produce an angular displacement difference of 
one radian between successive disks) is fe. Find 
the motion of the disks if a torque 2T 0 sin cot is 
applied to the middle disk, assuming that at t = 0 
the disks are at rest and there is no twist in the 
shaft. 

At time t , let the angular displacement of the disk at either end be 6 X and that of the disk 
at the middle be 0 2 . The differences of the angular twists of the ends of the two pieces of 
shaft, from left to right, are d 2 ~d x and Q t r-d 2 . The restoring torques acting on the disks 
are k(d 2 -d x ) t k(6 x - d 2 ) - k(d 2 - 6 ± ) and -k(6 t -6 2 ) respectively. The net torque acting on a 
mass when rotating is equal to the product of the polar moment of inertia of the mass about 
the axis of rotation and its angular acceleration; hence the equation of motion of the middle 
disk is 

d 2 Q 

1 ) 41-—- = k(6 x -& 2 ) - k(6 2 ^6 1 ) + 2T 0 sincot or ( 2 ID + k)& 2 = k6 x + T 0 sino>t 

dt 2 

and that of either end disk is 

2 

2 ) J 1 A = kOi-di) or (J7) 2 + k)8 t = kd 2 . 

dt 2 

Operating on 2) with (2 ID 2 + k) and substituting from 1), 

( 2 ID 2 + k)(ID 2 +k)6 t = k(2ID 2 +k)Q 2 - k 2 6 X + T Q k sincot, or 

3) D 2 (21 2 D 2 + 3kl)6i = T 0 k sincot. 

The characteristic roots are 0, 0, ai, -ai, where a 2 = 3k/2l, and 



4) 


6 X = Ci + C 2 t + Qcosat + Qsinat + 


Cj + C 2 t + CgCos at + C 4 sin at + 


J i\2 


T 0 k sin cot 
Io 2 (2Ico - 3k) 


T 0 k 


.J 2, 2 2 X 

21 co (co - a ) 


sin cot . 


From 2), & 2 = (-Z) +1)0* and 

k 


5) d 2 = Ci + C 2 t + C 3 (l - ^ a 2 )cos at + C 4 (l - - a 2 )sin at + —^— Joco^l — 


k k 

From 4) and 5), we obtain by differentiation, 

T Q k 


or 2 2 . 2 2 
21 co (co - a ) 


dO 

4 r ) -—A = C 2 - C 3 a sin at + C 4 a cos at + 

dt * ,2 


cos cot , 


and 


21 co(co - a ) 


5 r ) = C 2 - C 3 a(l - i a 2 )sin at + C 4 a(l - - a 2 )cos at + ■ cos cot. 

dt k k or 2 2 2v 

21 co(co - a ) 

A£) AG 

Using the initial conditions Q x ~ do = 0 , —^ = —2 = o when t= 0 , we have C t + C 3 = 0 , 

dt dt 
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+ C3(l — — a ) = 0» C2 + C4OL + 


T 0 k , ~ r> /1 2v To k — To CO I 

= 0* 8,11(1 C2 + C 4 a(l — t* a )+ = 0* 

r 2 ./ 2 2 S k ot2./.2 ^2, 


Then Cj. = C 3 = 0, C 4 = - 


21 a>(a> -a ) 
TpCO 


21 o>(cd-a ) 


r - *0 

» L 2 — —— » 

2 _2 X 3 Ja> 


3la(a> - a ; 


2 3 3 

£ - + a sin cot a; sin at ^ _ To^t + a sin cot - a> sin at ^ and 

3^^ co 2 (co 2 -a 2 ) a(co 2 - a 2 ) 31^ aa>(a>-a 2 ) 

T 0 (a sino>t - o> sin at) 


#2 = 0i - 


2 la(co 2 - a 2 ) 


8* The fundamental equations of a transformer are 
di± ^ t di 2 


1) Af + L 2 ^2 + fi 2 i 2 =0, 2) Af ^ + L ± ^ + fl t i t = £(t), 

dt dt dt dt 


where ii(t) and i 2 (t) denote the currents, while M t L t , L 29 R Xf R* are constants. 
2 

Assuming M < L X L 2 , show that 


,2. 

-4) (LtLj-W 2 )^ + (B t L 2 + + fiiR 2 ti = fl 2 £(t) + UE'(t), 

dt 2 dt 




2 

B) (LiLs-Af 2 )^ + (RtLa + R 2 L t )^2 + = - Affi'(t). 

dt 2 " 


v cfi 2 


Solve the system when £(t) = E 0t a constant. 
Differentiating 1) and 2) with respect to t. 


3) U + L 2 ^ + fi 2 = 0. 4) M ^2 + L t 2_il + Bl 2ii = £'( t) . 


, 2 . 

a i 5 


, 2 . 


<iii R di t 


dt 


dt 


dt 


dt 


dt 


dt 


Multiplying 3) by M and 4) by L 2 , and subtracting. 


2 . 


(LiLs-A/ 2 )^* + BiL 2 - Affl 2 ^ = L 2 £'(t). 
dt 2 * dt dt 


di« 


Substituting for 5-^ from 2), we obtain A ). 
dt 

Multiplying 3) by L x and 4) by M , and subtracting, 


2 . 


(LaLa-Af 2 )^ + RsLiSi* _ = -UE'(t). 

d^ dt dt 


die 


di x 


Substituting for from 1), we obtain B), 
dt 


2 

ltien E(t) = E 0t equation A) is (LiL 2 -^ 2 )-—- + (^1^2+ ^2^1)3^ + R x R 2 i x = 


eft 


eft 


Let a, /3 = £ 


~(R x L 2 + R 2 L X ) i S(R x L 2 -flgLi) + 4 M R±R 


- denote the characteristic roots. 


LiLa - M 
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Then i± = C t e at + C 2 e^* + — • 

Ri 

To find i 2 , multiply 1) by M and 2) by L 2 , and subtract to obtain 

A/fl 2 i 2 = (LiL 2 -A/ )—+ L^R±i% — L 2 l?o» 
at 

Then i 2 = —+ + L fl ft 1 (C 1 e ttt +Cae^)]. 

MR? 

Note that since M 2 < Z^Lg, both a and are negative. Then after a time, the primary cur¬ 
rent becomes approximately constant = £ 0 /#i and the secondary current i 2 becomes negligible. 


A moving particle of mass m is attracted to a fixed point 0 by a central force which varies 
inversely as the square of the distance of the particle from 0. Show that the equation of its 
path is a conic having the fixed point as focus. 

Using polar coordinates with 0 as pole, the equations of motion are 


„ r d 2 p dd.z, K mk 2 

11 ■f'V 1 = ■ -7 


or 


= .*! 

dt 2 dt p 2 


2 ) 


ro dp d6 d 2 0 , . 

m t 2 £ 7T + P 3 = 0 


dt dt 


or 


dt 


dp dd d 2 e 

2 31 + p - = 0. 

dt dt H df 2 


_ d 2 d# , 2 dd n 

Prom 2 ), --(p —) = 0 and p - - = C t . 

at at dt 

. 1 . dd Ci ~ 2 dp dp dcr l da dd r da 

Let cr = - • Then — = — = C ± a , — = — — =--- =-C t — » and 

^ dt ^2 dt dcr dt cr 2 dd dt dd 


it 

dt 2 


2 2 

d , _ dcr „ da dd „2 2 d a „ ^ ... . . 

= — (-Ci - 5 )* = - C x -= -Cjp- -• Substituting m 1 ) and simplifying, we have 

dt dd ^2 dt dQ 2 


,2 »2 

■ d a k 

1 ) - + cr = —* a linear equation with constant coefficients. Solving, 

dd 2 c\ 


a = C 2 cos (d + C 3 ) + — 

cl 


or 


cl/k 2 


— + C 2 cos(£+ C 3 ) 

cl 


1 + 


cos(# + C 3 ) 


Writing C t /fe = Z, |C 2 C 2 /k 2 | = e* C 3 = a, this becomes p 


l 


1 ± e cos (0 + a) 


• the equa¬ 


tion of a conic having 0 as focus. 
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SUPPLEMENTARY PROBLEMS 

10- Find the family of curves orthogonal to the family of surfaces x 2 + y 2 + 2 2 = C. 

2 

Arts. y - Ax, z - By 

2 2 2 

11. Find the family of surfaces orthogonal to the family of curves y = C ± x, x + y + 2z = C 2 . 
Ans, z = C(x 2 + y 2 ) 

12. A particle of mass m is attracted to the origin 0 by a force varying directly as its distance 

from 0. If it starts at (a,0) with velocity v Q in a direction making an angle 0 with the hor¬ 

izontal, find the position at time t. 

. , A v 0 cos 0 . V 0 sin 0 , 

Ans. x - a cos kt + ~-sin fet, y = -- sm kt 

k k 

13. The currents t lf i 2 , i = i x + i 2 in a certain network satisfy the equations 

20 i + 0.1 ^ = 5, 4i + + 1000<Ji = 1. 

at 

Determine the currents subject to the initial conditions i = i ± = i 2 = 0 when t = 0. 

Hint: Use i t = —^ to obtain ---- + 240 5—+ 40,000*?! = 0. 

(it * 

Ans. i ± = - ie" 120 * sin 160t, i 2 = i(l - e“ 120t cos 160t) + -e 12 °^sinl60t 
4 4 o 

14. Initially tank I contains 100 gal of brine with 200 lb of salt, and tank II contains 50 gal 
of fresh water. Brine from tank I runs into tank II at 3 gal/min, and from tank II into tank 
I at 2 gal/min. If each tank is kept well stirred, how much salt will tank I contain after 
50 minutes? 

Hint: q x + <? 2 = 200, — = -. Ans. 68.75 lb 

dt 50+ t 100-t 



CHAPTER 24 


Numerical Approximations to Solutions 


IN MANY APPLICATIONS it is required to find the value y of y corresponding to x * 
x 0 +h from the particular solution of a given differential equation 

1) y' = f(x,y) 

satisfying the initial conditions y = y 0 when x = x 0 . Such problems have been 
solved by first finding the primitive 

2) y = F(x) + C 
of 1), then selecting the particular solution 

3) y = g(x) 

through (x 0 ,y 0 ), and finally computing the required value y = g(x D +h). 


When no method is available for finding the primitive, it is necessary to 
use some procedure for approximating the desired value. Integrating 1) between 
the limits x=x 0 ,y=y 0 and x =x,y = y, we obtain 


4) y = y 0 + 

The value of y when x=x 0 +h is then 



dx . 


r*v +h 

5) y = y 0 + I f(x,y)dx. 

J *o 

The methods of this chapter will consist of procedures for approximating 4) 
or 5). 


PICARD’S METHOD. For values of x near x=x 0 , the corresponding value of y - g(x) 
is near y 0 = g(x 0 ). Thus, a first approximation y t of y =g(x) is obtained by 
replacing y by y 0 in the right member of 4), that is, 


y i 


y 0 + 



A second approximation, y 2 , is then obtained by replacing y by y t in the right 
member of 4), that is, 


Ya = yo + 


r 

J *o 


f(x,y t )dx . 


Continuing this procedure, a succession of functions of x 


yo. yi, y 2 . y 3 . . 

is obtained, each giving a better approximation of the required solution than 
the preceding one. See Problems 1-2. 

Picard’s method is of considerable theoretical value. In general, it is 
unsatisfactory as a practical means of approximation because of difficulties 
which arise in performing the necessary integrations. 
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TAYLOR SERIES. The Taylor expansion of y = g(x) near (x 0 ,y 0 ) is 

6) y = g(x 0 ) + (x-x 0 ) g'(x 0 ) + hx-x 0 ) 2 g"(x 0 ) + i(x-x 0 ) 5 g w (x 0 ) + 

Z D 


Prom 1), y' = g 1 (x) = Z(x,y); hence, by repeated differentiation, 

y" = g"(x) = ^ 

* * K ’ Bx By dx Bx By 


7) 


y"' = g‘"(x) = —(— + /M) = (_L + /—)(— + Z—) 
ck Bx By Bx By^Bx By 


££ + 2£ H + a/J!i + z ( ^> 2 + 

Bx 2 Bx By BxBy By 3y 2 


etc. 


B/ B/ B 2 / B 2 Z 

For convenience, write p = —. g = —. r = -, s = ——, 


Bx 


By 


z = 


Bx 


BxBy 


B Z 

By 2 


and 


let Zo.Po.9o»••* denote the values of Z,p,g,••• at (x 0 ,y 0 ). Substituting in 
6) the results of 7) and evaluating for x=x 0 +h, we obtain 


1 1 _ 2 , 


8) y = y 0 + *-Z 0 + |/J z (p 0 + Z 0 .g o ) + |h 3 (r 0 + p 0 - g 0 + 2Z 0 • s 0 + Z 0 -g 2 + Z 2 * Z Q ) 


This series may be used to compute y; it is evident, however, that addi¬ 
tional terms will be increasingly complex. See Problems 3-4. 


FIRST DERIVATIVE METHOD. A procedure involving only first derivatives, that is, 
using only the first two terms of Taylor series, follows. 



As a first approximation of y, take the first two terms of 8) 

y ^ y 0 + hf(x 0 ,y 0 ). 

To interpret this approximation geometrically, let PQ be the integral curve 
of 1) through P(x 0 ,y Q ) and let Q be the point on the curve corresponding to 
x = x 0 +h. Then y = MQ = y 0 +k. If 6 is the angle of inclination of the tangent 
at' P, then from 1) tan 6 = Z(x 0 ,y o ) and the approximation 
y Q + h f(x Q , y 0 ) = LP + h tan d = MN + NA = HA. 
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To obtain a better approximation, let the interval LM of width h be divided 
into n subintervals of widths h lt h s , •••./i„. (In the figure, n - 3.) Let the 
line x = x Q +h l meet PA in R(x 0 +h 1 ,y 0 +/t 1 ) = (x 1 ,y 1 ). Then 

y± = y 0 + k i = yo + hif(xo.yo)- 

Let RS be the integral curve of 1) through R, and on its tangent at R take T 
having coordinates (x^h 3 , yi+/c 2 ) = (x 2 ,y 2 ). Then 

y 2 = y± + k 2 = y t + = y* + h i f(x 0 +h 1 , yo+ht/o). 

After a sufficient number of repetitions, we reach finally an approximation 
MC of MQ. It is clear from the figure that the accuracy will increase as the 
number of subintervals is increased in such a manner that the widths of the 
subintervals decrease. See Problems 5-6. 


RUNGE’S METHOD. Prom 5) and 8) we obtain 

r x o +h 

9 ) k = y-y 0 = I f(x,y)dx 

Jx o 

= h f 0 + i* 2 (pb + f 0 q 0 ) + | h 5 ( r o + Po9o + 2 f 0 s 0 + f 0 ql + /* t 0 ) + 
2 b 


Assume for the moment that the values y 0 ,yi.y 2 of y = g(x) corresponding to 
x 0 , x t = x 0 + %h, x$ — Xq + h are known. Then by Simpson’s Rule, 

rXo* h , 

10) k = I f(x,y)dx % — [f(x Q y 0 ) + 4/(x 0 +£/i, y t ) + /(x 0 +h, y 2 )]. 

j Xq 6 

Actually, only y 0 is known. Runge’s Method is based on certain approxima¬ 
tions of and y 2 , 

Yi % y 0 + 2hf(x o ,y 0 ) = y 0 + k hf o> 

y 2 % y 0 + hf(x 0 +h, y 0 +hf 0 ), 

chosen so that when k, found by 10), is expanded as a power series in h the 
first three terms coincide with those of the right member of 9). Thus 10) be¬ 
comes 

11) k % ^{/ 0 + 4/(x 0 + jh, y 0 + 5 / 1 / 0 ) + ^[ x o+*. y 0 +/j/(x 0 +/j, y 0 +/j/ 0 )]>* 

D 

These calculations are best made as follows: 
k 1 = hf Q , /c 2 = hfixo+h^o+ki) , k 3 = hf(x 0 +h t y 0 +/c 2 ) , k A - hf(x o + ^h t y 0 +^k 1 ) t 


k % ^(k ± + 4/c 4 + k 3 ) . 
o 

Note. Since the approximation of k obtained here differs from the value as 
given by 8) in the terms containing powers of h greater than 3, the approxi¬ 
mation may be poor if f 0 >1. See Problems 7-11. 

KUTTA-SIMPSON METHOD. Various modifications of the Runge Method have been made by 
Kutta. One of these, known as Kutta's Simpson’s Rule uses the following cal¬ 
culations: 

k 1 =hf 0t k 2 =hf(x 0 +±h,y 0 + ±k 1 ), k 3 = hf(x 0 +±h, y 0 + 5* 2 ), k A = hf(x 0 +h,y 0 +k 3 ) , 

k % i(/c t + 2* 2 + 2* 3 +* 4 ). See Problem 12. 

6 
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SIMULTANEOUS FIRST ORDER DIFFERENTIAL EQUATIONS. Approximations to that solution 
of the simultaneous differential equations 

^=f(x,y,z), ^.=g( x ,y,z) 

for which y=y 0 and z = z 0 when x=x 0 , may be obtained by the use of Picard’s 
Method, Taylor Series, Runge’s Method, or Kutta-Simpson Method. The necessary 
modifications of the formulas given above are made in Solved Problems 13-14. 
Further extensions to three or more simultaneous first order equations may be 
readily made. 


DIFFERENTIAL EQUATIONS OF ORDER n. The differential equation 

^~ = f(x,y,y',y", ..y”" 1 ) 

dx 

2 

where y' = y" = —may be reduced to the system of simultaneous 

“ dx 2 

first order equations 

S = yi> dT = ya ’ . dT^ = . >yn. i>. 

When initial conditions x =x 0 , y = y 0 , y = ( yi ) 0 , y"=(y s ) 0 ,...., y n - 1 = (y n . l ) 0 
are given, the methods of the preceding paragraph apply. 

EXAMPLE. The second order differential equation + 2 x^ - 4y = 0 is equiva- 


dx 


dx 


lent to the system of simultaneous first order differential equations 

Tp = z 9 — = 4y - 2xz. 
dx dx 


See Problems 15-16. 


SOLVED PROBLEMS 

1. Use Picard's Method to approximate y when x= 0.2, given that y = 1 when x = 0. and dy/dx = x-y. 



Here f{x 

f.y) = x-y, x 0 

II 

£ 

o 

II 

: 1. Then 



y± 

= yo + 

jT / (x,y 0 )dx 

= 1 + 


1 2 , 

= -X - X + 
2 

1, 

y 2 

= yo + 

f Q fix.y^dx 

= 1 + 

r* i 2 

£ ( ~2 X + 2x ~ 1 '> dx = - 

1 3 2 

6* + x - x + U 

>3 

= yo + 

£ f(x,y 2 )dx 

= 1 + 

r* i 3 2 

JL ~ x 

+ 2x - l)dx = 

1 1 3 2 
- X-X + X - 



**0 


•'o 6 

24 3 


= yo + 

£ f(x,y a )dx 

= 1 + 

f* 1 * 

/ (- x + 

-x 5 - x 2 + 2x - 

5 * 

n , * x 

1 )dx - -+- 



0 


*'0 24 

3 

120 12 

V c 

i 

6 15 1 

4 1 

3 2 



J 6 

720 

60 * + 12 

3 

+ x — x + 

1. .. 



When x= 0.2, y Q = 1, y t = 0.82, y 2 = 0.83867, y 3 =0.83740, y A = 0.83746, y e = 0.83746. 
Thus, to five decimal places, y = 0.83746. 
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Note . The primitive of the given differential equation is y = x-1 + Ce“*. The particular 
solution satisfying the initial conditions x=0,y = l is y = x -1 + 2e . Replacing e by its 

- 2 — + — + • x ** — x^ + —— x^ + ..• •. Upon 


MacLaurin series, we have y 


12 


60 360 


comparing this with the successive approximations obtained above, it seems reasonable to sup¬ 
pose that the sequence of approximations given by Picard's Method tends to the exact solution 
as a limit. 

2 . Use Picard's Method to approximate the value of y when x = 0.1, given that y = 1 when x =0, and 
dy/dx = 3x + y 2 . 

Here /(x,y) = 3x+y 2 , x 0 = 0, y 0 = 1. Then 


yi 

= yo + 

f (3* + yo)dx = 
J o 

i + f 
J 0 

(3x+ l)dx = 

3 2 
- X 

2 

+ X + 1, 




y* 

= y 0 + 

r x 2 

J 0 (3x + yi)dx = 

i + f 

J o 

> Q 11 X 2 

(-x + 3x + 4x + 5x h 
4 

h l)dx = 

9 5 

- X 

20 

3 4 

+ -X 4 

4 

4 3 5 2 

-x 4- -X 

3 2 

y 3 

_ 1 X 

C*, 81 10 27 9 

1 f _ V X V X 

141 « 

. - x 

17 7 1157 6 

x r 

136 5 

+ —X 

125 

+ - X H 

23 3 

P — x 

* 2 
+ 6x H 

h 5x + 1) c£x 

— It 

1C X T X T 

J ° 400 40 

80 

4 180 

15 

12 

3 


81 

11 27 10 47 

* + - x + —. 

9 17 

x + —J 

8 1157 7 ^ 

*§x 6 + 


23 * 

- X 

+ 2* 5 

5 2 

+ -X 4- X 


4400 

400 240 

32 

1260 

45 

12 

12 


2 


When x - \ 

o.i. yo = i. yi = 

1.115, 

y 2 = 1.1264, 

y 3 = l 

12721. 





3* If ^ = x-y, use the Taylor Series Method to approximate y when: 
dx 

a) x = 0 . 2 , given that y = 1 when x - 0 . 

b) x - 1. 6 , given that y = 0.4 when x = 1. 


a) Here y = g(x), g(*o) = 1. 

y' = g'(*) = *-y. g'(*o) = -L 

y" = g"(*) = i-y\ g"(*o) = 2 , 


y'" = g"'(*) = -y". g(*o) = -2, 

y lv = g lv (*) = g lv (* 0 ) = 2, 

y = g V (*) = -y lv » g V (*o) = -2, etc., 


and equation 6 ) becomes y = l-x + x 2 -ix 5 + -^x l *-^x 5 +.* Then 

y = 1 - 0.2 + 0.04 - “(0.008) + —(0.0016) - —(0.00032) + ••• ^ 0.83746. (See Problem 1.) 
3 12 60 


6 ) Here g(x 0 ) = 0.4, g r (x 0 ) = 0 . 6 , g"(x 0 ) - 0.4, g"(x 0 ) = -0.4, g 1 V (*o) = 0.4, etc., 

and equation 6 ) becomes 


, • 0.4* 0.6/,. 0.4 £-0.4 £.0.4 £-0.4 ^.<1.4 ± 5 . 


where h = x-x 0 . 


When x = 1. 6 , h = 0.6 and 

y = 0.4 + 0.6(0. 6 ) + 0.4(0.18) - 0.4(0.036) + 0.4(0.0054) - 0.4(0.000648) + 0.4(0.0000648) 

+ . 


0.81953, 
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~r~ ~ 3* + y 2 , use the Taylor Series Method to approximate y when: 






a) x = 0 . 1 , 

given that y = 1 

. 

o 

ii 

H 

a 

1 









6 ) x = 1.1, 

given that y = 1 . 

, 2 when x = ] 

L. 




a) 

Here 

(*o.yo) = 

( 0 . 

1 ). g(*o) = 1 , 










y' 

= 

g'(x) = 3x+y 2 

» 


g'(*o) 


i. 





y" 

= 

g"(x) = 3 + 2yy 

. / 

, 


g''(*o) 

= 

5, 





yUf 

= 

g"'(x) = 2 (y ') 2 

+ 2 yy", 


g"'(* 0 > 

= 

12 , 





y lv 

= 

g iV (x) = 6 y 'y " h 

- 2 yy'", 


g IV (*o) 

= 

54, 





y v 

= 

g v (*) = 6 (y ") 2 

+ 8 y'y"' + 2 yy lv , 


g V (*o) 

= 

354, 

and 6 ) 

becomes 

y 

= 1 + 

x + lx 2 + 
2 

2* 5 

9 h 177 5 

+ -X + -x’ + 

4 60 


When x = 0. 

i. 




y 

= 1 + 

0.1 + 0.025 + 

0.002 + 0.00022 

+ 0.00003 + •••• 

• • 

% 1.12725. 

(See Problem 

2 .) 

b) 

Here 

(*o.yo) = 

( 1 . 

1.2), g(x 0 ) = 1 . 

2. g'(*o) = 4.44. 

g"(*o) 

= 13.656, 

g"'(*o) = 

72. 202, 

g (*o) * 

= 537.078, 

V 

e 

(Xq) = 4973, •••• 


becomes 





y 

= 1.2 

+ 4.446 h 

h 2 h? 

y 13.656 — + 72.202 — + 537.078 

6 " 

+ 4973 

6 ’ 

+ • • • 







2 

6 

24 

120 




where h - 

= x — x Q . When 

x = 1.1, h = 0.1 

and 








y = 1.2 + 0.1(4.44) + 0.01(6.828) + 0.001(12.03) + 0.0001(22.4) + 0.00001(41) +••• % 1.7270. 


5* Use the First Derivative Method, with n = 4, to approximate y when * = 1.1, given that y = 1.2 

when x = 1 and dy/dx = 3x + y 2 . See Problem 46. 

Here 6 =0.1 and we take 6 t = 6 2 = 6 3 = 6 4 = 0.025. We seek y 0 + k t + 6 2 + k a + 6 4 = y 3 + k 4 . 


(*o.yo) 


*>) (*i.yi) 


c) (* 2 .y 2 ) 

d) (* a ,y a ) 


(1,1.2), 6 t = 0.025, /(x 0 ,y 0 ) = 4.44, = 6 i/(* 0 ,yo) = 0.111; 

yi = yo + 6 * = i.3ii. 

(1.025,1.311), 6 2 = 0.025, f(x t ,y t ) = 4.7937, 6 2 = h^fix^.y^) = 0.1198; 

ys = y t + *2 = 1.4308. 

(1.05,1.4308), 6 S = 0.025, /(x 2 ,y 2 ) = 5.1972, 6 a = 63 /(x 2 ,y 2 ) = 0.1299; 

ys = y 2 + 6 a = 1.5607. 

(1.075,1.5607), 6 * = 0.025, /(x 3 ,y 3 ) = 5.6608, fe 4 = 6 */(x a ,y a ) = 0.1415; 

y % y a + k 4 = 1.7022. 


6 . Use the First Derivative Method, with n = 4, to approximate y when x = 1.4, given that y =0.2 

when x = 1 and — = (x 2 + 2 y)\ 
dx 

Here 6 = 0.4 and we take h 1 = h a = h g = h 4 = 0 . 1 . 

“) (*o.yo) = (1.0.2), h t = 0.1, /(*o,y 0 ) = v'TTJ = 1.183, k t = ^/(xo.yo) = 0.1183; 

yi = y 0 + *1 = 0.3183. 

b ) (*i.yi) = (1.1,0.3183), 62 = o.l, /(*i>yi) = 1.359, 6 2 = h^fiXx.yt,) = 0.1359; 

y s = yi + fc 2 *= 0 . 4542 . 

63 = 0.1, /(x 2 ,y 2 ) = 1.532, 63 = 6 a/(x 2 ,y 2 ) = 0.1532; 

ys = y a + *3 = 0.6074. 


C) (* 2 .y 2 > = (1.2,0.4542), 
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d) ( x a ,y a ) = (1.3,0.6074), 6 4 = 0.1, /(* 3 ,y 3 ) = 1.704, fe 4 = 6 4 /(* 8 ,y 3 ) = 0.1704; 

y % y 3 + k A = 0,7778. 

7 . Use Runge’s Method to approximate y when * = 1.6, given that y = 0.4 when * = 1 and dy/dx = * -y. 
(See Problem 36.) 

Here (*o.y 0 ) = (L 0.4), 6 = 0.6, fo = 1-0.4 = 0.6. Then 

fej. = hf 0 = 0.36, 

fe 2 = /i/(*q+/i, y 0 +*i) = 0.6[(l + 0.6)-(0.4 + 0.36)] = 0.504, 
k a = 6/(* 0 +6, y 0 +fe 2 ) = 0 . 6 [(l + 0.6) -(0.4 + 0.504)] - 0.4176, 
fe 4 = hf(Xo+^h, y 0 +?k t ) = 0.6[(l + 0.3)-(0.4 + 0.18)] = 0.432, 

k % -(fe 1 +4fe 4 +fe 3 ) = -[0.36+ 4(0.432)+ 0.4176]= 0.4176, and y = y 0 + fe % 0.8176. 

6 6 

The difference between this approximation and that found in Problem 36 arises from the fact 
that 6=0.6. In finding the value of y when * = 1.1, (that is, 6 = 0.1), the Taylor series gives 

y = 0.4 + 0.6(0.1) + 0.4(0.005) - 0.4(0.00017) + 0.4(0.000004) -.. % 0.46193, 

while by Runge’s Method 

= 0.1(0.6) = 0.06, 6 2 = 0.1(1.1-0.46) = 0.064, k 3 = 0.1(1.1-0.464) = 0.0636, 

k A = 0.1(1.05-0.43) = 0.062, k % |(6i + 4fe 4 + k 3 ) = 0.06193, and y % 0.46193. 

6 

2 

8. Use Runge’s Method to approximate y when x - 0* 1, given that y = 1 when x = 0 and dy/dx = Zx+ y . 

Here ( x 0t y 0 ) = (0,1), h = 0.1, fo * 1. Then 

^ i = h fo ~ 0.1, 

k 2 = 6/(*o+6, y 0 +^i) = 0.l{3(0 + 0.1) + (1+0.1) 2 * * * 6 ] = 0.151, 

fe 3 = hf(xo+h, y 0 +k t ) = 0. l[3(0 + 0.1) + (1 + 0.151) 2 ] = 0.16248, 

6 4 = 6 /(*o+ 56 , yo+^fei) = 0.l[3(0 +0.05) + (1+ 0.05) 2 ] = 0.12525, 

k % i(6 l +46 4 +fe 3 ) = -[0. 1 + 4(0.12525) + 0.16248] = 0. 12725, and y = y Q + fe % 1.12725. 

6 6 

(See Problems 2 and 4a.) 

2 

9. Use Runge’s Method to approximate y when x - 1.1, given that y = l. 2 when x = l and dy/dx = 3 x + y . 

Here (x 0 ,yo) = (1* 1.2), /i = 0.1, / 0 = 4.44. Then 

= hfo = 0.444, 

6 2 = 6 /(* 0 + 6 , y 0 +fe t ) = 0 .l[ 3 (l + 0.1) + (1.2 + 0.444) 2 ] = 0.600274. 

63 = 6 /(* 0 + 6 , y 0 + 6 2 ) = 0 .1 [3(1+ 0.1) + (1.2 + 0.60027) 2 ] = 0.654097, 

64 = hf(Xo+?h, yo+i^i.) = 0 . l[3(l+ 0.05) + (1. 2+0.222 ) 2 ] = 0.517208, 

6 % -(fe 1 +46 4 + fe 3 ) = -[0.444 + 4(0.517208) + 0.654097] = 0.527822, and 

6 6 

y = yo + k % 1.727822. 

Comparing this result with that obtained in Problem 46, it is to be noted that the approx¬ 
imation is better than might have been expected in view of the value f 0 = 4.44. 
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10 . 


Use Bunge's Method 
satisfying y = 0,41 


to approximate y when x = 0.8 for that particular solution of dy/dx = 
when x- 0.4. 


Here (* 0 ,y 0 ) = (0.4, 0.41), h = 0.4. f Q = vCs! = 0.9. Then 
k x = hfo = 0.36, 

= hf(x 0 +h, y 0 +k ± ) = 0.4/1.57 = 0.50120, 
k 3 - hf(x Q +h, y Q +k 2 ) = 0.4/1.7112 = 0.52325, 

= hf(xo+±h 9 y Q +±k ± ) = 0.4/T. 19 = 0.43635, 

k ^ ~(k ± + 4fc 4 + k 3 ) = 0.43811, and y = y Q + fe ^ 0.84811. 


11. Solve Problem 10. first approximating y when * =0.6 and then, using this pair of values as 
(*o»yo)» approximate the required value of y. 

First, (x 0 ,y 0 ) = (0.4, 0.41), h = 0.2, f Q = /0.81 = 0.9. Then 

k i = hfo = o.ia. 

k t = hf(xo+h, y Q +k i) = 0.2/1719 = 0.21817, 
k 3 = hfixo+h, y 0 +* 2 ) = 0.2/1.22817 = 0 . 22165 . 

k * = hf(Xo+?h, yo+ifet) = 0.2, 

k % g(^i + 4*4 + * 3 ) = 0.200 28, and y = y 0 + k 0.61028. 

Next, take (x 0 ,y 0 ) = (0.6, 0.61028), h = 0.2. Then f Q = /I7 21028 = 1.1001, 

= fc/o = 0.22002, 

*2 = hf(xo+h, y 0 +*i) = 0.2/1.63030 = 0.25537, 

= hf(Xo+h, y 0 +* 2 ) = 0.2/1766565 = 0.25812, 

*4 = */(*o+£h. yo+i*i) = 0.2/1.42029 = 0.23836, 


* % -(*! + 4*4 + * 3 ) 

o 


0.23860, and y = y 0 + * 


0.84888. 


12. Solve Problem 10, using the Kutta-Simpson Method. 

Here (*o,y 0 ) = (0.4, 0.41), h = 0 . 4 , / 0 =/OT = 0 . 9 . Then 

k i = hfo = 0.36, 

k a = hf(*o+hh. y 0 +i*i) = 0.4/1.19 = 0.43635, 

= ^/(*o+£*. y 0 +i* 2 > = 0.4/1.22817 = 0.44329, 

*4 = hf(xo+h, y 0 +* 3 ) = 0.4/1.65329 = 0.51432, 

* % -(* t + 2* 2 + 2*3 + * 4 ) = 0.43893, and y = y 0 + * % 0.84893. 


IB. 


Use Picard’s Method to approximate y and z corresponding to * = 0.1 for that particular solu- 
tion of 

= f(x.y.z) = *+z, ^ = g(*,y,z) = *-y 2 

satisfying y = 2. z = 1 when * = 0. 
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For the first approximations, 

y t = yo + f 0 /(*.y 0 .zo)^ 

Zi = z 0 + f X g(x,y 0 .2o)dx 
J o 

For the second approximations, 

J rX 

„ /(*.yi.*i)<& 

0 

rX 

Z 2 = Zo + J g(*.yi.2l)<& 


J »3C i 2 

(l+x)ctc = 2 + x + £x , 

o 

r X , 2 

1+/ (-4 + *)ck = 1 - 4x + i* 

Jo 


= 2 + j£\l-3*+i* 2 )c(* = 2 + x ~l x2+ l x5 ‘ 

= 1+ f (-4-3*-3* 2 -* 5 -bc'*)dx 

Jq 


3 2 3 1 4 1 5 

-S-- x 


For the third approximations, 

f 

Jo 


y 3 = y 0 + X /<*• ya- 2 !^ = 2 + J 0 (1 ” 


3* - 

2 


3 2 . 3 1 J> 


*' - r - ^ 


= 2 + x 


32 I 5 1 4 1 5 1 6 

+ * - -x - -* 5 - “T* - “ TZZ X • 


20 


120 


pX pX 9 7 3 31 4 1 $ 1 6 v 1 

23 = *o + J 0 g(x,y i9 z z )dx = 1 + J 0 <“ 4 “ 3* + 5* + -x - —* + -* - —x ) 


3 2 5 3 7 ^ 31 5 1 6 1 7 

*3* *B’ "SB 252 ’ 


and so on. 


When * = 0.1: yi = 2.105 z 2 = 0.605 

y 2 = 2.08517 z 2 = 0.58397 

y 3 = 2.08447 z 3 = 0.58672. 


14. Use Runge's Method to approximate y and z when * = 0.3 for that particular solution of the 

system ^ = * + VI = f(x,y.z), = y - /z = g(*.y.*) satisfying y = 0.5. z = 0 when * = 0.2. 

dx ax 

Here (*o,yo.*o) = (0.2, 0.5,0), h - 0.1, fo = 0.2, go = 0.5. Then 

= hf 0 — 0.02, 

it = i»go = 0.05, 

fe 2 = hf(xo+h, yo+fet. zo+li) = 0.1(0.3 + v^07O5*) = 0.05236. 

is = hg(xo+h, yo+ki, zo+h) = 0.1(0.52 - v^05 ) = 0.02964. 

k 3 = hf(xo+h, y 0 +fe 2 . zo+la) = 0.1(0.3+ ✓0.02964 ) = 0.047216. 

1 3 = hg(xo+h, y 0 +fea. Zo+Ia) = 0.1(0.52 - ✓0.02964 ) = 0.034784. 

k A = h/(*b+±h, y 0 +ifei. zo+ils) = 0.1(0.25 + ✓0.025 ) = 0.040811, 

1 4 = hg(xo+±h, yo+i^i. Zo+£Ii) = 0.1(0.51 - /0.025 ) = 0.035189, 

k % i(fe t + 4fe* + k 3 ) = 0.03841. I % ^(Ii + 41* + I 3 ) = 0.03759. 

6 ® 


and 


y = y 0 + k 


0.53841, 


Z = Zrs + l 


0.03759. 


15. Use the Taylor Series Method to approximate the value of 8 corresponding to t = 0.05 for that 

d 2 8 d0 

particular solution of —- = - 8 sin# satisfying 8 = 7T/4, - 1 when t = 0. 


dt* 
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The given differential equation is equivalent to the system 

^ = 0 = f(t.6.4>). = “ 8 sin 6 = g (t,8,<j>) 

at dt 


with initial conditions t=0, 0 = 77/4, <£=1. Then 

d6 

^=*'=0 61 = 1 <t>' = - 8 sin 6 0 O ' = - 402 

0"«0' 0 O " = - 4/2 0" = - 8 6'cos 9 # = - 4/2 

0 " = 0” = -4/2 0'" = 8(5') 2 sin0 - S& n cosd 

$ iy = 0'" 0 o lv = 4/2 +32 0"' = 4/2(1 + 4/2) 

2 3 4 

and 0 = 77/4 + t - 4/2 - -4/2 — + 4(8+/2) — + . = 0.82821. 

2 6 24 


16. Use the Kutta-Simpson Method to approximate y corresponding to *=0.1 for that particular so¬ 
lution of + 2x& - 4y = 0 satisfying y =0.2, — = 0.5 when * =0. 
dx 2 <*x dx 

The given equation with initial conditions is equivalent to the system 

^ = z = f(x,y,z), ^ = 4y - 2xz = g(x,y,z) 

with initial conditions x = 0, y = 0.2, z = 0.5. 

(^o.lo.^o) = (0. 0.2.0.5), h — 0.1. 0q = 0.5, go ~ 0.8. Then 

*1 — hf 0 = 0.05, 
lx = hgo = 0.08, 

*2 = hf(.Xo+±h, y 0 +£*i, 2 o+iIi) = 0.1(0.54) = 0.054, 

4 = /»g(*o+£h, y 0 +±* lt zb+iii) = 0.1(0.846) = 0.0846, 

^3 = h/(x 0 +i*, yo+^2. ^o+i^) = 0.1(0.5423) = 0.05423, 

is = hg(Xo+th, y 0 +£*2. 2o+iI 2 ) = 0. 1(0.85377) = 0.085377, 

*+ = hf(xo+h , y 0 +* 3 . zo+la) = 0.1(0.585377) = 0.0585377, 

fe % i(fei + 2* 2 + 2* 3 + * 4 ) = 0.0541663, and y = y 0 + * ^ 0.25417. 

6 
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SUPPLEMENTARY PROBLEMS 

17- Approximate y when x - 0.2 if dy/dx = x+y 2 and y=l when *=0, using a) Picard’s method, 
b) Taylor series, and c) the First Derivative method with n = 4. 

Ans. a) y t = 1.22, y 2 = 1.2657, y 3 = 1.2727; b) 1.2735; c) 1.2503 

2 

18. Approximate y when * = 0.1 if dy/dx = x-y and y = 1 when x = 0, using a) Picard's method, 
b) Taylor series, and c) the First Derivative method with n = 4. 

Ans. a) y t = 0.905, y 2 = 0.9143, y 3 = 0.9138; b) 0.9138; c) 0.9107 

19. Use Runge's method to approximate y when * = 0.025 if dy/dx = x + y and y= 1 when x = 0. 

Ans. 1.0256 

20. Use Runge's method to approximate y when x = 2.2 if dy/dx = 1 + y/* and y = 2 when x = 2. 

Ans. 2.4096 

21. Use Runge's method to approximate y when x = 0.5 if dy/dx = Vx + 2y and y = 0.17 when * = 0.3. 
Ans. 0.3607 

22. Solve Problem 21 using the Kutta-Simpson method. Ans. 0.3611 

23. Use Runge's method to approximate y and z when * = 0.2 for the particular solution of the 

system dy/dx -y+z, dz/dx - x 2 + y satisfying y = 0.4, 2 = 0.1 when * = 0.1. 

Ans. y % 0.4548, z X 0.1450 

24. Use the Kutta-Simpson method to approximate y when * = 0.2 for that particular solution of 

d 2 d d 

—^ + 3*~ + y = 0 satisfying y=0.1, ~ = 0.2 when *=0.1. 
dx 2 ** <** 


Ans. 0.1191 






CHAPTER 25 


Integration in Series 


EQUATIONS OP ORDER ONE. The existence theorem of Chapter 2 for a differential equa- 
tion of the form 

1) ~r = f(x.y) 

ax 

gives a sufficient condition for a solution. In the proof using power series, 
y is found in the form of a Taylor series 

2) y = A a + A t (x-x 0 ) + A 2 (x -x 0 ) 2 +.+ A n (x —x 0 ) n +.*, 

where for convenience y 0 has been replaced by A 0 . This series i) satisfies 
the differential equation 1), ii) has the value y = y 0 when x = x 0) and Hi) is 
convergent for all values of x sufficiently near x=x 0 . 

A. To obtain the solution of 1) satisfying the condition y = y 0 when x = 0: 

a) Assume the solution to be of the form 

y = Ac + A x x + A s x 2 + A 3 x 3 +. + Anx n +. 

in which A 0 = y 0 and the remaining A’s are constants to be determined. 

b) Substitute the assumed series in the differential equation and proceed as 
in the Method of Undetermined Coefficients of Chapter 15. 

EXAMPLE 1. Solve y' = x 2 + y in series satisfying the condition y = y 0 when * = 0. 

Since f(x,y) = x 2 + y is single valued and continuous while ^f/^y = \ is continuous over 
any rectangle of values (x,y) enclosing (0,y o ). the conditions of the Existence Theorem are 
satisfied and we assume the solution 

y ~ Ao + A^x + A 2 x + Aqx^ + A a x + •••••• + Anx 71 + •••••• 

Now, within the region of convergence, this series may be differentiated term by term 
yielding a series which converges to the derivative y', Hence, 

y r = + 2A 2 x + 3A 3 x 2 + 4A a x 3 + .. nAnx 11 ’’ 1 + . 

and 

“ x “ y = (^1 - ^o) + (2A 2 - A ± )x + (3A 3 - A 2 - l)x 2 + (4 A a - A 3 )x 5 + . 

+ ( nA n - A n ^ ± )x .. =0. 

In order that this series vanish for all values of x in some region surrounding x = 0, it is 
necessary and sufficient that the coefficients of each power of x vanish. Thus, 

*i - Ao = 0 and A t = Ao = y Q , 3 A 3 - A 2 - 1 = 0 and A 3 = i + ly 0 , 

3 6 

2A * - A * = 0 and A * = \ A t = \ A o = \yo. 4A 4 - A 3 = 0 and y| 4 = i + iy 0 . 


nA n — = 0 


and 


An = n A* 1 " 1 ' 


n > 4. 
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This latter relation, called a recursion formula, may be used to compute additional coef¬ 
ficients; thus, 

, 1 , 11 , 1, 1.1 

45 = = 60 + m yo ’ 46 = i 4 ’ = 360 + 720 ’ . 

It is also possible to obtain the coefficients as follows: 

Since An = — An —1 and Am —1 — - An — 2 » Ai ~ ■ ~ An —2 • But —2 = . Ai-9 » * * * » 

n n-1 n(n-l) n-2 

hence, A n ~ --- A 3 = ---(1+ ^A Q ) = —(2 + yo)* n ~ 3. 

n(n-l)(n-2).4 n(n-l)(n-2).4*3 n! 

When the values of the A *s are substituted in the assumed series, we have 

y = yo + y 0 * + ^yo* 2 + (^+ ^yo)* 3 + (~+ ^yo)* 1 * . + -^(2 + y 0 )* n +. 

Z 00 1Z Z4 n! 

= (yo + 2) (1 + x + Jj-x 2 + ±x } +.+ ^X n +. ) - X 2 - 2x - 2 

= (y 0 + 2)e X - x 2 - 2x - 2, 

The given differential equation may be solved using the integrating factor e x ; thus, 

ye~ X = Jx 2 e~ X dx - (-x 2 - 2x - 2) e x + C and y - Ce X - x 2 - 2x - 2. 

Using the initial condition, y =y 0 when * = 0, C = y 0 + 2, and y = (y 0 + 2)e*- x 2 - 2* -2, 
as before. 

B. To obtain the solution of 1) satisfying the condition y = y 0 when x=xq: 

a) Make the substitution x-x 0 = v, that is, 

t dy dy 

X = v + x 0 , - 

dx dv 

resulting in dy/dv = F(y,y). 

b) Use the procedure of A to obtain the solution of this equation satisfying 
the condition y = y 0 when v=0. 

c) Make the substitution v = x-x 0 in the solution. 

EXAMPLE 2. Solve y' = x Z -4x + y+l satisfying the condition y = 3 when x = 2. 

First make the substitution x = v+ 2 and obtain ~ = v 2 + y - 3. We seek the solu- 

dv 

tion satisfying y=3 when v=0; hence, we assume the series solution 

2 * 4 fi 

y - 3 + A ± v + A 2 v + A 3 v j + A a v .. + AnV + .. 

Then — = A t + 2A*v + 3A 3 v 2 + 4 A 4 v 5 +.+ nAnt/ 1 1 +.. 

dv 

and 

» — y 2 — y + 3 = A t + (2A* - A ± )v + (3A 3 - A 2 - l)v 2 + (4A 4 - A 3 )v 5 +. 

dv 

+ (nAn — A n -i)v .. = 0 . 

Equating the coefficients to zero, we have: A± = 0, 2A 2 -A ± = 0 and A 2 = 0, 

3A 3 -j4 2 -1 = 0 and A 3 = 1/3, 4A 4 -A 3 = 0 and A 4 = 1/12, . 
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The recursion formula An = -Ai-i yields 

n 

Ai = — Ai_i 3 ---A1-2 = . 

n n(n -1) 

Thus, y = 3 + -v 5 + — v* + . 

3 12 


n(n -1) (n -2)* • • »4 


A a = — » n = 3. 
n! 


l 2 n 
+ —v + 
n! 


= 3 + —( x-2 ) 3 + —(x-2)“ + 
3! 4! 


+ l(x-2) n + 


See also Problems 1-4. 


LINEAR EQUATIONS OP ORDER TWO. Consider the equation 

3) P 0 (*)y" + Pt(x)y' + P 2 (x)y = 0 

where the P's are polynomials in x. We shall call x = a an ordinary point of 

3) if P 0 (a) / 0; otherwise, a singular point. 

If x = 0 is an ordinary point, 3) may be solved in series about x = 0 as 

4) y = ^{series in x} + ^{series in x}, 

in which A and B are arbitrary constants. The two series are linearly inde¬ 
pendent and both are convergent in a region surrounding x=0. The procedure 
for equations of order one in the section above may be used to obtain 4). 

See Problems 5-7. 


SOLVED PROBLEMS 


EQUATIONS OF ORDER ONE. 

1. Solve = ——■— in series satisfying the condition y = y 0 when x=0. 

Assume the series to be y = A 0 + A lX + A** 2 + A 3 x 5 + 4,*“ ... Anx 11 .., 

where A 0 = y 0 . Then y' = A t + 2 A 2 x + 3A 3 * 2 + 4A 4 * 5 ... r»An* n-1 ... 

Substituting *in the given differential equation (l-*)y / -2x + y = 0, we have 
+ 2A 2 x + 3j4 3 * 2 + 4A 4 x^ .. nAnX n-1 +.) 

-2 x + (Aq + A ± x + A 2 x 2 + A 3 x* +.. A n x n +.) = 0 , 

or 

(Ai+Ao) + (2A 2 -2)x + (3A 3 -A 2 )* 2 + (4A 4 -2A 3 )x 5 + •••• + [(n + 1)A„ +1 - (n -1)4,]*” + •••• = 0. 

(Note. In finding the general term in the line immediately above, we may write a number of 
terms on either side of the general term of the assumed series for y, differentiate each in 
getting y', carry out the required multiplications, and pick out the terms in x 11 Gfi learn to 
write the required term using the general term of the assumed series and its derivative. In 
the present proble© we wish the term in x n when the substitutions are made in y'- *y'-2x + y 
= 0. First, we need the term in x 11 of y' when we have the term in x n ~ x . We simply replace n 
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by (n + 1) in nAn*”” 1 and obtain (n + l)A n + 1 x n * The remaining terms -nA n x n +A n x n are obvious.) 
Equating the coefficients of distinct powers of x to zero yields 


+ + +) “ 0 

and 

Ai -Aq , 

34 3 - A s = 0 

and 

. 1 4 1 

Aa = 3 A ‘ = 3* 

2A 2 -2 = 0 

and 

A 2 = 1, 

44 4 - 2j4 3 = 0 

and 

i 1 j 1 

44 2 4s = 6 ' 


n 1 

(n + l)An+± — (n — 1 )An - 0 and A n + 1 = — A n , (n £ 2 ). 

71+1 


KT „„, ,, _ n- 2 t _ (n-2)(n-3) „ _ (n - 2) (n-3) (n-4) A 

Now An = -+i-i = ---—— +i- 2 = ---—--—— +i- 3 

n n(n- 1) n(n-l)(n-2) 


(n - 2) (n -3) (n - 4).2-1 „ 

— " 


n(n - 1 ) (n - 2 ) • 


•4-3 


n(7i - 1) 


n s 2< 


mu , - v 2 1 3 1 * 1 5 

Thus, y = y 0 (l-*)+*+-* +-* + —* + 

3 6 10 


2 n 

+ - x + 

n(n- 1) 


= y 0 (l-*) + X 


Using the ratio test, lim 


n=2 n(n-l) 

, n+i 
An+i* 


2 n 

* . 


n -*°° 1 Anx" 
The series converges for \x\ < 1. 


= \x\ lim -—- 

fl —»CD 71+1 


Note, By means of the integrating factor 1/(1-*) the solution of the differential equation 
is y = 2(1 -x) ln(l - x) + 2x + C(l-*). The particular integral required is 

y = yo(l-*> + 2 ( 1 -*) ln(l-*) + 2 *. 


2. Solve (l-acyly'- y = 0 
Assume the series to be 


in powers of *. 

y = Aq + A ± x + A 2 * 2 + A 3 * 5 + A 4 * 4 ... A n * n + • 

y r = A ± + 2 A 2 * + 3 A 3* 2 + 4 A 4* 5 ..+ 71 A n * ^ 1 + 


Then 

and 


(l -xy)y r - y 

= (1 - A 0 * - Aj* 2 - A 2 * 5 - A 3 * 4 - • • • • - A n * n+1 - • • • •) (A t + 2A 2 * + 3A 3 * 2 + 4A 4 * 5 +. 

+ nA n * n 1 + ••••) - (A 0 + Aj* + A 2 * 2 + A 3 * 5 + •••• + An* n + ••••) 

= (Ai-Ao) + ( 2A 2 —AqAj—A ^)* + (3A 3 — 2A 0 A 2 — A t — A 2 )* + (4A 4 — 3 AqA 3 — 3AjA 2 — A 3 )* + •••• = 0. 

Equating to zero the coefficients of distinct powers of *, 

A i — Aq = 0 and A ^ = Aq , 

2A 2 — AqA^ — A ^ — 0 and A 2 — ^A^(l + Aq) = jAq (1 + Aq), 

2 1 2 1 2 
3 Aq — 2AqA 2 — A j — A 2 = 0 and A 3 = — (2AqA 2 + A^ + A 2 ) - ~Aq (1+ 5Aq + 2Aq), 

3 6 

1 25 

4A 4 - 3AqA 3 - 3A X A 2 - Aq = 0 and A 4 = — Aod + 17 Aq + 26Aq + 6Aq), 
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Thus. y = Aj[l + x + id+do )* 2 + —(1+5Aj+ 24^)x 3 + —(1+ m 0 + 26A% + 641)/ ..]. 

2 ! 3! 4! 

We shall not attempt to obtain a recursion formula here nor to test for convergence. 


3* Solve xy r - y -x - 1 = 0 in powers of ( x-1 ). 

Setting x = z + 1. the equation becomes (z + l)^-y-.z-2 = 0. Since we seek its solution 

dz 

in powers of z, assume the series to be 

y = A 0 + A x z + A 2 z 2 + AqZ 3 + A a z* .. + AnZ n +.. Then 

^ = -4i + 2 j4 2 z + 3A 3 z 2 + 4A*z 3 ... n/4nz n_1 .. and 

( z+ l)~-y-z-2 

dz 

= (z + l)(l, + 2y4 2 z + 3 A s z 2 + 4j4«z 3 + ..... + nA n z n " 1 ..) 

“ z “ 2 — (j4q + A^z + A s z + A 3 z 3 + ••••• + A n z + •••••) 

= (A t - 2 - A 0 ) + (24 2 - l)z + (34 3 + 4 2 )z 2 + (44 4 + 24 3 )z 3 + . 

+ [(n + l)An +1 + (n-l)4 n ]z" + . = 0. 

Equating to zero the coefficients of the distinct powers of z, 

A t - 2 - A 0 = 0 and = 2 + 4o. 34 3 + A a = 0 and A a = - -A 3 = - - . 

3 6 

2/4 2 -1 = 0 and 4 2 = i , 44 4 + 24 3 =0 and 4 4 = - i,4 3 = —. 

z 2 12 


(n + l)y4 n+t + (n-\)An = 0 and A n+i = - /L, n > 2. 

n+ 1 


Prom Problem 1. An = (-l) n <1.,, 2 )(n ~ 3 ) .‘.y ’' 2,1 4 = (-1) " j , n > , 

"(n-l).4-3 n(n-l) “ ’ 


and 


y = 4 0 + (2 + 4 0 )z + -z 2 - -z } + i-z“ - 

2 6 12 


+ (-I)" —— z" + 
n(n-l) 


Replacing z by (x- 1 ), we have 

y = Aqx + 2(x- 1) + i(*-l) 2 - i(x-l) 5 + —(x-l)“ -. 


12 


= Aqx + 2(x - 1) + X (_ i) n -1- (x _ 1} " 

n =2 n(n - 1) 


Using the ratio test, lim 

71 —+ 00 


An±±l 


n+i 




| z | lim -—l 
n-* qo n + 1 


=1 = l*-i| 


The series converges for |*-l|<l. 
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4* Solve = 0 satisfying the condition y = 0 when x - 0. 

In view of the initial condition, assume the series to be 


Then 

Also, 


y = A±x + A 2 x 2 + A 3 x 5 + A a x* + A 6 x 5 + 


y r = A ± + 2A 2 x + 3A 3 x + 4A 4 x + 5 A 6 x + 


y * 1 2 1 3 , 1 ** , 

* ■ 1 * ' * a » * i?* * IT' * 


= 1+ (A t x + AzX 2 + AqX^ + A a x* + ••••) + — [A^x 2 + 2A X A^ + (A 2 + 2A ± A 3 )x* + 

a! 

+ —(Ajx 5 + +.) + —-(A*** +.) + . 

= 1 + A t x + (A 2 + --A 2 )* 2 + (A 3 + A t Az + ^A*)* 5 

+ (A 4 + —A 3 + AjA 3 + ■—+ *“‘* > Ai)x ••••••• 

2 2 24 


Substituting in the differential equation, 

(A t - 1) + (24*-At)* + (34 3 - 1 - A 2 - i A*)* 2 + (4A 4 - 4 3 - A^ - ^ a\)x 5 


12 12 14 4 

+ (54g — 4 4 — — 4 3 ~ 4^3 ~ — 4^4 2 — ^i)* + 


= 0 


Equating coefficients of distinct powers of x to zero, 

4 t - 1 = 0 and A ± = 1, 24 2 - A x = 0 and A* = i-A t = i . 

34g - 1 - A a - ^ a\ = 0 and A 3 = |(1 + A 2 + i 4*) = | . 

4A 4 - 4 3 - 4 t 4 s - ± a\ = 0 and A 4 = ±(A 3 + A^a + ^i) = | • 


54 6 - 4 4 - i A* - AiAa - ^ A^Aa - ^ 4i = 0 and A 8 = ^ . 


1 . 2 


1 4 * 


17 


24 


60 


. 12 25.1*. 17 5. 

and y = x + - x + - x + -* + — x + 

J 2 3 3 60 


LINEAR EQUATIONS OF ORDER TWO. 

5 . Solve (1+ x 2 )y" + xy' - y = 0 in powers of *. 

Here P 0 (x) = 1+x 2 , P 0 (0) 4 0 and * = 0 is an ordinary point. 


We assume the series 

y = Ao + At* + A2* 2 + A s x^ + A+x* + ..+ Anx + •• 

Then y l = A ± + 2A a x + 34 3 x 2 + 4A 4 x 5 + ••••••• + nAnx + 

and y" = 24 2 .+ 6A 3 * + 12A 4 * 2 + . + n(n-l)A B * n " 2 + 
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Substituting in the given differential equation, 

(1 + x ) [2A 2 + 6A 3 * + 12A 4 x 2 + • • • • + n(n - 1 )A n x n 2 + • • • •] + x(A x + 2A 2 x + 3 A 3 x 2 + 4A 4 x 3 + • •• * 
+ nA n x n 1 +••••)- (Aq + A x x + A 2 x 2 + A 3 x 5 + A a x 4 + • • • • + A n x n +••••) = 0 , 

or (2A g - Ao) + 6>Ux + (12M 4 + 34 a )* 2 +-+ [(n + 2 )(n + l)A n+2 + (.n - 1)4,]*” +- 0. 

Equating to zero the coefficients of the distinct powers of x, 

2A i -A o = 0 and A g = 1 -Aq, 64 3 = 0 and A g = 0, 12A<+3A S = 0 and . 

2 8 


( n + 2) (n + l)An +2 + (n -l)A n = 0 and An +2 = - ——- An . 

n + 2 


Prom the latter relation it is clear that A 3 = A B - A 1 = •••• =0, that is, An +2 = 0 if n 
is odd. If n is even, (a = 2k), then 


2k -3 


* 2 * 


2fe 2 *" 2 2k(2k -2) n2k ~* 

Thus, the complete solution is 


(2k - 3)(2fe - 5) 4 


, 1v fe+i 1*3*5.(2fc-3) 4 

- (—1) , • 

2 k kl 


y - Aoa+ 1/ - y ♦ lx 6 - ^X R . .) ♦ * t x 


- ^otl + 

= Aq [1 + 


1 2 


•X + 


2 

1 2 


V/ i\ fe+1 1* 3*5* • • •• (2fc- 3) 

A (-0 -;- * 

fe =2 2 *! 

V/ 1 fe 1*3*5.(2fe-3) 2fe 

^(-1) -r- * 

fe=2 2 k\ 


2 ^ . 

J + A x x 

] + A x x . 


Here 


lim 

n~*co 


A 1 + 2 * 

An* 


n+2 


n 


x 2 lim 

n —»oo 


n -1 
n + 2 


2 

* * 


and the series converges for |* | < 1. 


6. Solve y" - x 2 y' - y = 0 in powers of x . 

Here P 0 (*) = 1 and x = 0 is an ordinary point. We assume the series 

y = Aq + A x x + A 2 x 2 + A 3 * 3 + ••••••••• + Anx n .. Then 

y' “ + + 3A 3 x + •••••••••• + nA n x ^ + •••••••»• f 

y ~ 2^2 + 6i4gx + 12A 4 x + 20A 8 x 3 + ••••••••• + n(n — l)Anx n 2 + ••••••••«, and 

y - x y ; - y 

= <24* - Ao> + (6A 3 - A x )x + (12A 4 - A x - A 2 )* 2 + (20/4 e - 2A 2 - A 3 >* 3 + .. 

+ [(n+2)(n + l)An + 2 - (n-DAn^i ~/4n]^ n + .. = 0. . 

Equating to zero the coefficients of the distinct powers of x, 

2A 2 ~A 0 = 0 and A 2 = -Aq, 6A 3 -A t = 0 and A s = ^A x , 12A 4 -A 1 -A 2 = 0 and A 4 = -LAq + — A 1# 

A o 24 12 
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(n + 2) (n + l)4 n+2 - - A n = 0 


and 


a ( n ~ + „ > i 

™TL + Q = - * n = 1. 


(n +1) (n + 2) 


, 4 . . , 1 2 1 4 1 5 16 13 7 

The complete solution is y = A 0 (l + -x + —x + —x + - x + - x +. 

J 2 24 20 720 2520 

A , 1 3 1 4 1 5 76 41 7 

+ A ± (x + -x + —x + - x + -* + - x + 

6 12 120 360 5040 


■>. 


j n 

+ + •• • 

+ nA n * + 


Then 


u 2 2 

Solve y" - 2x y r + Axy = x + 2* + 2 in powers of x. 

Assume the series to be 

y = A 0 + A t * + A 2 x 2 + A 3 % 5 + A 4 * 4 + A 6 x* + •••• 
y' = Aj + 2A 2 * + 3A 3 * 2 + 4A 4 x 5 + 5 A c x* + ••• 
y" = 24 2 + 64 3 * + 124** 2 + 20,4 5 x 3 ... n (n -l)/»„*”~ 2 .., and 

y"-2x 2 y' + 4xy-* 2 -2i-2 = (24 2 -2) + (64 3 + 44,3 - 2)x + (124 4 + 24 t - l)x 2 + 2o4 e * 3 .. 

+ [ (n + 2) (n + l)A, +2 - 2(n -+ 4A n _ 1 ]x n +. =0. 

Equating the coefficients to zero, we obtain 

12 11 

2A 2 -2 = 0 and A 2 = 1, 6A 3 + 4 Aq -2 = 0 and A 3 =- Aq, A 4 = —-- A l9 A 6 = 0, 

3 3 12 6 


(n + 2)(n + l)4 n+2 - 2(n-3)A rt _ 1 = 0 


and 


*71+ 2 * 


2(n - 3) 

(n + l)(n + 2) 


^71 — 1 * n = 3. 


The complete solution is 

4/i 23 26 29 

y = A 0 (l- x - x - x - 

3 45 405 


» a i 1 4 1 7 1 10 

) + A ± (x - x - x - x 

6 63 567 

7.1 9 . 1 10 


2 1 3 1 4 1 6 1 „ 

+ X + - X + - X + - X + - X + - X + - x + 

3 12 45 126 405 1134 


8. Solve y” + (x-1 )y r + y = 0 in powers of x - 2. 

d? y dy 

Put x - v +2 in the given equation and obtain —- + (v + l)-p + y = 0 which is to be 


dv* 


'dv 


integrated in powers of v. Assume the series 
y - A 0 + A ± v + A 2 v 2 + A 3 v 5 + A a v 4 + 

— = A ± + 2 A 2 v + 3A 3 v 2 + 4A 4 v 5 + • 

dv 

d 2 

—^ = 24 2 + 64 3 t> + 124 4 i> 2 .. 

dv 2 


+ A n v n + 


. n -1 

+ nA n v + 


+ n(n - l)A n ^ n 2 + 


Then 


and 


ij. (.. l>*.y 

dv 2 ^ 


(2A 2 + A* + Aq) + (6A 3 + 2A t + 2A 2 )v + (12A 4 + 3A 2 + 3A 3 )v .. 

+ [ (n + 2) (n + l)A n + 2 + (n + l)A n + (n + l^+Jv 71 .. = 0. 


Equating the coefficients of powers of v to zero, we obtain 
A 2 = - -(Ao + Ai), A 3 = — -(A 1 + A 2 ) = -(A 0 - A , A 4 = - -(A 2 + A 3 ) = — (A 0 +2A 1 ), 


2' w 3 A " 6 

(n + 2) (n + l)A n+2 + (n + 1 )Ati + (n + l)A 7 x + i = 0 


and 


*71 + 2 


n + 2 


(An + ^ti+i)« 
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Thus, noting that v = *-2, the complete solution is 


1 • 5«- 2 ) 5 * s"- 21 '-35<‘- 2) ’ *. 1 

+ ^[(*- 2 ) - l < x - 2) 2 - ±(*- 2) 5 + ±(*- 2 )* - ^(*- 2) 6 +.]. 

^ o o 36 


SUPPLEMENTARY PROBLEMS 


9. 


2 

Solve (l-x)y' = x -y in powers of x. 

Ans. y = A Q (1 -x) + x 5 (- + - x + -L 

3 6 10 


2 


x 


+ 


+ 


1-2 n 

- x + 

(n + 2)(n + 3) 


10. Solve xy r = l-x + 2y in powers of x-1. Also integrate directly. 

Hint: Let x - 1 = z and solve (z + 1)~ = —z + 2y in powers of z. 

dz 

Ans . y = Ao [1 + 2(x - 1) + (x - l) 2 ] + £ + (* -1) 

11. Solve y f = 2x 2 + 3y in powers of x. 

Ans. y = Aq [l + 3x + 9x Z /2 + 9x^/2 + 21x*/8 +.] + (2x 5 /3 + x^/2 + 

12. Solve (x + l)y' = x 2 -2x + y in powers of x. 

Ans. y = Aq( 1 + x) - x 2 + 2x 5 /3 - x^/3 + x*/5 - 2x 6 /15 .. 


) 


13. Solve y" + xy = 0 in powers of x. 

R.F. An =-- 1 ■■■■ An -3 , n ^ 3; convergent for all x. 

*(n-D 

Ans. y = Ao(l - * 5 /6 + x 6 /180 -.) + A ± (x - x^/12 + x 7 /504 -.) 

14. Solve y"+ 2x 2 y = 0 in powers of x. 

2 

R.F. 4 n =-.4 n _4. ; convergent for all *. 

n(n -1) 

Ans. y = 4,(1 - *76 + * ft /168 -.) + A t (x - *7l0 + *7360 -.) 

15. Solve y" ~xy' + x 2 y = o in powers of x. 

R.F. n(n-l)4, - (n-2)4i- 2 + 4,_ 4 =0. n>4. 

i4ns * y = “ *“/l2 - *V90 + //3360 + ....) + 4 t (* + *76 - * 5 /40 - *Vl44 - ••••) 

16. Solve ( 1 -x 2 )y" - 2xy' + p(p + l)y = o, where p is a constant, in powers of*. (Legendre Equation) 

vi? a (ft-2-p)(n + p-1) J 

A n -;---An; convergent for x < 1. 

n(n - 1) 11 

Ans. v = j4n(1 - P(p 1 * 2 + (p-2)p(p + l)(p + 3) ^ 

2! 4! . 1 

+ A t (x - (p ~ + 2) 5 (p - 3) (p - 1) (p + 2) (p + 4) 5 

3! 5! .> 

17. Solve y +*y-l+*+* in powers of *. R. F. An = — -4,-4 • convergent for all *. 

n(n-l) 

Ans. y = 4,(1 - *7l2 + * B / 672 -.) + 4i(* - *720 + * 9 /1440 -.) 

+ x 2 /2 + *76 + *V 12 - * 6 /60 - * ? /252 - * 8 /672 .. 


















CHAPTER 26 


Integration in Series 


WHEN x = a IS A SINGULAR POINT OP THE DIFFERENTIAL EQUATION 

l) P 0 (*) y” + ?i(x) y' + ^(x) y = o, 

in which P { (x) are polynomials, the procedure of the preceding chapter will 
not yield a complete solution in series about x=a. 

EXAMPLE 1. For the equation x 2 y" + (x 2 -x)y' + 2y = 0, x = 0 is a singular point since 
P o (0) = 0, If we assume a solution of the form 

(i) y = Aq + A x x + A^x 2 + A q x 5 .. 

and substitute in the given equation, we obtain 

2Aq + A x x + (2 Az+A x )x 2 + (5A a + 2A 2 )x 5 +. =0. 

In order that this relation be satisfied identically, it is necessary that Aq = 0, A x = 0, 
A 2 = 0, A q = 0# •••• I hence, there is no series of the form (i) satisfying the given equa¬ 
tion. 


A SINGULAR POINT x = a OP 1) IS CALLED REGULAR IP, when 1) is put in the form 


i') 


r" + R l(*l y' + y = 0 , 


x— a 


(x-a) 

R t (x) and R s (x) can be expanded in Taylor series about x = a. 


EXAMPLE 2 . For the equation (1+ x)y" + 2xy' - 3y = 0, * = -lis a singular point since 
Pq (—1) = 1+ (-1) = 0. When the equation is put in the form 

ytt + E x (x) + R% (x) y _ yii + 2x yj + ~3(x -f 1) y _ q 
x + 1 (*+D 2 * +1 (*+1) 2 

the Taylor expansions about x = -1 of R x {x) and R^(x) are 

R x (x) = 2x = 2(x + l)-2 and R*(x) = -3(* + l). 

Thus, x = -1 is a regular singular point. 

EXAMPLE 3. For the equation x 5 y" + x 2 y'+y = 0, x = 0 is a singular point. Writing 
the equation in the form 

y» + I y f + 111 y = 0 , 

* x 2 

it is seen that R*(x) = l/x cannot be expanded in a Taylor series about x = 0. Thus, x = 0 
is not a regular singular point. 
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WHEN x = 0 IS A REGULAR SINGULAR POINT OP 1), there always exists a series solution 
of the form 

00 

2) y = x* X = A 0 x n + ^x** 1 + A,x n+Z + .... + 4 n x* +n +., 

n -0 

with A 0 / o, and we shall proceed to determine m and the 4’s so that 2) sat¬ 
isfies 1). 


EXAMPLE 4. Solve in series 2 xy" + (x+l)y' + 3y = 0. 

Here, * = 0 is a regular singular point. Substituting 

y • Ao*' + + 4**** 2 +.+ 4n** +n +.. 

y' = aAo**" 1 + (* + l)A lX * + (m + 2)A*x* +1 ... (a + n)A„* m+n-1 .., 

V" = (*-l)*Ao**" 2 + m(m + l)A 1 x*" 1 + (m + l)(m + 2)i4 2 x* + ... + (m + n - 1 ) (m + n)Anx** n ' 2 + •«• 

in the given differential equation, we have 


(1) «(2«-l)Ao**“ 1 + [<« + l)(2*+l)A 1 + (* + 3)4 o]x* + [(m + 2)(2w + 3)A a + (* + 4)4 1 ]** +1 

. . + l(* + n)(2» + 2i-l)An + (m + n + 2)i4 B _ 1 Jx* +n_1 ..0. 


Since Aq ji o, the coefficient of the first term will vanish provided *(2* -1) = o, that is, 
provided m = 0 or m = ft. However, without regard to m. all terms after the first will vanish 
provided the A’s satisfy the recursion formula 


An 


m+ n + 2 

(*+n)(2« +2n -1) 


An-i* 


nil. 


Thus, the series 


2') y = Aox* [1_ Hi _* + (» + 3)(» + 4) ^2 

(* + 1) (2m + 1) (m +1) (m + 2) (2m + 1) (2m + 3) 

_ (m + 4)(m + 5) __ 3 

(m + 1) (m + 2) (2m + 1) (2« + 3) (2m + 5 ) * + . 

satisfies the equation 

(11) 2*y" + (* + 1)7' + 3y = m(2m-l)A 0 x*" 1 . 

The right hand member of (ii) will be zero when m = 0 or m = ft. When m = 0, we have from 2 1 ) 
with A 0 = 1, the particular solution 


y t = 1 - 3* + 2* 2 - 2x 3 /3 + 

and when m = ft with A 0 = 1, the particular solution 


Xa = t^*(l - 7x/6 + 21* 2 /40 - llx 3 /80 ..). 

The complete solution is then 
y = + By a 

= A( 1 - 3x + 2x 2 - 2x 3 /3 +.) + BvS(l - 7 x/6 + 21x 2 /40 - llx 3 /80 +.). 

The coefficient of the lowest power of * in (i), (also, the coefficient in the right hand 
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member of (ii)), has the form f(m)A 0 . The equation f(m) =0 is called the indicial equation . 
The linearly independent solutions y t and y^ above correspond to the distinct roots m = 0 
and jr = & of this equation. 

In the Solved Problems below, the roots of the indicial equation will be: 

a) distinct and do not differ by an integer, 

b) equal, or 

c) distinct and differ by an integer. 

The first case is illustrated in the example above and also in Problems 1-2. 

When the roots m x and m 2 of the indicial equation are equal, the solutions 
corresponding will be identical. The complete solution is then obtained as 

y = Ay\ + B— . See Problems 3-4. 

lm=mi 3/n m = m x 

When the two roots m x <m 2 of the indicial equation differ by an integer, 
the greater of the roots /n 2 will always yield a solution while the smaller root 
m ± may or may not. In the latter case, we set A 0 = and obtain the 

complete solution as 


y 


Ay 


\n = % x 


+ 


B — 
dm 




See Problems 5-7. 


The series, expanded about x=0, which appear in these complete solutions 
converge always in the region of the complex plane bounded by two circles cen¬ 
tered at x = 0. The radius of one of the circles is arbitrarily small while that 
of the other extends to the finite singular point of the differential equation 
nearest x=0. It is clear that the series obtained in Example 4 converge also 
at x = 0; moreover, since the differential equation has but one singular point 
x = 0, these series converge for all finite values of x. 


THE COMPLETE SOLUTION OF 

3) Po(x)y" + Px (x)y' + Pi(x)y = Q 

consists of the sum of the complementary function (complete solution of 1) ), 
and any particular integral of 3). A procedure for obtaining a particular in¬ 
tegral when Q is a sum of positive and negative powers of x is illustrated in 
Problem 8. 


LARGE VALUES OF x. It is at times necessary to solve a differential equation 1) for 
large values of x. In such instances the series thus far obtained, even when 
valid for all finite values of x, are impractical. 

To solve an equation in series convergent for large values of x or "about 
the point at infinity", we transform the given equation by means of the sub¬ 
stitution 

x = l/z 

and solve, if possible, the resulting equation in series near z= 0. 

See Problems 9-10. 
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SOLVED PROBLEMS 


1. Solve in series 2* 2 y"-*y' + (x 2 + l)y = 0. 

Substituting 

y = A>*“ + + A 2 ** +2 .. + Anx n+n .. 

y' = + (m + D/l!** + (• + 2)A 2 ** +1 .. + (* +n)i4n** +n-1 .. 

y" = («-l)«A>**“ 2 + (a + DMi** -1 + (a + 1) (a + 2)A 2 x 9 ... (a + n - 1) (a + n)Anx* +n ~ 2 + • • • 

in the given differential equation, we obtain 

(a-l)(2a- 1)/1 0 ** + a(2a + l)A t x n+1 + {[(a + 2) (2* + 1) + 1 ]A 2 + /1 0 }** +2 .. 

+ {[(m + n)(2m-ta»-3) + 1]A> + Ai- 2 )*"*” .. = 0 . 

Now all terms except the first two will vanish if A 2 , A 3 ,.satisfy the recursion formula 

^ An = - --i- J 4 n _ t n > 2 . 

(a + n)(2a + 2n -3) +1 

The roots of the indicial equation, (a-l)(2a-l) = 0, are a = ±, 1, and for either value 
the first term will vanish. Since, however, neither of these values of a will cause the second 
term to vanish, we take A t = 0. Using 1), it follows that A t = A a = A s = . =0. Thus, 

y = Aox n (l - 1 - x 2 + _ 1 x <* _ . 

(a + 2) (2a + 1) + 1 [(* + 2) (2* + 1) + 1] [(a + 4) (2m + 5) + 1] 

satisfies 2x Z y" - xy' + (x 2 + l)y = (a - 1) (2m -1)4,** 

and the right hand member will be 0 when » = i or * = 1. 


When a = i and A = 1, we have y x = ^(i _ * 2 / 6 + x */ m _* 6 /ll088 .) 

and when a = 1 , with A 0 = 1 , we have y 2 = *<l - * 2 / 10 + //360 - * 6 /28080 .). 

The complete solution is then 
y ~ Ayx + By s 

= AyG(l - x 2 /6 + x */168 - x 6 /H088 + •••) + Bx( 1 - x 2 /10 + //360 - * 6 /28080 + • 

Since * = 0 is the only finite singular point, the series converge for all finite values of*. 


2. Solve in series 3*y" + 2y'+ * 2 y = o. 

Substituting for y, y', and y" as in the problem above, we have 

a(3a-l)4o** -1 + (a + 1) (3a + 2)A ± x* t- (a + 2) (3a + 5)^2*’ +1 + [(a + 3) (3a + 8)A 3 + 4,]** +2 

. . . [(* + >*) (3a + 3n - l)An + A„- 3 ]** +n-1 + . = 0 . 

All terms after the third will vanish if A 3 .A 4 , . satisfy the recursion formula 

An =---4i_ 3 , n i 3. 

(m + n)(3m + 3n-l) 
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The roots of the indicial equation m(3i»-l) = 0 are n = 0, 1/3. Since neither will cause the 
second and third terms to vanish, we take A j = A? = 0. Then, using the recursion formula, 
A t = 4. = A 7 = ••• = 0 and A 2 = A B = A e = ••• = 0. Thus the series 

n. 1 5 1 6 v 

1) y = A 0 x (1-i+ -* - .) 

(m + 3) (3m + 8) (m + 3) (m + 6) (3« + 8) (3» + 17) 

satisfies 3xy" + 2 y f + x 2 y = m(3m - l)A 0 x n 

For m = 0, with A Q = 1, we obtain from 1) y t = 1 - % 5 /24 + **/2448 -. 

and for m = 1/3, with Aq = 1, we obtain y? = x^ 5 (l - x^/30 + ac 6 /3420 -.)• 

The complete solution is 

y = Ayt + By<i = A(1 - x^/24 + x^/2448 -•••••) + Bx (1 — + x /3420 - •••*•)• 

The series converge for all finite values of x . 


ROOTS OF INDICIAL EQUATION EQUAL . 

3* Solve in series xy" + y'-y - 0. 

Substituting for y, y' # and y " as in Problems 1 and 2 above, we obtain 
+ [(® + 1 ) Z j 4 1 - i4o]** + [(« + 2) 2 4 2 - 4i]** +1 

► *•• - 0* 

All terms except the first will vanish if 4i,A 2 ,. satisfy the recursion formula 

1 


+ [(« + n) 2 An - A n _ 1 ]* m+n-1 + 


1) 

Thus, 


An - 


An- 1 » nil* 


y = Aox n (1 + 


(* + l) 


X + 


(m +n) 
1 


(m + l) 2 (m + 2) 2 


2 

at + 


(m + l) 2 (» + 2) 2 (m + 3) 2 


* 5 + 


satisfies 

2 ) 


2 a m ~ 1 


xy" + y' - y = m A 0 x 


The roots of the indicial equation are m = 0,0. Hence, there corresponds but one series so¬ 
lution satisfying 2) with n = 0. However, regarding y as a function of the independent variables 
x and «, 

*21 = l_ ( lZ) = jL ( lZ) = (*I) r 

'dm dm dx dx dm dm 

and 1 1± ( *2) = 11(1) = 11& = (%". 

dm Bin dx dx dx Bm dx dx dx Bm Bm 


and we have by differentiating 2) partially with respect to *, 

A fiy 


3) 


*(2Z)" + <EZ/ _ (1Z) = 2mA 0 * ra " 1 + mV*" 1 in*. 

dm 


dm dm 

From 2) and 3) it follows that y ± - y 


a 3y 

... “ d »* ■ s 


are solutions of the given dif- 


*=o 


ferential equation. Taking A 0 = 1, we find 
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3>y n _ r . 1 

= * lnx [l + -x + 


(* +1) 

* r 2 
+ X l- 


(m + l) 2 (m + 2) 2 


x 2 + 


(« + l) 2 (m + 2) 2 (» + 3) 2 


* 3 + 


* - ( 


(*+ir 


(« + l) 3 (m + 2) 2 (» + l) 2 (m + 2) 5 


■>* - ( 


(m + l) 3 (m + 2) 2 (m + 3) 2 


(» + l) 2 (m + 2) 3 (» + 3) 2 (m + l) 2 (nt + 2) 2 (m + 3) 3 


■)* 5 - 


= y In * - 2** [---* + (. 

(m + l ) 3 


(m + l) 3 (m + 2) 2 (m + l) 2 (« + 2) 3 


•)* 


+ (- 


(« + l) 3 (m + 2) 2 (m + 3) 2 (m + l) 2 (m + 2) 5 (m + 3) 2 (« + l) 2 (m + 2) 2 (» + 3) 3 

Then y t = y 


•)* 3 + .... ]. 


2 3 

- X X 

■ = 1 + X + - + - + 

m=o 2 


(2!) (3!) 


V = 5 

2 ~dm 


m=o 


= y t m* - 2[* + -J-j-d + \)x 2 + -i-d + - + i)* 3 + .]. 

(2!) 2 (3!) 2 3 


and the complete solution is 

y = Ay t + By a = (4 + B In*) tl + * + —1— 2 + —— * 3 + 


( 2 !) 


(3!) 


- 2 B[x + -4-d + V + -ij-d + i + i)* 3 + 

(2!) J (3!) 2 3 


]. 


The series converge for all finite values of x t 0. 


4* Solve in series xy" + y r + x 2 y = 0. 

Substituting for y, y f , and y ", we obtain 

m 2 ^**" 1 + (m + 1) 2 ^** + (»+ 2) 2 4 a ** +1 + [(* + 3) 2 4 9 + Ao]*** 2 + . 

+ [(m + n) 2 An + A n _ a ]** +n ” 1 + .. = o. 

The two roots of the indicial equation are equal. We take Ao = 1 # A t = A 2 = 0, and the re¬ 
maining A’s satisfying the recursion formula An =---An- 3 . 

(m + n) 2 

Then A 1 ~ A a - A-, - • • • = 0, A z = A c = A 8 = ... = o, 

v - r fl 7 1 ‘ ^ r 5 . 1 6 1 9 

(m + 3) (* + 3) (m + 6) 2 (* + 3) 2 (m + 6) 2 (* + 9) 2 

and, following the procedure of Problem 3 above, 

l* = y In* + 2** [—i— * 3 - (--i-- + -J-)* 6 + 

(* + 3) (m + 3y (m + 6) (m + 3) (m + 6) 5 

^ 3 i 2 + -i—T + -*—-r^* 9 * •■••••]• 

(* + 3) (m + 6) (m + 9) (» + 3) (m + 6y (m + 9) (m + 3) (m + 6) 2 (m + 9) 5 
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Using the root n = 0 of the indicial equation, 

yi = y 


, = 1 - ± * 5 + 

3 2 3^(2! ) 2 


1 6 

X - 


1 9 

x + 


3 6 (3!> 2 


and yn = 

dm 


m=0 


= y! In* + 2[— * 3 

3 5 3 y (2!) 


— - -(1 + -)x b + -I-(1 + i + i)* 9 - .]. 

5,0.x 2 2 o7,„.,2 2 3 


3 (3!) 


The complete solution is 

y = Ay,. + By 2 = (A + B In *) [ 1-^ * 5 + 1 * 6 - . * * 9 + 

3 3 (2!) 3 (3!) 


+ 2 B [— * 5 --- (1 + i )* 6 + - 1 - (1 + l + i )* 9 - 

x t O *) -»#» r»o 

3 5 3^(2!) J 


3 7 (3! ) 2 2 3 


■ L 


The series converge for all finite values of x ^ 0. 

ROOTS OF INDICIAL EQUATION DIFFERING BY AN INTEGER. 

5* Solve in series xy" -3y' + xy - 0. 

Substituting for y, y r , and y" we obtain 


(m -4)«4o** _1 + (m-3)(m +l)Mi*" + [(»-2) (n + 2)A 2 + A 0 ]ac m +1 + 


+ [(m + n — 4) (m + n)An + ^— 2 ]* + 


= 0. 


The roots of the indicial equation are m = 0.4, and we have the second special case men¬ 
tioned above since the difference of the two roots is an integer* We take A± = 0 and choose 
the remaining A*s to satisfy the recursion formula 


An - ~ 


^n-2 * n = 2. 


(m + n -4) (m + n) 

It is clear that this relation yields finite values when m = 4, the larger of the roots, but 
when * = 0, A 4 - op. Since the root m = 0 gives difficulty, we replace A 0 by Bo(n - 0) = B Q m 
and note that the series 


y = Aox n [1 


2 

X + 


4 

X - 


1 


(» -2) (m + 2) m(m-2)(m + 2)(m + 4) m(m - 2) (m + 2) (m + 4)(m + 6) 

1 B i 

x - • •••*.J 


2 2 

Ri(m. — 2) (nt +2) (m + 4) (fii + 6) (m + 8) 


B q x [m - 


2 

x + 


4 

x - 


1 


(m - 2) (m + 2) (» - 2) (m + 2) (m + 4) (ro-2)(m + 2) (m + 4)(m + 6) 


(m - 2) (m + 2) 2 (m + 4) 2 (m + 6) (m + 8) 


satisfies the equation 




2 rk m-1 


*y - 3y' + xy = (m-4)mAox = (m-4 )m Bqx . 


Since the right hand member contains the factor m , it follows by the argument made in Problem 3 
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— By 

that y and —t with m = 0, are solutions of the given differential equation. We find 

Bm 


= y In* + Box' [1 + 
Bm 


2 . 
m + 4 


[(m - 2)(m + 2)] 


2 

X - 


(-1= ♦ -4 ♦ -4).* 


(m -2)(» + 2)(m + 4) "-2 m+2 » + 4 


(-4 + + - 1 - + - 4)* 6 


(m-2)(m+2) (m+4)(m + 6 ) * + 2 m + 4 m + 6 


(“ + + ~ + + -^T)* 8 + 


(m-2)(m + 2) 2 (m + 4)(m + 6 )(m + 8 ) m “ 2 m + 2 m + 4 m + 6 ■ + 8 


Using the root m = 0, with Bo = 1, we obtain 

1 6 1 
% - 


y± m y 

and 


m=0 


1 4 

- X + 

2*2*4 


2*2 *4*6 


2 * 2 2 * 4 2 ’ 6*8 


x 8 + 


?2 = 


Bm 


= y± In jc + 1 + — x 2 + —i— ** - - 

* =0 2 2 2 5 2! 2 6 3! 1! 


— a * r 3»*‘ 




2 a 4! 2! 


2 W 5! 3! 


The complete solution is 

y = Ayi + By s 


= (<4 + Blnx){-— x “ + -i-x 6 -i-x 8 + 

2 5 2! 2 5 3! 1 ! 2 ? 4! 2! 


+ B{1 + -lx 2 + -J_/ - _ 

2 2 2 5 2! 2 6 3! 1! 


1 — <1+ i + i ) * 6 + t 1 — 1[(1+ s + 5 + i> + £* # 

2 3 2® 4! 2 ! 2 3 4 2 


-^r—' [(1 4 + H + I ) + ( H>^ 10 + 

2^ 5! 3! 2 3 4 5 2 3 




The series converge for all finite values of x 4 0. 


Solve in series (x-x Z )y"-3y' + 2y = 0. 

Substituting for y, y', and y", we obtain 

(m-4)«4oX* 1 + [(»-3)(* + l)4 1 - (»-2)(m+ l)/lo]x* + [(*-2)(* + 2)4 2 - (m-1)(* + 2)i4,.]x* +1 
+ . + [(« + n-4)(»t + n)i4n - (« + n-3) (m + n)A n _ 1 ]x* +n “ 1 + . = 0. 

The recursion formula is 4 = n+n-Z . so that 

a+n-4 

1 ) y = 4ox*[l + ^ x + 1Z1 X 2 + _£_ * 5 + ill ** + i+i ,5 + » + 8 6 . 

*-3 m-3 » -3 b-3 * - 3 «-3 

satisfies the differential equation 

(x-x 2 )y" - 3y'+ 2y = (a - 4)*4 0 x*“ 1 . 
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The roots m = 0*4 of the indieial equation differ by an integer. However* when m = 0 the ex¬ 
pected vanishing of the denominator in the coefficient of x* does not occur since the factor m 
appears in both numerator and denominator and thus cancels out. Note that the coefficient of 
x 5 is zero when m = 0 . 

Thus, with Aq = 1* 

y x = yl 0 = 1 + 2*/3 + x 2 /3 + 0 - *73 - 2*73 - 3x‘/3 - 4*73 -. 

and 

y 2 = = * 4 (1 + 2x + Zx 2 + Ax ..) 

so that y ± = (1 + 2x/3 + x 2 /3) - yj 3. 

The complete solution is y - C t y t + C 2 y* = C t (l + 2*/3 + x 2 /3) + (C 2 - C t /3)y 2 

= A(x 2 + 2x+3) + B/( 1 + 2x+3* 2 + 4x 5 +.) 

2 X 4 

*= A(x + 2x + 3)+B - -• 

( 1 -*) 

There are finite singular points at x-Q and x = 1. The series converge for |x| <1. 


7« Solve in series xy" + (* - l)y' - y = 0. 

Substituting for y, y', and y", we obtain 


(jb -2)«4 0 ^ W-1 + [(m -1) (« + 1)^! + (» - l)i4o]« m + [«(« + 2)A 2 +w^*]*** 1 + 


+ [(« + n - 2 ) (« + n)An + (w+ n -2)i4n-i]* 


m+n-1 


= 0 . 


The roots of the indieial equation are * = 0,2 which differ by an integer. We choose the 
A’s to satisfy the recursion formula 

1 


An = - 


m + n - 2 

(jb + n - 2 ) (jb + n) 


A1-1 


m. + n 


A1-1 • 


At this point we see that no -* 00 for jb = 0, the smaller root, as in Problem 5. This is 
due, of course, to the fact that the factor jb + h-2 cancels out. Thus, since 


- * 1 1 

y = A 0 x [1 - - x + —- 

m + 1 (* + !)(« + 2 ) 


2 

x - 


(jb + 1) (jb + 2)(jb + 3) 

satlsfies *y"+<*-i )y'-y - («-2)«4 0 *- 1 , 

we obtain, with A 0 = 1 and jb = 0, jb = 2 respectively, 

= 1 - * + * 2 / 2 ! - * 73 ! + ■ 


* 3 + 


3 


and 


y 1 = y 


y* = y 


m=0 


«=2 


. - e 


x - 2* /3! + 2x /4! - 2 x /5f + 


2(e~ X +x - 1 ). 


The complete solution is 
for all finite values of *. 


y = C t e"*+ C*[ 2 <e“*+*-l)] = /U"* + B(l-*> 


convergent 
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PARTICULAR INTEGRAL. 


8. Solve ( x 2 -x)y" + 3y' - 2y = x + 3/x near * = 0. 

Substituting for y, y', and y" as in Problem 6. we obtain the condition 

1) «(4 -m)A 0 x K ~ 1 + [(m + 1) (3 -b)^! + (m + i) (m-2 )j4 0 ]* W + . 

+ [(» + n)(4 -m-n)At + (»+n)(* + n-3)4. 1 )x ,+ ''* 1 + . = x + 3/x . 

To find the complementary function, we set the left member of 1) equal to zero and proceed 
as before. 

The recursion formula is 4 = — An . t , and thus 

m +n -4 


y 


satisfies 

2 ) 


A 0 x m (1 


+ 


m - 2 
m-3 X 




/» - 1 2 
m-3 X 


+ 



+ 


m + 1 * 
m-3 


+ 


(X 2 -x)y" + 3y' - 2y = m(4-*)4 0 ** _1 . 


) 


The right hand member of 2) will be 0 when m = 0,4. For m = 0 with A 0 = 1, we have 

yi = 1 + 2x/3 + x 2 /3 - x*/3 - 2* 5 /3 - 3* 6 /3 - 4* ? /3 -. 

and for m = 4 with Ao = 1, we have 

y 2 = x* (1 + 2x + 3x 2 + 4x 3 + 5** +.). 

Then y t = (l + 2x/3 + x 2 /Z) - y s /3 and (See Problem 6) the complementary function is 

y = 4(x 2 +2*+3) + B* 4 /( 1-x) 2 . 


In finding a particular integral, we consider each of the terms of the right member of the 
given differential equation separately. Setting the right member of 2) equal to x % that is, 

«(4-«)4o* w 1 = x, identically, 

we have m = 2 and A 0 = £ . For m - 2, the recursion formula is A n = A nmml ; thus, A x = A 2 

n-2 " 

= . . = The particular integral corresponding to the term x is x 2 /4. 

Again, setting the right member of 2) equal to 3/x 2 , that is, 

*(4 -m)A 0 x m 1 = 3/x 2 , identically, 

we have * = -1 and A, = -3/5. For « = -l. At = At-i ; thus. Xi - U,. . 

- «“ o 4 2 


jA>. 4, = A e 


A * = . = The particular Integral corresponding to the term 3/x 2 is 

The required complete solution is 


3 -I 3 1 2 1 ? 

"I* (1 + 4 X + 2 X + 4 >* 


A(x + 2x + 3) + 


Bx 


- C(x 2 + 2x + 3) + 


(l-*f 

Bx 4 

d -*> 2 


3 9 3 1 2 

—- — - - - X + - x 

5x 20 10 10 


x 1 2 3 

+ - x - — 


5x 


2 Note. A partial check of the work is obtained by showing that t>he particular integral y = 
x /4 — 3/5x satisfies the differential equation. 
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Since x = 1 is the only other finite singular point, the series converge in the annular re¬ 
gion bounded by a circle of arbitrarily small radius and a circle of radius one, both centered 
at x = 0. 


EXPANSION FOR URGE VALUES OF x. 

9* Solve 2x 2 (x -l)y" + x(3x + l)y' - 2y = 0 in series convergent near x = oo . 

The substitution 

x- 1 v' - - — ffr - _ 2 2 v" - — + _L fLz = z 4 + 2z 3 ^ 

z ’ dz ctt dz dz y ,5* X 4 <fz 2 <fc 2 dz 

transforms the given equation into 

2(2-z 2 )l2 + (1_ 52)^ - 2y = 0 
<iz 2 dz 

for which 2 = 0 , the transform of % = oo, is a regular singular point. We next assume the se¬ 
ries solution 

y = A q z + A ± z + A 2 z +.+ AnZ +. 

and obtain the condition 

m(2m -l)A 0 z m ' 1 + {(m + 1)(2m + 1)4 X - (2m 2 + 3m + 2)i4<>}z* + . 

+ {(m+m) (2m + 2m-l)/ln - [2(m+ n) 2 - (m+ n) + l]-4 n _ 1 >z* +n_1 + •••• = 0. 

2 

The recursion formula is A n = - (» + ft) + 1 4 n-1> and thus the series 

(m + n) (2m + 2n -1) 

, «_ 2m 2 + 3m + 2 2m 2 + 3m + 2 2m 2 + 7m + 7 .2 \ 

y = 4 0 z (1 + - 2 + ---z + .) 

(m + 1) (2m + 1) (m + 1) (2m + 1) (m + 2)(2m + 3) 

satisfies 

n /7 2 V dV ftol 

2( z ^z )—^ + (1-52)— - 2y = m(2m -l)A 0 z 
dz 2 dz 

For m = 0, with 4 0 = 1, we have y x = 1 + 2z + 7z 2 /3 + 112z 3 /45 .. 

2 7 . 112 

= 1 + — + » — - + 11 .. + ••••••••••• , 

* 3* 2 45* 3 

X 2 “5 

and for m = £, with A 0 = 1, we have y 2 = z 2 (l + 4z/3 + 22z /15 + 4842 /315 +.) 

. . ± , jl + jm. *.). 

32 15* 2 315* 3 

The complete solution is 

y = Ay l +By 2 = 4(l + | + JL + 2 (i + ^ + ..). 

1 3* 45* " 15* 315* 

The series in z converge for |z| <1, that is, for all z inside a circle of radius 1, cen¬ 
tered at 2 = o. The series in x converge for |*| >1, that is, for all x outside a circle of 
radius 1, centered at x - 0. 
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10. Solve 


* y" + x(l-x)y r + y = 0 


in series convergent near x = oo . 


Making the substitution x = 1 Jz as in Problem 9, we obtain 


1) 


d 2 y y#> dy 

z -{ + (3-2)-^ + y = 0 

dz 2 dz 


for which z = 0 is a regular singular point. We next assume the series solution 


_ A m i A W + 1 , A W+2 

y = 4 q2 + A±z + A z z + 


+ ^n2 + 


substitute in 1), and obtain 

ffi-1 


m(m+2)A 0 z “ + [(* + 1) (m + 3)A t - (m+ [(* + 2) (m + 4)4 2 - mAjz** 1 + 


+ [(J»+n)(a+n + 2)4 - (m + n -2)i4 n _ 1 ]z 


m+n-l 


= 0. 


The roots of the indicial equation are m = 0,-2 and differ by an integer. Prom the recur¬ 
sion formula A n - - — - - 2 -4 n -i it is seen that A 2 -» co when m = -2. We replace 

(m + n) (m + n + 2) ^ 

by £ 0 (m + 2) and note that the series 


y = B 0 ^ a f(« + 2) + z + __ z 2 + 

(fli +!)(« + 3) (m + !)(« + 3) (m + 4) 


(w^l)n 


(m + 3r (» + 4) (» + 5) 


(m - l)m(m + 2) 


(m +3) 2 (m + 4) 2 (fc + 5)(m + 6) 


4 

2 + 


] 


satisfies the equation 


Hence, 


,11 + <3-,)& + * = B 0 m(n + 2) 2 z* -1 . 
2 dz 




^ = y In z + Boz“{l + [- 2m+ 1 

a ® (m + l)(m + 3) (m + 1) (m + 3) 'm + 1 m + 3 




[_ 2m-1 __ (m-l)m , 1 + 1 1 ... 2 

(m + l)(m + 3)(m+4) (m + 1) (m + 3) (m + 4) * + 1 m + 3 m + 4 1Z + 

r 2m ~ 1 (m-l)m , 2 1 1 ? 

L 2 _ n ( . + - + - - ) j Z J + 

(m + 3) (m + 4)(m + 5) (m + 3) (m + 4) (m + 5) m + 3 m+4 « + 5 

[_ 3m 2 + 2m - 2 _ (m-l)m(m+ 2) _ ( 2 | 2 + 1 + 1 „ + 

(m + 3) 2 (m + 4) 2 (m + 5)(m + 6) (m + 3) 2 (m + 4) 2 (m + 5) (m + 6) ™ + 3 m + 4 m + 5 * + 6^* 

+ .} also satisfies this equation. 

Using m = -2 with Bq = l, we find 


yi = y L =-2 = z ” 2 (-32 2 +2 5 ) = "3 and 

y a = |^| a 2 = ytlnz + z" 2 (i + 3z + 4z 2 - 11 z 5 /3 + zV8 ..) 

yil n j + * + 3* + 4 - 11/3* + i/8* 2 ... The complete solution 

is y = 4y* + By 2 = (A + B lni)(l/* - 3) + B(x 2 + 3* + 4 - 11/3* + 1/8* 2 + .). 

The series converge for all values of x / 0. 
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SUPPLEMENTARY PROBLEMS 

Solve in series near x=0. 

11. 2(* 2 + * 5 )y" - (*-3* 2 )y' + y = 0. 

R*F. A n - — 

Arts, y = (AVx +Bx)( 1 - x + x 2 - * 3 ..). Converges for |*| <1. 


12. 4*y" + 2(1 -x)y' - y = 0. 


Re F. Afl 


2(m + n) 


^n-i 


Ans. y = A<1 + - + 

2 * 1 ! 


2 2 - 2 ! 


3 2 

— + ....) + Bv£(l + — + 

1-3 1*3-5 


2 5 *3! 


1-3-£ 


Converges for all finite values of x • 


13. 2* 2 y" - *y' + (l-* 2 )y = 0. 


R.F. A n 

Ans . y 


(m + n-l)(2*+2n-l) 


^ even. An 


4%(1 + — + 


2. *> 2.4.R.Q 2*4* 6»5« 9* 13 


0, n odd. 


) 


2 

+ B\/x( 1 + + —-- 

2*3 2*4*3* 7 


2* 4* 6* 3- 7* 11 


Converges for all finite values of x • 


14. *y" + y' + *y = 0. 

R.F. A n « -*-!—y A*.* , n even; A n = 0, n odd. 

(* +n) 

24 ** 

j .* 

* 6t ? * .. 1 ' 

Converges for all finite values of x t 0. 

15. x 2 y n - xy' + (x 2 + l)y = 0. R.F. A n --r- A n - 2 , n even; A n 

f (» +n -l) z 

24 x 6 

' ■ «* B - p * 7^77 - ^7 ♦.> 

.>• 

2 2 (2!) 2 2 2 (3!) 2 3 

Converges for all finite values of x t 0. 


— + ••••)• 
•7 


0, n odd. 
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16. xy" - 2y' + y = 0. 


R.F. A n = 

5 


i *i = — " An— i 

(» +n -3) (a +n) 


/tns. y = (4 + Bln*)(- — + *- _ iL + ...) + B(l + i + ?L + — - + HZil 

12 48 480 2 4 36 576 28800 

Converges for all finite values of x t 0. 


17. xy" + 2y r + xy = 0. 


R.F. 4 n = - 


(a + n) (a +n + l) 


4 n - 2 , n even; A n = o, n odd. 


Arts, y = i4x“ 1 (l - — + * - 

2 ! 4 ! 


2 4 

.) + B(i - — + 2L 

3! 5! 


Converges for all finite values of x * o. 

18. x 2 (x + 1 )y" + x(x + 1 )y r - y = 0. 

Singular points: x = 0,-1. r.f. A n = - 

m +n +1 


i4 n _i • 


>4ns. y = Ax( 1 - */3 + **/6 - * 3 /10 


-l 


) + Bx (1 + x). 


Converges in the annular region bounded by a circle of arbitrarily small radius 
and a circle of radius one, both centered at * = 0. 


19. 2xy" + y' - y = * + 1. 


R. F. A n ~ 


^n-l 


(*+n)(2*+2n-l) 

Ans. y = <4(1 + * + * 2 /6 + * 3 /90 +.) + B]/ £ (1 + x / 3 + x 2/ 30 + X 1 + 

+ ^* 2(1 + */15 + * 2 /420 + * 3 /18900 ..) - 1. 

Converges for all finite values of *. 


Solve in series near x = ®. 
20. 2 * 3 y" + x 2 y' + y = 0. 


R. P. An ~ — 


(a + n) (2 a +2n +1) 


^n-i 


4ns. y = 4(1 - — + _i_ 1 


3 * 30* 2 630* 3 

Converges for all finite values of * / 0. 


) + BV*{ l - - +-...... + 

x 2 * 

6x 90* 


21. + (x 2 + *)y' - y = o. 

*"• ' ’ * * 81 °'> <1 * > *? * ? * - 1 * " [ J 4 * p tl+ 5*i> * -J. 

Converges for all finite values of x 1 o. 


R.P. A n - -- A n -i 

m + n 












CHAPTER 27 


The Legendre, Bessel, and Gauss Equations 


THE THREE DIFFERENTIAL EQUATIONS to be considered here are solved by the methods 
of the preceding chapter. The first two have important applications in math¬ 
ematical physics. The solutions of all three have many interesting properties. 


THE LEGENDRE EQUATION 
(1 -x 2 )y" - 2xy' + p(p + l)y = 0. 

A solution of this equation in series convergent near * = 0. an ordinary point, was called 
for in Problem 16, Chapter 25. Under certain conditions on p which will be stated later, we 
shall obtain here the solution convergent near * = oo. Using the substitution x = 1/z (see 
Chapter 26) the equation becomes 

(z 4 -z 2 )fL£ + 2z 5 ^ + p(p + l)y = 0 
dz 2 dz 

for which z=0 is a regular singular point. 

Putting y - A 0 z* + A t z* +1 + A*z* +2 . .+ A.*’*" +.• * e have 

{-m(m-l) + p(p + l)}A 0 z m + {-m(m + l) + p(p + l)}A l z* +1 + {[-(* + D (* + 2) + p(p + 1)]^2 

+ m(m + l)Ao}z“ +2 ... {t-(m + n)(»i+n-l) + P(P + 1 )3An + (m+n- 2 )(*+n-l)A n _ 2 >z 

.. = 0 . 


, (si + n “ 2 ) (ib+ n •*“ 1) ^ anH qpp thst 

We take A t = 0 and A n = 7 -77-7—77 see tnat 

(m + n) (m + n - 1) - p(p + 1) 


y = Aqz [1 + 


m(m + 1) 


z 2 + 


ib (m + 1)(ib + 2) ( m + 3) 


(«+ l)(m + 2) -p(p + 1) [(“ + l)(* + 2) -p(p + 1)] t(» + 3)(*+ 4) -p(p + 1)] 


_ IB(IB + !)(»» + 2) (m 4- 3) (IB + 4) (m + 5) __ z *> + .] 

+ [(* + 1) (m + 2) -p(p + D] [(» + 3) (ib + 4) - p(p + D] [(» + 5) (* + 6) - p(p + D] 

satisfies the equation 

(z “_ z 2 )^f + 2z 5 £ + p(p + l)y = [-»(®-l) + P(P + l)]A>** = («+P)(-«+P + l)A>**. 

dz 2 dz 


For m = -p with A 0 =1, we obtain 

-pr _ p(p - 1) 2 p(p -1>(p-2) (p -3) * _ p(p-l) (P -2) (P -3)(P -4)(p-5) t 

1) y% - z n - 2(2p-l) Z + 2‘4(2p-l)(2p - 3) 2*4*6(2p -1) (2p-3) (2p - 5) 

..] 

Pn P(P-1) —2 P(P-l)(P-2)(p-3) p(p-l)(p-2)(p -3)(p-4>(p-5) v -fe 

* ^ 2(^p-l) * + 2*4(2p - 1) (?P -3) 2*4'6(2p -l)(2p -3)(2p -5) 

+ .]. 
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For m = p + l with A 0 = 1, we obtain 


2) y 2 = 2 ^ +1 [1 + — tUSEl 2) 2 2 + (P + 1) (P + 2) (p + 3) (p + 4) ■* 

2(2p + 3) 2-4(2p + 3)(2p +5) * 

+ (P + 1) (P + 2) (p + 3) (p + 4) (p + 5) (p + 6 ) 6 

2-4-6(2p + 3)(3p+5)(2p+7) 

= [1 + <P liliPj 2 ) ^-2 + (P + 1) (P + 2) (p + 3) (p + 4) ^-4 

2(2p + 3) 2-4(2p +3)(2p+ 5 ) 

+ (P + 1) (P + 2) (p + 3) (p + 4) (p + 5)(p -l- 6 ) -6 

2* 4- 6(2p + 3) (3p + 5) (2p + 7) 


lnus > y = Ay ,. + By 2 

is the complete solution, convergent for |*| > l, provided that p / 1/2 3/2 
or p / -3/2. -5/2,.. 


5/2. 


Suppose p is a positive integer including 0 and consider the solution y t which is a poly¬ 
nomial, say Putting p = 0.1.2,3.. in 1), we have 

Uo(*) = 1. a t (x) = *, u 2 (*) = x 2 - 1/3, u 3 (*) = * 5 -3*/5. . , 

[£*] 

u fe (x) = ^ (- 1 )” - 1 ).(fe - 2ro + 1 ) k- 2 n 

n ‘° 2 ” n! ( 2 A — 1 ).( 2 *- 2 n + l) ’ ’ 

where [**] denotes the greatest integer < ±k (i.e., fife] = 3 if k = 7 , [**] = 4 if k = 8) . 

The polynomials defined by 


3) 




(2P)' 


uJx ) = 1*3-5--- - (2p -1) 


2^(p!) 2 P p ! 

are called Legendre polynomials. The first few of these are: 

Po(x) = Uq(jc) = 1, 

p i(x) = u t (x) = x, 

P 2 (*) = u 2 (*) = | x 2 -i, 

2! 2 2 

P 3(X ) = ±pu s(x) - 5,3 _ 3 

o! 2 2 


Up ( x ). p = 0. 1, 2. -■ 


P . 1-3-5* 7 

*«(*) - --- U 4 (*) 


PbO) 


4! 

1- 3-5- 7- 9 
5! 


tl , 4 _ 2 2^, 2 + J-s 

2-4 2-4 *4 


««(*) = _ 5-7 3 3^ 

2-4 2-4 2-4 


P e ( x ) = u e (x) = 3 5lZl2 + 3 Z±1 x 2 _ ttl 

6 ‘ 2,4,6 2-4-6 2-4-6 2-4-6 


P7 (x) = 


1*3. 


7! 


— *7(X) 


g l* 1 ' 13 s 7 . o 7*9* 11 » 5.7.9 5 3.5.7 

2-4-6 2 * 4*6 2 * 4*6 X ~ 2 * 4*6 * * etc# 


n It 2 ; S „ Cle r f°“ 3) that V x) is a P^ticular solution of the Legendre equation 
(1-* )y - 2 xy ' + p(p +1) =0 


See Problems 1-6, 
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THE BESSEL EQUATION 

x 2 y" + xy' + (x 2 - k 2 )y = 0. 


It is evident that x = 0 is a regular singular point. To obtain the solution in series 
convergent near x=0, we substitute 

y - A 0 x* + Ai*“ +l + A 2 x” +2 + ••••••• + A.*’*” + . 

and obtain 

( m 2 ~k 2 )Aox n + {(ui + l) 2 - k 2 }A±x n+1 + {[(m + 2) 2 - k 2 ]A 2 + A Q }x + 

+ {[(m + n) 2 -k 2 ]A n + An-*}x n * n + . “ 

We take = 0 and A n =-~-r Ai-s an(i see 

(m + n) - k 


y = A 0 x {1 - 


(m + 2) 2 - fe 2 


2 

* + 


[(* + 2) 2 - fc 2 ] [(« + 4) 2 - k 2 ] 
1 


[(» + 2) 2 -fe 2 3[(m+4) 2 -fe Z ][(m+6) 2 -fe 2 ] 


x‘ + 


} 


satisfies the equation + + (x 2 .fe 2 )y = (m 2 -k 2 )A 0 x n . 


For m = k with Ao - If we obtain 
fe 12 1 


= * 


{ 1 - 


2 

X + 


X 6 + 


4(fe + 1) 4 2 .2! (k + l)(k+ 2) 4 •3!(fe + l)(fe + 2)(fe + 3) 


and for m = -fe with A 0 = 1. we obtain 


y 2 = x' fe {l- 


2 

x + 


X 6 + 


• } ♦ 


4(1 — A) 4 2 *2!(l-fe>(2-fe> 4 5 -3!(l-fe)(2-fe)(3-fe) 


Note that y 2 = y t if 1 =0. y t is meaningless if fe is a negative integer and y 2 is 

less if k is a positive integer. Except for these cases, the complete solution of the Bessel 

equation is y = Ay x + #> 2 * convergent for all x f 0. 


The Bessel functions of the first kind are defined by 


J h (x) = 


2 k -k\ 


y i 


- 


x^l ^ _ _ 

2 ] { tl ~ l!(fe + l)! ( 2 + 2!(fe + 2)!'2 ; “ 31 (fe + 3)! '2 


X 4 
./* y _ 


7& b + 


•>. 


j ^(x) = (-1 ) k J k (x) 9 where k is a positive integer including 0. 


1 *2 1 .X 4 + 

Of these, J Q (*) = 1 - -r(“) + - ~ - 


( 1 !) 


2 2 


( 2 !) 


2 2 


(31) 


2 '2 


and 


aw = (|o- - 5nr ( i )6 + 


are more frequently used. 


See Problems 7-10. 
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THE GAUSS EQUATION 
( x-x 2 )y" + [y - (a+y3 + l)x]y' _ a/3y = 0. 


To obtain the solution in series, convergent 
y - A 0 x + Aix** 1 + A^x** 2 + « 


A “ u, OUUotHUlc 


, a *+n 
+ Anx + 


and obtain 

«(» + r-l)>l 0 **" 1 + {(» + l)(*+y)A t - [m(m + a + /3) + a0]A o }x m + 


+ { (« + n) (« + n + y -l)An - [(* + n-l)(«+n + a + /3-l) + a£]A n _ 1 }* 

Wetake An - £_ +"-l><« + " + a + / 8-V+afi ^ 

(» + n)(jB + n + y-l) 


m+n-1 


F = Ao** [ 1 + w (» + a + /3)- t -a^ ^ + *(* + a + fi) + q^ . (m + l) (n+q+/3+p + a ff 2 
(*+ l)(*+y) (* +1) («+y) (* + 2) (*+y+ 1) * 

+ "(» + <* + / 3 ) + aff (»+l)(w + a +/3 + l) + a /3 (it 2 )(» + a^t2)t^ 5 

(m + l)(* + y) (■ + 2) (* +y +1) (■ + 3)(* +y + 2) * + 

satisfies the equation 

(*-* )y" + [y-(q + ^ + l)*]y' - a/3y = *(* + y -l)Ao** -1 . 
For m = 0 , with Ao = 1 , we obtain 

y t = i + ^ x + a < a + Wftfi +1) x 2 + a(a +1) (q + 2)/3(/3 + !)(/?+2) j 
l*y 1* 2*y(y + i) 1 * 2> 3*y(y + i) (y + 2) 

and for a = 1-y, y + l. with A« = 1. we obtain 


= 0. 


] 


y 2 = * 1 ‘ r [1 + fa-y»l)<^-y.-H) x + (a-y+l)(a-y+2)Q3-y + i)oa..y + 2 ) 2 
1(2-7) l»2(2-y)(3-y) * 

+ fa-y+l)(a -y-t-2)(q-y+3)( > g-y-H)0-y. ) .2)(^--y + 3> 3 

1* 2*3(2-y)(3 -y) (4 -y) * + . 

sent^d hr" yX ‘ kn ° m “ thC hyper * eometric series ‘ is convergent for |*| < 1 and is repre- 

yt = F(a,fi,y,x). 


Note that 


*2 = x 1 y F(a-y + 1, f$—y + 1, 2-y, *) 


is of the same type. Thus, if y is non-integral (including 0). the general solution is 
> = Ayt + By, = AF(a,0,y,x) + B* 1-r F(a-y +1. fi-y +1 , 2-y,*). 

— the ValUCS 0f •• A - * some Of these 
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SOLVED PROBLEMS 


THE LEGENDRE EQUATION. 


1. Verify that 2 P p\ P (x) = (Rodrigues’ Formula) 

P dx P 

p 

2 v n p! 2 p- 2 n . 

By the binomial theorem, (x -1) = 2* (-1) —- 77 * Then 

n=o n!(p-n)! 




X n 
(- 1 ) 


?! 


<T , 2 * 

— (x -1) _ . 

P n = 0 n! (p -n)! 


( 2 p - 2 n) ( 2 p - 2 n - 1 ).(p - 2 n +l)x 


p-2n 


dx 


n = o ( 2 p( 2 p-l)...($>- 2 n+l) (p- 2 n)(p- 2 n-l)...l n!(p-n). 


Now (in the denominator) 2p(3p-l)'* • (2p-2i+l) = 2"[p(p-1)'• (p-n+l)][(2p-l)(2p-3)-*(^)-2n+l)] 
and when multiplied by (p-n)! yields 2 n p! [(2p - 1)(2p-3)*• • • (2p- 2n + 1)]. Hence, 


, [ip] 

V- 1 *' - ^ ( - 1>n - 

dx P - 


( 2 p)! p! 


p-2n 


, n = 0 2 n p! [(2p-l)(3p-3)*”(2p-ai + l)](p-2n)!n! 

[ip] 

V I\ n (2p) 1 # p(p -1) • •• (P -2n + 1) x P ~ 2n 
n = 0 ~ ) 2 n n! p! (?P - 1 ) (3P -3) • • • (2p -2n + 1) 


(»)» 

p! 


«y*> = 2 P -p'.P p (x). 


[iP] 

2. Show that P*(x) = X 


n ( 3 p - 2 n)! 


p-2n 


d, 2 , * 

—(* - 1 ) 

dx p 


y n = 0 2 P n\ (p-n)l (p-2n)\ 

[iP] 

5 ) (-I)” -—-( 2 p- 2 n)( 2 p- 2 n-l)-(p- 2 n + l)x 

n = 0 n!(p-n)! 


From Problem 1 above. 


p-2n 


„ (p-2n)! p! p-2n 

X o (-D (n,-ai)(»-a.- 1 )..-(P-a» + i)—— x 

[ip] 


» (2P -2n)!p! ^P -2 ”. 

«to' n! (p-n)! (p- 2 n)I 


Hence, P*(x) = —^--(x 2 -l)^ = X (“O ~Z 

p 2 P pi dx^ n=0 2 P n! (p-n)! (p-2n)l 


(2p-2 n)! „p- 2 n 
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f 


B. Evaluate I P r ( X ) P (x) dx. 


‘s' 

Using Rodrigues' formula (Problem 1), 


x: 


P r (x) Pjx) dx = 


—i— f 

2 T+S r\ s\ “1 


1 d V-l) r .^(* 2 -!)*<&. 

dx S 


Let U = ^r (x2 ~ 1)r and = -^(* 2 -l) S d*. Then tfu = !-(* 2 -l) r <£*, v = £LL(* 2 -1)* 


and 


r x=1 i*»i /»*=i 

I udv = uv -I v 

*'*—1 J x = -1 * 4 =-l 


du 


S o ,S-1 

d , 2 r d 2 1v s 

- — (* - 1 ) •——(* - 1 ) 

dx • dx J_l 


‘ - x: 


11 /Y r + 1 o .S-l 

dx dx 


7 s -i 


Now --(x 2 -l) S 

dx s -i 


J-i 


- 0, for ] = 1,2, hence, after one integration by parts. 


f 

^-1 


^ r (*) P s (*) dx = - 


—r^< 

2 r! s! - 1 dr 


1 > r+1 * ,s-l 

, 2 a . 2 5 , 

(x - 1 ) .— r (* -1) dx. 


dx 


5-1 


A second integration by parts yields 


f 

•'-l 


P r (*) P s (*) tic = 


1 f 1 £ 

2 r+S rU! J -1 dx 


•1 ,r + 2 5-2 

r +2 <* -D r *—(- 2 -D S ^ 
dx 


and, after s integrations by parts, we have formally 


-4) 


I'ww* - £<.*-»’■ fly 


Suppose s>r. Then, since (x 2 -l) r = x 2r - r x 2r ~ 2 + 


and 


x: 


+ (-l) r . SLlt* 2 -!)' = o 


dr 




P r (*) P S (X) tA - o. Since r and s enter symmetrically, this relation holds also 


when r>s. Thus, it holds when r / s. 
Suppose s = r. Then 4) becomes 


B) 


Now 


•C< W * ■ X' 

^(* 2 -l) r = (2r)!. Hence. f P?(x) dz = ±±1^21 f' (x * _ 1 / * 

<£* * / -i 2 2r (r!) 2 ^ 


O* /*.! •'n 


(2c)! 


2 r+1 r! 


2 (r!) 


2 2r (r!) 2 1*3* • • (2r + 1) 2r + 1 


using the 
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X i 77 2 ^ +1 2 '* 

sin 2 8 dd = ~ (2n + 

4. Express f(x) = x* + 2x 5 + 2x 2 - x - 3 in terms of Legendre polynomials. 

Since P 4 (*) = f ^ - 7 * 2 + 5’ then *“ = ^ Pa(x) + 7* 2 " ^ “ d 
/(*) = P4<JC) + 7 * " 5^ + ^ + 2,2 “ * ‘ 3 = 35 P * (J ° + ^ + "7 * " * " "35 * 


jn 

2 nl 


n o 4 20 2 1 108 

Now x i = |P 3 (*) + -* and /(*) = — P*(x) + g P s(*) + — * + 5* “ 35 


2 = l PAx) + i and /(*) = |rP*(*) + J P s<*> + P *< x > + i* ~ 


35 

_8 

35 
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105 


£ PAx) + |p 3 (*) 


+ *Pax) ♦ |Px(«) - ! P o<*>. 


5. Show that (l-2xt+t 2 ) * = P 0 (*) + Pi( x > * + P 2 (*) * + + P fe( x * * + .* 

. -1 . * „-4 1... .2. . (1/2) (3/2) /0 # As 2 * .... 

Now (1 - 2xt + t 2 ) * = [l - (2xt - t 2 )] = 1 + -(2*t-t ) + - - - (2xt - t ) + 

!• 3- • • (2fc - 5) tQxt t 2 ) k ~ 2 + 1 -3-“< 2 *- 3 > (ow-+V- 1 + lj3 * * * (^ ~ -—(2xt -*V + .• 

A“ 2 /k o\ 1 2* ^(fe — 1)! 2 k\ 


2 (fe - 2)! 


(2 xt-t Z ) k 

I 

cS 

'w' 

II 

2 fe-1 

fe-l^fe-1 

(2xt - t ) 

= (2x) t 

2 fe—2 

fe—2 , fe-2 

( 2 xt-ry 

= (2x) t 


. fe-2 k 


2 ! 


Hence, (l-2*t + t 2 ) 2 = !+*( + (-*- + 


+ ^ 1*3*»« (2fc — 1) 2 k x k 


2 h fe! 


1.3...(2fc z 3) (fc _ 1)2 *-., 


2 ft-1 (fe-l)! ' ’ 2 fe ‘ 2 (fe-2)! 


2^ ft-2 + 1« 3- • • (2fc - 5) (fc-2) (fe - 3) + .]t* + 

* + 2 ! 


= 1 + xt + <! x2 --X + 


+ l»3..»(2fc-l) 
+ fe! 


_ fe(fe-l) x k-2 + fe(fe -1)(fe -2)(fe -3) x k-* + + 


2(2fe -1) 


2*4(2fe - 1)(2fe -3) 


= P 0 (Jc) + Pi(*)t + Pa(*) ** . .. P*<*> ** + 


6. Show that Pp(l) - 1. P = 0,1,2,3,.. 

Put x =1 in the identity established in Problem 5. Then 

(l-2t+t 2 )”* = (1-tf 1 = 1 + t + t 2 .. t P . 

= P 0 (l) + P^Dt + P 2 (l) t 2 .. P p ( 1) t p * .. identically. 

Hence, Po(l) = Pi(l) = ••••• = Pp(l) ~ . = 
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THE BESSEL EQUATION. 

7. Prove -I- J 0 (x) = -J x (x). 
dx 


■'=(*> ■ Shi'-L^ 

n = 0 (n!) 


2 '2 


and 

d_ 

dx 


- ,x.2 1 ,x v 4 1 *6 

1 ‘ ( 2 } + -i- ( 2 } -7 ( 5> + *••• + (-« 

2 (2! ) 2 2 (3! ) 2 2 


n+l 1 x 2n+2 

[(n + l)!] 2 2 


■*>(*) = - (t) + . —i—(—) 9 + 

2 1! 2! 2 2! 3! 2 


+ (-l) n+1 -i-£) 2n+1 + 

n! (n + l)! 2 


- [t-l_(i) 5 + . + ( _n n 1 2n+l 

2 l!2lV ( X) n!(„ + l)! ( 2 ) 




More briefly. 


| •'»<*> . i 2 <-!)" - i[l * 2 (-!>■ _!_<£,» ] 

“* ^ n = 0 ,-..*2 dx . . 2 Y J 


(n!) 


« *1 


(n!) 


2 '2 


= —[1 - V \ n 1 r^ 2n+2 1 V / iN n 1 ,x x 2n+l 


aprov, «, 6) - - *"* 

where i is a positive integer* 


0) T xKj k< x > = T- X (-l)" —r- ± - * 2ft+2n 

dx R dx ^ fe+2n 

n = 0 2 n! (fe + n)! 

00 

, 2& + 2n 

X 


00 


>p (-l) n _ 2k+ 2n _2fe+2n-i 


0 2* 2n n! (fc + n)! 


X <-o n —-_ 

n = ° 2 +2n-1 n! (fe+n-1)! 


2k +2n-l 


a> 


X (-0 


n 1 x fe+2n-x 

'o' 


n= 0 n!(fe+n —1)! 2 

GO 




b) i «"*<*> - £ X <-D n -* 

»«0 2* 2n n!(* + n)! 


2n 


00 


= — [_i-v f _,x n _ 1 

^ 9^ Lt ^ 7fc+2n+2 ~ ~ 

2 *• n = 0 2 (n + l)! (* + n + l)! 


2n+2 , 
* ] 


■- 2 (-!>” 


_ rt _fe+2n+l 

ns0 2 n! (&+n+l)! 


2n+i — k "S? , „ n 1 x fe+^n+i 

x = -x 2, (-1) ---(i)* +zn+ i _ -fe 

n = 0 n! (k+n+l )! 2 
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d 2k 

9. Prove a) J fe _ x O) - *7 fcn (*) = 2 ^ J k (x)> b) +J k+i< x) = T J fc ( * ) ' 


where k is a positive integer. 
Prom Problem 8, 




A) 

d 

dx 

x k 'J k (x) 

k 

= X 

d 

dx 

•4<*> 

+ fez*” 1 J fe (z) 


x k J k _ 1 (x) and 



B) 

d 

dx 

x~ k -J k (x) 

-k 

- X 

d 

dx 

■V*> 

- kx~ k ~ x J k (X) 

= 

~ x ^jfe+i (*) • 

Then 

from 4), 




L 








1) 

a 

dx 

J k (X) + 

- 

= 

•4-i 

(*); 



and from £), 


r! 


u 








2) 

CL 

dx 

J k (x) - 

- J k w 

X R 

- 

: - J k+i ( ' x ' > ’ 



When 1) 

and 2) are 

added, 

we have a); when ! 

2) 

is subtracted from 1), 

we 

have b ). 

Note 

that when i 

b) 

is subtracted 

from a), 

we 

have 




2 


2k 

X 

•v*> = - 2 

1 


or 

d , , s fe 

dx * * 

J k 



Note also that 6) is a recursion formula for Bessel functions. 


10. Show that = j o(x) + t j i(x) + . + t k J k (x) + . + T J - 1(*> + *•** 

+ 00 

+ *4 J-k( x ) + . “ X * • 

t* n=-co 

-x/2t 

e = e z • e 

22 55 n n 2 

= ri + 2* + -L_L + JL_L + .... + JL.L + ....] [1 - i. + —-—- 

2 2 * 2! 2 5 3! 2 n n! 2t 2 * 2! t « 

3 n 

---- + . + (-I)” -- + .]• 

2 5 3! t 2 nl t 

In this product, the terms free of t are 

i - <|> 2 ♦ - -± j ( x / + •••• - + -• = 

2 (2! ) 2 2 (3! ) 2 2 (nl) 

k 

the coefficient of t is 

k fe+l fe+2 2 *+3 3 

x x _ _ X + x __ # _ £ # * + . 

2 k kl 2 k * 1 (k+l)\ 2 2 k * 2 (k + 2)l 2 2 2! 2* +5 <fe + 3)! 2 5 3! 

- ± ( l) k _ 1 /*/♦* + _I_ (l ) ft+4 -I- £) fe+6 + . 

fc! 2 1! (k +1)! 2 ; 2! (A + 2)! 2 3! (k + 3)! 2 

00 * 

= V (~i) n —__ ( x y* 2n = J k (x), and the coefficient of — is 

n=0 n! (fe + n)! 2 t* 
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<-!>*[ * 


fe+i 


x 

, - + 


fc + 2 


fe+5 


x + j 

2" fe! (fe + 1)! 2 2 KT ' £ (fe+2)! 2*. 2! 2* +5 (fe+3)! 2 5 3! 


(-D* [± <f) fe 

fe! 2 


1 


1! (fe + 1)! 2 


d/* 2 * 


2! (fe + 2)! 2 




3! (fe + 3)! 2 


x.k+b *| 

w + •••] 


(-1) J^*) = JfcC*). 


G4USS EQUATION. 


11. Solve in series (x-x 2 )y" + (- - 2x)y' - -y = 0. 

2 4 


Here a+/3+ l = 2. y = 3/2, a/3 = 1/4; thus a = /3 = 1/2, and y = 3/2. 

2 j 

Then y 2 = F{a,/3,y,x) = F(I,i, 2.*) = l+^+^_+5i- + . 

2 2 2 6 40 112 


and 


y* = * W f(a-y + l, P-y + i. 2-y. *) = *”V(0,0,i,*) = l/vff. 


• i. 


and the complete solution is y = AF(~, i, - , *) + B/QZ . 

2 2 2 


12. Solve in series (x-x 2 )y" + 4(l-*)y' - 2y = 0. 

Here a + /3 + 1 = 4 . y = 4, a/3 = 2 ; then a = 1, fi = 2, y = 4 or a = 2 . /3 = 1, y = 4 . 
For either choice. y t = F(1.2,4,*) = F(2,l,4,*) 


r ,5 * o 5 

= i + i + !i_ + L. + — + !i_ + 

2 10 5 7 28 


Since y = 4, the fourth term in y 2 has zero for denominator. However, one of a-y+2 or 
p-7 +2 in the third term is zero so that 

y 2 = x 5 F( -2,-1,-2,*) = x~ } F(-l, -2,-2.x) = x~ 5 (l-x) 


and the complete solution is 


y = AF( 1.2,4.x) + B — 
x 5 


13. Show that a) F(aMx) = (l-*)“ a . 6) ,f( 1.1.2.-*) = ln(l+«). 

a) F(a./3,/3,x) = l + + a < a+ DA/6 + 1) ^ + . 

1-/8 l-2-/6(/3+l) 


1 + ax + a(a +11 x 2 + *(<* + !) (a+ 2) x ? + 


= (I-*)” 


6) *7(1. 1 . 2 .-*) = *[l. + + + 1 - 2 -3- 1 - 2 .3 5 

1*2 1 * 2 * 2*3 1 - 2 - 3 - 2 - 3-4 


- wi I 1 2 1 4 

- x(l - -a: + -x - -x + 

2 3 4 


») = ln(l+*) t 
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THE LEGENDRE, BESSEL, AND GAUSS EQUATIONS 


SUPPLEMENTARY PROBLEMS 

14. Compute a) P 4 ( 2 ) = 55.3750, b) J 0 ( 1 ) = 0.7652, c) J t (l) = 0.4401, d) F( 1 , 1 , 10 ,- 1 ) = 0.9147. 

15. Verify each of the following by using the series expansion of Pp(x). 

a) (x 2 -l)Pp(x) = (p+l)[P^ +1 (*) -xP p (x)] = p[xP p (x) -P #) _ 1 (x)]. 

b) Pp +1 (x) = xPp(x) + (p + l)Pp(x). 

c) (2p+l)P p (x) = Pp +1 (x) - Pp.^x) = |[(P + 1)^ +1 (*) + pPp. 

16. If P e (2) * a and P 7 (2) = b , show that 

а) P e '(2) = -(6 -2a), 6) P ? '( 2) = ^( 26 -a), c) P Q (2> = |(30fe-7a), d) P Q , (2) = ^(526- 14a). 

17. If Jo(2) = a and J t ( 2 ) = 6 , show that a) J 2 ( 2 ) = 6 -a, 6 ) j[( 2 ) = a-£ 6 , c) J*'( 2 ) = a. 

18. Show that the change of independent variable x 2 - t reduces the Legendre equation to a Gauss 
equation. 

1 L 

19. a) Show that the change of dependent variable y = x z transforms y"+y = 0 into a Bessel equa¬ 
tion. 

\L fa 

б ) Write the solution of the Bessel equation as y = C±x J„(x) + C^x J l/(*) an ^ show that 

.14 .fa 72 . 

J (x) and J (x) may be defined as ax sin* and bx cos x respectively. 

72 “72 

c) Show that if the relations of Problem 8 are to hold for k = ±i, then a = 6 . 

Note. These functions are defined with a = /2/rc. 

20. Use the substitution y = x 1/2 z and then x = (3t/2 ) 2/5 to show that y" + xy = 0 is a special 
case of the Bessel equation, and solve. 

Hint: z" + tz' + (t 2 - 1/9 )z = 0. 

3 6 9 

4ns. y = 4x [1- - — + - - —-—- -\ - + .] 

2 3 2! 2 3 7 3! 2 Z 3 5 7*10 

5 6 9 

r, r . X X x 1 

+ B [1- + - - 2 -:- + . ] * 

3*2 2! 3 2-5 3! 3 5 2.5-8 

21. Solve (x 2 -3x+ 2)y" + 4xy' + 2y = 0 after reducing it to a Gauss equation by a substitution 
of the form x = gz + 77 . 

Hint: y = 4F(l,2,-4,x-l) + P(x-l) 5 P(6,7,6,x-l) is not a complete solution since the sixth 
term of F(l, 2 ,- 4 ,x-l) becomes infinite. 

4ns. y = 4F(l,2,8,2-x) + B(2-xf 7 F(-6,-5,-6.2-x) 

22. Express each of the following as Gauss functions. 

а) -i- = F< 1. A/3. *) 

1 - x 

,, P ,1 1 3 2 . 

б) arc sin x = x F(- ’ 2 * 2 '* * 

13 2 

c) arc tan x = x P(l* -» -» -x ) 

2 2 


d) e* = lim F(a, 1, 1, x/a) 

a—* co 

3 x 2 

e) sin x = lim xF(a, ft, -, --). 

a—»oo * 4a,p 

j3-*od 




CHAPTER 28 


Partial Differential Equations 


PARTIAL DIFFERENTIAL EQUATIONS are those which contain one or more partial deriv¬ 
atives. They must, therefore, involve at least two independent variables. The 
order of a partial differential equation is that of the derivative of highest 
order in the equation. For example, considering z as dependent variable and 
x, y as independent variables, 

!) x ^ + y— - z or 1') xp + yq = z 

is of order one and 

2) + 3-^-5- + 5_£ = 0 or 2') r + 3s + t = 0 

Bx Bx By By 

is of order two. In writing l 1 ) and 2'), use has been made of the standard 

notation: P = |* , q = |f , r = 5lf, s = JL£_ , t = . 

3y Bx 2 By 2 

Partial differential equations may be derived by the elimination of arbi¬ 
trary constants from a given relation between the variables and by the elim¬ 
ination of arbitrary functions of the variables. They also may arise in con¬ 
nection with geometrical and physical problems. 


ELIMINATION OF ARBITRARY CONSTANTS. Consider z to be a function of two independent 
variables x and y defined by 


3) 


g(x,y,z,a,b) = 0, 


in which a and b are two arbitrary constants. By 


with 

respect to x and y. 

we obtain 


4) 

M 

+ B| Bz _ 

51 + P M 


Bx 

Bz Bx 

Bx Bz 

and 




5) 

M 

+ Bj[ Bz _ 

5 i + q *i 


By 

Bz By 

By " Bz 


differentiating 3) partially 


= 0 

= 0 . 


general, the arbitrary constants may be eliminated from 3), 4),5) yielding 
partial differential equation of order 


6 ) 


f(x,y, z, p,q) = 0. 


EXAMPLE 1. Eliminate the arbitrary constants a and b from z = ax 2 + 6y 2 +a6. 
Differentiating partially with respect to * and y, we have 

r- = P = 2 ax and — = q = 26y. 

ox By 

Solving for a and 6 from these equations and substituting in the given relation, we obtain 
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PARTIAL DIFFERENTIAL EQUATIONS 


2 = (i £)* 2 + (i -)/+ (A -)(A ?) or pg + ?px 2 y + 2g*y 2 = 4*yz, 

a partial differential equation of order one. 

If z is a function of x and y defined by a relation involving but one ar¬ 
bitrary constant, it is usually possible to obtain two distinct partial dif¬ 
ferential equations of order one by eliminating the constant. 

EXAMPLE 2. Eliminate a from z = a(x + y). 

Differentiation with respect to x gives p-a, so that the partial differential equation 
z = p(x+y) is obtained. Similarly, differentiation with respect to y gives q - a and the 
equation z=q(* + y). 

If the number of arbitrary constants to be eliminated exceeds the number 
of independent variables, the resulting partial differential equation (or 
equations) is usually of order higher than the first. 

EXAMPLE 3. Eliminate a,6,c from z = ax+by + cxy» 

Differentiating partially with respect to x and y, we have 

(i) p = a + cy and (ii) q = 6 + ex. 

These, together with the given relation, are not sufficient for the elimination of three 
constants. Differentiating (i) partially with respect to x , we have 



a partial differential equation of order two. Differentiating (ii) partially with respect 
to y, we have 2 

q = 5-?. = t = 0, of order two. 

* V 

Differentiating (i) partially with respect to y or (ii) with respect to x , we obtain 

3 3 3 2 2 

— p = —q - - = s = c. 

By Bjc ~dx By 

Prom (i), p = a+sy and a = p-sy; from (ii), 6 = q-sx . 

Substituting for a,6,c in the given relation, we obtain 

z = (p-sy)x + (q-sx)y + sxy = px + qy - sxy , 

of order two. 

Thus, we have three partial differential equations r=0, t = 0, z = px + qy-sxy of the 
same (minimum) order associated with the given relation. also Problems 1-4 


ELIMINATION OP ARBITRARY FUNCTIONS. Let u = u(x,y, z) and v = v(x,y,z) be independent 
functions of the variables x,y,z, and let 


7) 4>(u t v) = 0 

be an arbitrary relation between them. Regarding z as the dependent variable 
and differentiating partially with respect to x and y, we obtain 


+ p—> 

3u3x 3z 


30.3v 

Bv Bx 


Bv x 

P 3^ = 


8 ) 


0 


and 
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9) 


= 0. 

Bu By Bz Bv By Bz 


Eliminating ^ and from 8) and 9), we have 

OU Bv 


Bu , Bu Bv Bv 
— + P— — + Pzr- 


Bx 


Bz Bx 


|H t ,|2 ♦ , 


Bz 

Bv 


By Bz By ^ Bz 


= (|^ + P~) (~ + g|^) - (|^ + q|^) + p|^) 

Bx Bz By Bz By Bz Bx Bz 


= ^ ^ IT + p(— + /Bif Bv _ Ba Bvv 

Bx By By Bx Bz By By Bz ^ Bx Bz Bz Bx 


Writing AP = — — - — , 

By Bz Bz By 

this takes the form 


\q _ Bu Bv Bu Bv 
Bz Bx Bx Bz 


Pp + (?<7 = /?, 


^ = Bu Bv ^ Bu Bv 
Bx By By Bx 


a partial differential equation linear in p and g and free of the arbitrary 
function <t>(u,v). 

EXAMPLE 4. Find the differential equation arising from cf>(z/x ^, y/x) = 0, where d> is 
an arbitrary function of the arguments. 

We write the functional relation in the form <£(u,v) =0 with u=z/x 3 and y/x. Dif¬ 
ferentiating partially with respect to x and y, we have 

m - % -1<- 4> ■^<4> * &b - o. 


Bu ,5 ' dv~ x 2 

The elimination of ^ and ^ yields 
Bu Bv 


Bu x 5 dv x 


P/x 5 - 3 z/x* -y/x 2 

Q/x 5 l/x 


p/x - 3 z/x* + qy/x 


5 _ 


or 


px + qy = 32. 


The arbitrary functional relation may also be given by -i- = /(£) or z = x 5 /(-), where 

x 3 x x 

f is an arbitrary function of its argument. Using v = y/x and differentiating z = x* f(v) 
with respect to x and y yields 


P = 3 x 2 f(v) + * 5 = 3z 2 /(v) + * 3 (f£)(-X) = 3* 2 /(v) - xyf'(v), 

av 

q X5 fvfy - " ^>- 


When /'(d) is eliminated from these, we have 


px + qy = 3* 5 /(v) = 3z 


as before. 


See also Problems 5-8. 
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PARTIAL DIFFERENTIAL EQUATIONS 


SOLVED PROBLEMS 

1* Eliminate a and b from z = (x 2 + a) (y 2 + 6). 

Differentiating partially with respect to x and y, p = 2 x(y 2 + 6) and q = 2y(x 2 + a). Then 

y 2 +6 = JL , x 2 + a = — * and z = (* 2 + a) (y 2 + 6) = (—) (--) or pq = 4*yz. 

2* 2y 2y 2x 

2 2 

We could also eliminate a and 6 as follows: pq = 4xy(y + b)(x + a) = 4xyz. 


2# Find the differential equation of the family of spheres of radius 5 with centers on the plane 
x = y. 

2 2 2 

The equation of the family of spheres is 1) (x-a) + (y-a) + (z - 6) = 25, a and b being 
arbitrary constants. Differentiating partially with respect to x and y, and dividing by 2, we 

haVe ( x-a) + (z - 6)p = 0 and (y-a) + (z -6)q = 0. 

Let z-6 = -m; then x-a=pm and y-a=qm. Making these replacements in 1), we get 

m 2 (p 2 + <? 2 + 1) = 25. 

. ) 2 

Now x - y = (p - q)m. Then m = -—- » m 2 (p 2 + q 2 + 1) = -+ q 2 + 1) = 25, and the 

P " q (P-9) 

2 2 2 2 

required differential equation is (x-y) (p + q +1) = 25(p-q) . 

3* Show that the partial differential equation obtained by eliminating the arbitrary constants 
a,c from z = ax + h(a) y + c, where h(a) is an arbitrary function of a, is free of the vari¬ 
ables x,y,z. 

Differentiating z = ax + h(a)y + c partially with respect to x and y, we obtain p = a and 
q = h(a ). The differential equation resulting from the elimination of a is q = h(p) or /(p,q) 
= 0, where / is an arbitrary function of its arguments. This equation contains p and q but 
none of the variables x,y,z. 


4. 


Show that the partial differential equation obtained by eliminating the arbitrary constants a 


and b from 


z — ax + 6y + f(a,b), 


the extended Clairaut equation , is 

z = px + qy + /(p.q). 


Differentiating z = ax+by+f(a,b) with respect to x and y yields p = a and q = 6, and the 
required differential equation follows immediately. 


2 2 2 

5* Find the differential equation arising from <f>(x+y+z, x +y -z ) = 0. 

Let u = je + y + z, v = x 2 + y 2 - z 2 so that the given relation is c p{u t v) = 0. 
Differentiation with respect to * and y yields 

?i£(l + p) + ^(2*-2 zd) = 0 and ^(1 + q) + ^(2y-2zq) = 0. Eliminating ^ and we have 

Bu Bi> Bu Bv Bu Bv 

1 + p 2x - 2zp 

1 + q 2y-2zq 


2(y -x) + 3p(y + z) - 2q(z + x) = 0 or (y + z)p - (x + z)q = x - y. 
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6. Eliminate the arbitrary function <p(x + y) from z=<£(x + y). 

Let x + y = u so that the given relation is z = <£(u). 

Differentiating with respect to x and y yields p = = <£'(u) and q = <fi r (u). 

du 

Thus, p = q is the resulting differential equation. 


7- The equation of any cone with vertex at P 0 (x Qt y 0t z 0 ) is of the form <f>(— x ° , = o. 

Find the differential equation. z z Q z z 0 


_ . x -x 0 y-y Q 

Let 7 ' - 7 ~ Uf Z - ~ v so the given relation is <fr(u,v) = 0. 

Differentiating with respect to x and y, we have 


du Z — Z 0 x 2 Bv _ v 2 


(2-z 0 r 


( z — z 0 ) 

y-yo 


Bu t y , J 3t> 2 -2 0 V , .2 

(2 — 2 q ) (2 — 2 < j ) 


) = 0 

) = 0. 


Eliminating and , we obtain p(x-x 0 ) + <?(y-y 0 ) = 2 - 2 0 . 
du dv 


8. Eliminate the arbitrary functions f(x) and g(y) from 2 = yf(x) + xg(y). 

Differentiating partially with respect to x and y, we have 

!) P = y /'(*) + g(y) and 2) g = /(*) + x g'(y). 

Since it is not possible to eliminate f.g.f.g’ from these relations and the given one, we 
find the second partial derivatives 

3) r = yf"(x), s = f'(x) + g'(y), t = xg"(y). 

Prom 1) and 2) we find f'(x) = ±[p-g(y)] and g'(y) = i[, -/(*)]. Hence. 

s = /'(*) + g'(y) = -g(y)] + ^[ 9 -/(*)]. 

raus, xys = x[p - g(y)] + y[<?-/(*)] = P x + qy - [y f( X ) + x g (y)] = px+qy-z is the 

resulting partial differential equation. 

Note that the differential equation is of order two although, in general,a higher order is 
expected. However, since one of the relations 3) involves only the first derivatives of / and 
g, it is possible to eliminate f.g.f.g' between this relation, 1), 2). and the given relation. 


9- Find the differential equation of all surfaces cutting the family of cones x 2 + y 2 -a 2 z 2 = 0 
orthogonally. 

Let 2 = f(x,y) be the equation of the required surfaces. At a point P(x,y,z) on the surface, 
a set of direction numbers of the normal to the surface is [p, 9 ,-l]. Likewise, at P a set of 
direction numbers of the normal to the cone through P is [x,y,-a 2 z], since these directions 
are orthogonal, 

px + qy + az = 0. 

The elimination of a 2 between this and the given equation yields the required differential 
equation 9 

z(px+qy) + x z + y z = o. 
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10. A surface which is the envelope of a one-parameter family of planes is called a developable 
surface. (Such a surface can be deformed (developed) into a plane without stretching or tear¬ 
ing.) Obtain the differential equation of developable surfaces. 

Let 2 = /(x,y) be the equation of a developable surface. 

The tangent plane at a point (x 0 ,yo.Zo) of the surface has equation 
1 ) F = (x~x 0 )p + (y-yo)Q - ( z ~ z o) = 0 . 

Now when p and q satisfy a relation <£>(p,q ) = 0, 1) is a one-parameter family of planes 
having z = /(x,y) as envelope. Thus <£(p,q) =0 or q - k(p) is the required differential 
equation. 

The cone of Problem 9 is a developable surface since p = * q - satisfies cp(p,q) 

909 « z a z 

= a (p z + q z ) -1=0. 


11. Eliminate the arbitrary functions 4> ± and <£ 2 from 

z = 0 1 (y + w 1 2 :) + 4> 2 (y + m 2 x) = 0 ± (u) + 

in which are fixed constants. 


Differentiating partially, we obtain 
2 2 

r = «? ^ ^ . s = 

du 2 dv 2 


d% i 
du 2 


2 2 2 
^ 02 ^ t = 01 + ^2 # 




dli 


dv" 


2 2 

Eliminating we have 

c/u 2 c/v 2 


2 2 

r 


IRi AIa S 


1 1 t 

or, since £ m 2 , r - + m 1 m 2 t = 0, 


2 2 2 2 

= (m 1 -m 2 )r - (m ± -m 2 )s + (m ± m 2 - = 0 


12. Show that (a) z = a* 5 + 6y 3 and (6) 2 = ax 5 + bx 2 y + cxy 2 + dy*/x give rise to the same dif¬ 
ferential equation. 

a) Differentiating 2 = a* 5 + by 3 partially with respect to * and y, we have 

2 2 

p = 3ax and q = 3oy . 

Thus, px + qy = 3(ax 3 +6y 3 ) = 32 is the resulting differential equation. 

b) Differentiating 2 = ax 3 + 6x 2 y + cxy 2 + dy V* partially with respect to x and y, we have 

p = 3ax 2 + 26xy + cy 2 - cfyVx 2 and q = bx 2 + 2 cxy + 4 dy 5 /x. 

Thus, px + qy = 3(ax 3 + bx 2 y + cxy 2 + cfy V*) = 32 as before. 

The fact that these two equations, one with two arbitrary constants and the other with four, 
give rise to the same differential equation will indicate the subordinate role which the ar¬ 
bitrary constant will play here. In its place we will have arbitrary functions. Since (a) may 
be written as 

2 = ax 3 + 6y 5 = x 3 [a + 6(y/x) 5 ] = * 3 -g(y/*), 

while (6) may be written as 

2 = x 3 [a + 6(y/x) + c(y/x) 2 + cf(y/x)^] = x 5 «h(y/x), 

each is a particular case of 2 = x 5 */(y/x) considered in Example 4. 
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SUPPLEMENTARY PROBLEMS 

Eliminate the arbitrary constants a,b,c from each of the following equations. 


13. 

z = (x-a) 2 + (y-b) 2 

2 2 

Ans. 4z = p + q 

14. 

z = axy + b 

o 

n 

S 

1 

8- 

15. 

ax + by + cz = 1 

r = 0, 5=0, or t = 0 

16. 

2 = ax$ y + ±a 2 e 2y + b 

q = xp + p 2 

17. 

z = xy + ydc* - a 2 + 6 

pq - xp + yq 

18. 

* /« + y /6 + 2 /c =1 

2 2 
*zr + xp - zp = 0, yzt + yq - zq = 0 ; 



28. Find the differential equation of all spheres of radius 2 having their centers in the xOy 

plane. Hint: Eliminate a and 6 from (x-af + (y-b) 2 + z 2 = 4 . Ans. z 2 (p 2 +q 2 + l) =4 

29. Find the differential equation of planes having equal x- and y- intercepts. Ans. p-q = 0 

30. Find the differential equation of all surfaces of revolution having the z-axis as axis of 

rotation. Hint: Eliminate <p from z = <£(/* 2 + y 2 ) = ^( x 2 + y 2 ). Ans. yp-xq = 0 



CHAPTER 29 


Linear Partial Differential Equations of Order One 


THE PARTIAL DIFFERENTIAL EQUATIONS of order one 

li) px + qy = 3z and 1 2 ) px + qy = z 3 

are called linear to indicate that they are of the first degree in p and q . 
Note that, unlike linear ordinary differential equations, there is no restric¬ 
tion on the degree of the dependent variable z. 

All partial differential equations of order one which are not linear, as 

2i) p 2 + q 2 = 1 and 2 2 ) P + In q = 2z 3 , 

are called non-linear . 

LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF ORDER ONE. Equation l t ) was obtained in 
Chapter 28, Example 4, from the arbitrary functional relation 

3) <£(z/x 3 , y/x) = 0 

or its equivalent z/x 3 = /(y/x). This solution, involving an arbitrary func¬ 
tion, is called the general solution of li). 

The differential equation was also obtained (Chapter 28, Problem 12) by 
eliminating the arbitrary constants from 

4 t ) z = ax 3 + by 3 

and from 

4 2 ) z = ax 5 + bx 2 y + cxy 2 + dy*/x. 

A study of the problems of that chapter indicates that relations involving two 
arbitrary constants usually yield non-linear partial differential equations 
of order one, while those involving more than two arbitrary constants yield 
equations of order higher than one. However, as was pointed out in Chapter 28, 
Problem 12, both of these relations are particular cases of the arbitrary 
functional relation 3). It is clear then that the general solution of 1) yields 
a much greater variety of solutions than that obtained (in the case of ordi¬ 
nary differential equations) through the appearance of arbitrary constants; 
for example, 

z/x 3 = A sin (y/x) 2 + B cos (y/x) + C ln(y/x) + De y/x + £(y/x) 12 
is included in the general solution 3). 

THE GENERAL SOLUTION. A linear partial differential equation of order one, involv¬ 
ing a dependent variable z and two independent variables x and y, is of the 
form 

5) Pp + Qq = R 

where P,Q,R are functions of x,y,z. 

"3z 

If P =0 or 0 = 0, 5) may be solved easily. Thus, the equation — = 2x + 3y 

OX 

has as solution z = x 2 + 3 xy + <fi(y), where 4> is an arbitrary function. 
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Lagrange reduced the problem of finding the general solution of 5) to that 
of solving an auxiliary system (called the Lagrange system) of ordinary dif¬ 
ferential equations 

6) dx _ dy _ dz 

P ~ Q ~ R 

by showing (see Problem 7) that 

T) = 0, (<£, arbitrary) 

is the general solution of 5) provided u = u(x,y,z) = a and v = v(x,y, z) = b are 
two independent solutions of 6). Here, a and b are arbitrary constants and at 
least one of u,v must contain z. 

EXAMPLE 1. Find the general solution of 

D px + qy = 3z. 


The auxiliary system is ~ = ^ . 

x y 3z 

® ?rom ~ = 3 z ’ we °btain u ~ z/x^ = a \ find from — = — • we obtain v = y/x = 6. 

x y 

Thus, the general solution is <$>(z/x^ t y/x) = 0, where <fi is arbitrary* 

Of course, from -Z = -_ , we obtain z/y^ - c, and we may write 

y 3z 

4>(z/x 5 , 2 /y 5 ) = 0 or Mz/y s .y/x) = o, 

where i/» and K are arbitrary. However, these are all equivalent and we shall call any one 
of them the general solution. 

The above procedure may be extended readily to solve linear first order 
differential equations involving more than two independent variables. 

EXAMPLE 2. Find the general solution of 


x 


dz 

'dx 



+ 


z being the dependent variable. 


dz 

dt 


xyt , 


The auxiliary system is ^ . 

* y t xyt 

We obtain readily u = x/y = a, v = t/y = 6. 

A third independent solution may be found by using the multipliers yt, xt, xy , -3. Since 
x(yt) + y(xt) + t(xy) + (xyt) (-3) = 0, 
yt dx + xtdy + xy dt - 3dz =0 
1 xyt -3 z - c. 

Thus, the general solution is <j>(x/y , t/y, xyt-3z) = 0. 
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COMPLETE SOLUTIONS. If u = a and v = b are two independent solutions of 6) and if 
a,p are arbitrary constants, 

8) u = av + p 

is called a complete solution of 5). Thus, for the equation of Example 1, 

z/x 5 = a(y/x) + P 


is a complete solution. 

A complete solution 8) represents a two-parameter family of surfaces which 
does not have an envelope, since the arbitrary constants enter linearly. It 
is possible, however, to select one-parameter families of surfaces from among 
8) which have envelopes. As shown in Problem 8, these envelopes (surfaces) 
are merely particular surfaces of the general solution. 


SOLVED PROBLEMS 

1. Find the general solution of 2p + 3qr = 1. 

dx dy dz 

The auxiliary system is — = — = — • 

2 3 1 

From — = — • we have x - 2z = a; and from — = * we have 3x - 2y = 6. Thus, the gen- 

2 1 2 3 

eral solution is <f>(x-2z , 3x-2 y) = 0. 

The complete solution x-2 z = a(3x - 2 y) + /3 is a two-parameter family of planes. The one- 
parameter family determined by taking /3 = a 2 has equation 

A) x-2 z = a(3x-2y) + a 2 . 

Differentiating A) with respect to a yields 0 = 3x - 2y + 2a or a = - j(3x-2y). 

2 

Substituting for a in A), we obtain the envelope, a parabolic cylinder, x-2z = - £(3x -2y) . 
This cylinder is clearly a part of the general solution. 


2. Find the general solution of 

The auxiliary equations are 


2 2 
y zp - x zq 


2 

* y- 


dx 

71 


. d y 


2 

-X Z 


dz 

* 2 y 


From — = or z dz + y dy = 0, we have y 2 + z 2 = a; from — 

x 2 y -x 2 z y z 

Thus, the general solution is <f>(y 2 + z 2 , * 5 +y 5 ) - 0. 


, we have x 5 + y 5 = 6. 

-x 2 z 


3* Find the general solution of (y-z)p + ( x-y)q = z - x. 


The auxiliary system is 


dx _ dy _ dz 
y-z x -y z-x 


Since (y-*)+(*-y) + (z-x) = 0, dx + dy + dz=0 and x + y + z = a. 

Since x(y -z) + z(x - y) + y(z -x) = 0, xdx + zdy+ydz=0 and x 2 + 2yz = 6. 

Thus, the general solution is <£(x 2 +2yz, x+y+z) = 0* 

The complete solution x 2 + 2yz = a(x + y + z) + /3 represents a family of hyperboloids. 
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4. Find the general solution of (x 2 -y 2 - z 2 )p + 2xyq = 2xz. 

dx dy _ dz 


The auxiliary system is 


2 2 2 
x —y — 


2xy 2 xz 


From = AL, 

2 xy 2 x 2 

Prom -^ 2 - = _ 

we obtain y/z = a. 

x dx + y dy + z dz 

x dx +ydy + z dz dz 

2x2 x(x 2 

- y 2 - 2 2 ) + y( 2 xy) + z( 2 xz) 

009 0r - 

x(x +y +z ) 2 

2 , 2 

2 


we obtain it 2 

- = 6 , 



2 2 2 
x* + y* + 


2 2 2 

Thus, the general solution is <fi (-, -—— + 2 ) = n, 

2 2 


The complete solution x 2 + y 2 + z 2 = ay + /3z consists of the spheres through the origin with 
centers on the plane yOz . 


5* Solve ap + 67 + cz = 0. 

The auxiliary system is — = Prom — = —^ » we obtain ay- 6 x = 4. 

a 6 —cz a b 

If a ^ 0 , yields In 2 = --^ + in B or z - Be Cx ^ a 9 and the general solution 

may be written as 2 = e~ cx/a <*>(ay- bx). It b / 0. yle ids 2 = Ce~ cy/b . and the 

general solution may be written as 2 = e~ cy ^ b \p (ay - bx). 

6 . Solve 1) 2p + 9 + 2 = 0 , 2) p - 3g + 22 = 0, 3) ?p + 3g + 52 = 0, 4)9 + 22 = 0. 

1 ) Comparing with Problem 5 above, a = 2 , 6 = 1 , c = 1 . 

The general solution is 2 = e~ x/2 <f>(2y-x) or 2 = e~ y ^(2y-x). 

2) Here, a = l, 6 =- 3 , c = 2. The general solution is 2 = e -2 *<£(y + 3 *) or z = e 2y/5 xp(y + 3 *). 

3) The general solution is 2 = e~ ix/2 <p(2y-3x) or 2 = e " 5y/5 </,(2y - 3*). 

4) The general solution is 2 = e~ 2y <f>{-x) = e~ 2y <p(x). 


Show that if u-u(x,y, 2 ) =a and v = v(x,y,z) = b are two independent solutions of — = Q = ^ z . 

P Q R 

where P,Q,R are functions of *,y, 2 , then 4>(u,v) = 0 , with 0 arbitrary, is the general solu¬ 
tion of Pp + Qq = R. 

Taking the differentials of u=a and v-b , we have 


Bu , Bu . Bu , 
Bx By Bz 


0 , 


Bv , Bt> , . 

r- cfr + dy + -- c/z = 0. 
OX By Bz 


Since u and t; are independent functions, we may solve for the ratios 


dx : dy : dz = : ^ ^ = p • n • r 

By 32 32 3y 32 3* 3* 32 3* By By 3* • V • • 

But these are the relations (see Chapter 28) defining P,Q,R in the equation Pp+O 9 = ft whose 
general solution is 4>(u,v) = 0 . 
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8. Let a = av + /3 be a complete solution of Pp+Qq = R. Prom this two-parameter family of sur¬ 
faces, select a one-parameter family by setting /3 = h(a), where h is a given function of a, 
and obtain the envelope. 

The envelope of the family 

1) u = av + h( a) 

is obtained by eliminating a between 1) and 

2) 0 = v + h r (a). 

Solving 2 ) for a = and substituting in 1 ), we have 

3) u = vfi(v) + h[fjL(v)] = \(v). 

Now 3 ) is a part of the general solution <fi(u,v) = 0 . Thus, unlike the case of ordinary dif¬ 
ferential equations, the envelope is not a new locus. 

If h(a) is taken as an arbitrary function of a, K(v) is an arbitrary function of v, and 3 ) 
is the general solution. Thus, the general solution of a linear partial differential equation 
of order one is the totality of envelopes of all one-parameter families 1) obtained from a com¬ 
plete solution. It is to be noted that when h(a) is arbitrary, the elimination of a between 
1) and 2) is not possible; thus, the general solution cannot be obtained from the complete 
solution. 


9. show that the conditions for exactness of the ordinary differential equation 

M(x t y)dx + /x(x,y) N(x,y)dy = 0 

is a linear partial differential equation of order one. Thus, show how to find an integrating 
factor of Mdx+Ndy = 0. (See Chapter 4.) 

If fjiMdx + fiNdy = 0 

2 li# Bu w B/x BN BAf x 

is exact, then (jjlM) = —(/xA) or A/—- - A —- “ M“ - “)* 

By B* By B* B* By 

This is a linear partial differential equation of order one for which the auxiliary system is 

i\ _ & d/x 

' -N ~ M ~ .BA BAfv 

Ml B* By' 

Any solution, involving /x, of this system is an integrating factor of Mdx + Ndy = 0. 

Writing 1) in the form 

BA _ BM BA _ 

2) ^ dx - —-— dy = — » it is evident that if 

-A M * 


B/y _ BAf 

= f ( X ), then /u = is an integrating factor; 

-A 


BA BAf 
or 

M 


*<». ^ 


is an integrating factor. Moreover, if the equation is linear (that is, y f +Py - Q ), then M 
= Py-Q, A = 1 and 2) becomes Pdx - - —^<fy = ^ ^ ^ is an integrating factor. 


10. Find an integrating factor for (2 x^y -y 2 )dx - (2 x* + xy)dy = 0 . 

32.. 4 BAf 3 BA 

Here M = 2 x 5 y-y . A = -(2* +*y), — = 2 *^ - 2 y. — = 

By B* 


(See Problem 9 above.) 
-(8* 3 + y). 
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We seek a solution involving /x of 


dx 


dy 


dfi 


2 x*+xy 2x 3 y-y 2 /z(y-10* 5 ) 


Prom 


dfi 


-2y dx-Zxdy 


/jL(y -10* 5 ) -2y(2x* + xy) -3x(2 x 5 y-y 2 ) 


- “ 2 y dx -2xdy 
xy(y - lOxh 


or — = 


dfi 


-2y dx -3x dy 

xy 


we obtain In fi = -2 In* - 31ny. Thus, f± - x~ 2 y ~ 5 is an integrating factor. 


11• Find the integral surface of x 2 p + y 2 q + z 2 = 0 which passes through the hyperbola 

xy=x + y, 2 = 1. 


The auxiliary system is 


dx 


dy _ dz * 


dx dz 

Prom — = - we obtain u = 

* 2 -z 2 ** 


x + z .. dy dz ... y +z , 

- = a, and from — = — we obtain v - - - = 6. 

xz v 2 2 yz 


We first eliminate x 0 ,y 0 ,z 0 between x 0 y 0 = x 0 +y 0t z Q = 1 and u - %0 = 

x 0 z 0 x 0 


and v = ? 0 * 2 ° = — * * = 6. Solving the latter for x Q = — 

yozo yo a-1 

in x Q y 0 = x 0 + y 0 » we obtain 


„ -- -o - ~ — - y 0 = i- and substituting 

yo z o yo a — 1 6 — 1 

* - —— + —— or a+6 = 3 as the relation which 


(a -1) (6 -1) a-1 6-1 

must exist between a and 6. Then the equation of the required surface is 


, x + z y + z 

a+6 = u + v = -+ -- = 3 

xz yz 


or 2xy + z(x+y) = 3xyz. 


SUPPLEMENTARY PROBLEMS 


Find 

the general solution of each of the following equations. 

12. 

p + q = * 

4ns. 2 = e y 4>(x-y) 

13. 

3p + 4q = 2 

3y-4* ~ f(3z-2x) or <fi(3y- 4x. 32-2*) * 0 

14. 

yq - xp = z 

4>(xy,xz ) = 0 

15. 

xzp + yzq = xy 

y = x<j>(xy-z 2 ) 

16. 

2 2 2 

X p + y q = z 

x - y = xy 4>(l/x - 1 / 2 ) 

17. 

2 2 

yp - xq + x - y =0 

0(* 2 + y 2 , *y- 2 ) =0 

1& 

yzp - xzq = xy 

<p(* +y . y +* ) = 0 

19. 

zp + yq = x 

* + 2 = y <p(x - 2 ) 

20. 

*(y-*)P + y(z-x)q = z(x-y) 

<t>(xyz, * + y + 2 ) = 0 

21. 

2 2 2 2 2 2 
*(y -* )p + y(* -* )g = *(* -y ) 

<f>(xyz , * 2 + y 2 + 2 2 ) = 0 

22. 

Find the equation of all the surfaces whose tangent planes pass through the point (0,0,1). 


Hint: Solve xp + yq = z-1. 

/4as. z = 1 + x<t>(y/x) 

23. 

Find the equation of the surface satisfying 4yzp + q + 2y = 0 and passing through y 2 + z 2 = l. 


x + z =2. 

Ans . y 2 + z 2 + x + z = 3 



CHAPTER 30 


Non-linear Partial Differential Equations of Order One 


COMPLETE AND SINGULAR SOLUTIONS. Let the non-linear partial differential equation 
of order one 

1 ) f(x,y t z,p,q) = 0 
be derived from 

2 ) g(x t y, z,a,b) = 0 

by eliminating the arbitrary constants a and b. Then 2) is called a (or the) 
complete solution of 1). 

This complete solution represents a two-parameter family of surfaces which 
may or may not have an envelope. To find the envelope (if one exists) we elim¬ 
inate a and b from 


If the eliminant 


g= 0 , 




3) Mx>y> z) = 0 

satisfies 1), it is called the singular solution of 1); if 


\(x,y,z) = f(x y z) • r}(x, y, z) 


and if £ = 0 satisfies 1) while t? = 0 does not, £ = 0 is the singular solu¬ 
tion. As in the case of ordinary differential equations (Chapter 10), the sin¬ 
gular solution may be obtained from the partial differential equation by elim¬ 
inating p and q from 


f = 0, 



df 

'bq 


0 . 


EXAMPLE 1. It is readily verified that z = ax + by - (a 2 + b 2 ) is a complete solution 
of z - px + qy - (p 2 + q 2 ). Eliminating a and 6 from 

g = z - ax - by + a 2 + b 2 = 0, — = -x + 2a = 0, — = -y + 2b = 0, 

da db 

we have z = %x 2 + £y 2 - %(x 2 +y 2 ) = ^(z 2 + y 2 ). This satisfies the differential equation 
and is the singular solution. The complete solution represents a two-parameter family of 
planes which envelope the paraboloid x 2 + y 2 = 4z. 


GENERAL SOLUTION. If, in the complete solution 2), one of the constants, say b, is 
replaced by a known function of the other, say b = 0(a), then 

^(x,y,z,a,0(a)) = 0 

is a one-parameter family of the surfaces of 1). If this family has an envel¬ 
ope, its equation may be found as usual by eliminating a from 

£(x,y, z,a,0(a)) =0 and g(x,y, z,a,0(a)) =0 

da 

and determining that part of the result which satisfies 1). 
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EXAMPLE 2. Set 6 = 4>(a) = a in the complete solution of Example 1. The result of 

2 ds 1 2 

eliminating a from g = z- a(x + y) + 2a - 0 and — - ~(x + y)+4a = 0 is z - -( x + y) 

da 8 

which can be readily shown to satisfy the differential equation of Example 1. This is a pa¬ 
rabolic cylinder with its elements parallel to the xOy plane. 

The totality of solutions obtained by varying 0(a) is called the general 
solution of the differential equation. Thus, from Example 2, 8z = (x+y) 2 is 
included in the general solution of the differential equation of Example 1. 

When b = 0(a), 0 arbitrary, is used, the elimination of a between 

g = 0 and |^ = 0 

da 

is not possible; hence, we are unable to express the general solution as a 
single equation, involving an arbitrary function, as we were in the case of 
the linear equation. 


SOLUTIONS. Before considering a general method for obtaining a complete solution 
of 1), we give special procedures for handling four types of equations. 

TYPE I: f(p t q) = 0. Example: p 2 - q 2 = 1. 

Prom Problem 3, Chapter 28, it follows that a complete solution is 

4) z = ax + h(a) y + c, 

where /(a,/i(a>) = 0, and a and c are arbitrary constants. 

The equations for determining the singular solution are 

z - ax + h(a)*y + c, 0 = x + h'(a) y, 0 = 1. 

Thus, there is no singular solution. 

The general solutionis obtained by putting c = 0(a), 0 arbitrary, and elim¬ 
inating a between 

5) z = ax + h(a)y + 0(a) and 0 = x + h'(a) y + 0'(a). 

The first equation of 5) for a stipulated function 0(a) represents a one-param¬ 
eter family of planes and its envelope (a part of the general solution) is a 
developable surface. (See Problem 10, Chapter 28.) 

EXAMPLE 3. Solve p 2 — q 2 = 1. 

Here f(p,q ) = p 2 -g 2 -l = o. f(a,h(a)) = a 2 - [h(a)] 2 -1 = o and h(a) = (a 2 - l)\ 

A complete solution is z = ax + (a 2 - 1 )^y + c. 

A neater form is obtained by putting a = sec a; then h(a) = tan a and we have 

z - x sec a + y tan a + c. 

If we set c = 0(a) = 0, the result of eliminating a from 

z - x sec a + y tan a, 0 - x tan a + y sec a or 0=xsina + y 
is z 2 = j: 2 — y 2 . 

This developable surface (cone) is a part of the general solution of the given differential 
equation. 

Note that we might have taken h(a) = —(a 2 - 1)^ and obtained as a complete solution 

z ~ ax — (a 2 - 1 fiy + c. 


See also Problems 1-2. 
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TYPE II: z = px + qy + f(p,q). Example: z = px + qy + Sp^q 1 ^ 3 . 

From Problem 4, Chapter 28, it follows that a complete solution is 

6) z = ax + by + f(a t b). 

This is known as the extended Clairaut type, for obvious reasons. This com¬ 
plete solution consists of a two-parameter family of planes. The singular so¬ 
lution (if one exists) is a surface having the complete solution as its tan¬ 
gent planes. 

Example 4. solve z = px + qy + 3p 1/3 g 1/3 . 

A complete solution is z - ax + by + 3a ly/3 b 1 ^ 3 . 

The derivatives with respect to a and 6 are x+ a 2 ^ b 1 ^ = 0 and y+a^^b 2/ ^ = 0. 

Then ax + by = -2a 1/5 6 1/3 . ,y = <f 1/3 V 1/5 . 

and, substituting in the complete solution, we obtain the singular solution 

z = a 1 ^ b 1 ^ = 1/xy or xyz = 1. 

See also Problems 3-4. 


TYPE III: F(z,p,q) = 0. 


Example: 


2 2 
* = p + q ■ 


dz Bu = * and 


dz Bu _ dz 
^ du By du 


Assume z = F(x + ay) = F(u), where a is the arbitrary constant. Then 
Bz 

Bx du Bx du 

When these are substituted in the given differential equation, we obtain 
an ordinary differential equation of order one 

c , dz dz. n 

“T* = 0 

du du 

whose solution is the required complete solution. 


2 2 

Solve z - p + q . 


Example 5. 

Put z = F(x + ay) = F(u). Then p = dz/du, <7 = a dz/du 9 and the given equation may be 
reduced to 


dz 2 2 /dz 2 

2 = (--) + a (—) . 

du du 


Solving — 
du 


✓T 

/l+a 2 


dz 

or — = 


✓F i/l + a 2 


1 du, we obtain 2/7 = — u + A = 


1 


i/l+? 


(u+ fc). 


9 2 

Thus, a complete solution is 4(1+ ar)z - (x+ay + b) , a family of parabolic cylinders. 
Taking the derivatives with respect to a and 6, we have 

8az - 2(*+ay + 6)y = 0, x + ay + 6 = 0. 


The singular solution is z = 0. 


See also Problems 5-7. 


TYPE IV: f ± (x, p) = f 2 (y,q). 


Example: 


2 2 
P-X = q+y • 


• Set f 1 (x,p) = a, f 2 (y,q)=a, where a is an arbitrary constant, and solve to 
obtain p = (x, a) and g = F 2 (y,a). 

Since z is a function of x and y, dz = pdx + qdy = /^(x.a)^ + F 2 (y,a)dy. 
Thus, 
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7) 2 = Jfi(x,a) dx + f F 2 (y, a) dy + b, 

containing two arbitrary constants, is the required complete solution. 

EXAMPLE 6. Solve p-g = x 2 + y 2 or p- x 2 = g + y 2 . 

Setting p -x 2 = a, g + y 2 =a, we obtain p = a+x 2 , g = a-y 2 . 

Integrating dz = p dx + qdy = (a+* 2 )c£x + (a-y 2 )dy, the required complete solutionis 
^ = a* + * 5 /3 + ay - y 5 /3 + 6. There is no singular solution. 

See also Problems 8-9. 


TRANSFORMATIONS. As in the case of ordinary differential equations, it is possible 
at times to find a transformation of the variables which will reduce a given 
equation to one of the above four types. 


The combination px, for example, suggests the transformation X = ln x, 
then 


B z _ dz dX 1 Bz 
Bx dX dx x dX 


and px = — . 

dX 


since 


Thus, q = px + p 2 x 2 becomes — = — + (—) 2 , of Type I. 

-dy dX dX 

Similarly, the combination qy suggests the transformation F=lny. 

The appearance of £, 2 in an equation suggests the transformation Z = lnz, 

since then p=|^=—— =z^ and. £ = —; similarly, 1 = —. 

Bx dZ Bx Bx z Bx z By 

Thus, | = (|) 2 becomes = (|£) 2 , of Type I. 

22 By Bx 

See also Problems 10-14. 


COMPLETE SOLUTION. CHARPIT’S METHOD. Consider the non-linear partial differential 
equation 

1) f(x,y, z,p,q) = 0. 

Since z is a function of x and y, it follows that 

8) dz = p dx + qdy. 

Let us assume p = u(x,y,z,a), where a is an arbitrary constant, substitute in 
1) and solve to obtain q = v(x,y, z,a). For these values of p and q, 8) becomes 

8i) dz = u dx + vdy. 

Now if 8 t ) can be integrated, yielding 

9) g(x,y,z,a,b) = 0, 

this is a complete solution of 1). 

Example 7. solve P q + q x = y. 

Take p = a-x, substitute in pq + qx * y, and solve for q = y/a. 

Substituting in dz = p dx + qdy, we. have dz = (a-x)dx + ( y/a)dy , an integrable equa¬ 
tion, with solution 

z = ax - %x 2 + jy 2 /a + k or 2az = 2 a 2 x — a* 2 + y 2 + 6. 
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Since the success of the above procedure depends upon our making a fortu¬ 
nate choice for p, it cannot be suggested as a standard procedure. We turn 
now to a general method for solving 1). This consists in finding an equation 

10) F(x,y, z,p,q) = 0 

such that 1) and 10) may be solved for p-P(x,y,z) and g=0(x,y, z), (that is, 
such that 

BF BF 
Bp Bg 

11 ) A = / 0 , identically), 

BF BF 

Bp Bg 

and such that for these value of p and q the total differential equation 
8) dz = p dx + qdy - P(x,y, z)dx + Q(x,y, z)dy 

is integrable, that is, P^Q - Q— + ^ =^2_5£ =o. 

Bz Bz By Bx Bx By 

Differentiating 1 ) and 10) partially with respect to x and y, we find 


12 ) 

13) 

14) 

15) 


B£ 

+ 

p 

BF 

+ 

BF Bp 

+ 

BF B q 

Bx 



Bz 


Bp Bx 


Bq Bx 

B£ 

+ 

q 

BF 

+ 

BF Bp 

+ 

BF Bq 

By 



Bz 


Bp By 


Bq By 

BF 

+ 

p 

BF 

+ 

BF Bp 

+ 

BF Bq 

Bx 



Bz 


Bp Bx 


Bq Bx 

BF 

+ 

q 

BF 

+ 

BF Bp 

+ 

BF Bq 

By 



Bz 


Bp By 


Bq By 


Multiplying 13 ) by , 13) by — . 14) by - — > 15) by - — 1 and adding, 

Bp Bg Bp Bg 

we obtain (noting that ^ = —) 

By Bx 

( df + 3F.BF + df + BF BF _ 3F _ 3F _ , 5£+ = 0 

Bx Bz Bp By ^ Bz Bg Bp Bx Bg By ^ Bp ^ Bg Bz 

This is a linear partial differential equation in F, considered as a function 
of the independent variables x,y,z,p,q. The auxiliary system is 


BF B F* 

- + D — 

Bx Bz 


BF x B/ 
By H Bz 


B/ , B/ , B/ n 

r- -(p — + g —) 

oq Bp Bq 


Thus, we may take for 10) any solution of this system which involves p or g, 
or both, which contains an arbitrary constant, and for which 11 ) holds. 
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Example 8. solve q = -xp + p 2 . 

Here / = p 2 -xp-q so that — = -p, — = 0, — = 0, — = 2 p-x, — = - 1 , and 

Bx ay Bz Bp • Bqr 

B/ B f B/ B f „ B/ B/ 2 

__ + p _i = _p, J. + q -± = o, _(p + g -i) = - 2 p + Jtp+q. 

ox dz dy dz dp dg 


The auxiliary system (16) is 


dp _ dq _ dx dy dz 

~P 0 -2p + x 1 -2p 2 +xp+g 


_ dp dy - 7 

Prom — = -p- » we have In p = -y + In a or p = ae . 
-pi ^ J ^ 


-y^„ 2 “ 2 y 


Using the given differential equation, q = -xp + p = -axe^+a e 
Then dz = p dx + qdy becomes dz = ae ^ dx + (-axe ^ + a 2 e 2y )dy» Integrating, 


—y i 2 -2y , 

z = axe - e +6. 


There is no singular solution. 


See also Problem 15. 


SOLVED PROBLEMS 

(In these solutions, the equations leading to the general solution will not be given.) 

TYPE I: f(p,q) = 0. 

1. Solve p 2 + q 2 = 9. 

A complete solution is z = ax + by + c, where a 2 + 6 2 = 9. 

The equations for determining the singular solution are 

z = ax + k9 -a 2 y + c, 0 = x - a -- y , 0=1. Thus, there is no singular solution. 

/CT 

2. Solve pq + p + q = 0 . 

A complete solution is z = ax+by + c, where a6+a + 6 = 0, or z = ax-— y + c . 

a + 1 

There is no singular solution. 

TYPE II: z = px 4- qy + f(p t q). 

3* Solve z = px + qy + p 2 + pq + q z . 

A complete solution is z = a* + 6y + a 2 + ab + b 2 , 

Differentiating the complete solution with respect to a and b, we have 

0 = x + 2a + 6, 0 = y + a + 26. 

Solving to obtain a = (y - 2x)/3, 6 = (x-2y)/3 and substituting in the complete solution, 

the singular solution is 3z = xy - x 2 - y 2 . 

4. Solve z = px + qy + p 2 g 2 , 

A complete solution is z = ax + by + a 2 b 2 t The equations obtained by differentiating with 
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respect to a and b are 0 = x + 
and the singular solution is z 


2ao and 0 = y + 2a 6. Then 




b 



TYPE III: f(z t p t q) = 0. 

5- Solve 4(1+ z 5 ) = 9z*pq. 

dz dz 

Assume z = F(x + ay) = F(a). Then p = —» q = a— * and the given equation becomes 

da da 


* a dz 2 

4(1+ z 5 ) = 9az 4 (—) 

du 


or 


3 Va z 2 


dz - 2 da. 


/IT? 

Integrating, i/a(l + z 5 ) = u+b, and a complete solution is a(l + z 5 ) = (x+ay + b) 2 . 
Using the results of differentiating this with respect to a and 6, 

1 + z 5 = 2(x+ay+b)y and 0 = 2(x+ay+b), 
the singular solution is z 5 + 1 = 0. 


6. Solve p(l-q 2 ) = <7(1-z). 


dz dz 

Assume z = F(x + ay) = F(u). Then p - — » q = a — , and the given equation becomes 

da du 


.az r 2 az/i az 

WU-fl M J = a—O-z) 

du du du 


or (^) [l-a + az-a 2 (^) 2 ] = 0. 
au au 


dz . , 2 ,dz 2 . 

Then — = 0 and z = c; or 1 -a+az-a (-—) =0, — 

du au 


a dz 


du and 


2 /l-a + az = u+b = x + ay+b or 4 (l-a + az) = (x + ay + b) . 

2 

Each of z - c and 4 (l-a + az) = (x + ay + b) is a solution; the latter is a complete so¬ 
lution* Using it, the equations for obtaining the singular solution are 

4 ( 1 - 0 + 02 ) - (x + ay + b) 2 = 0, — = 4(-l + z) - 2y(x + ay + b) = 0, = -2(x + ay + 6) = 0; 


g 


there is no singular solution. 


da 


db 


7 . Solve 1 + p = qz. 

Assume z = F(x + ay) = F(u). Then p = — • q = a ~ » and the given equation becomes 

du du 


.dz 2 dz 

(—) - az— +1 
du du 


or 


dz 


= 5 du. 


az - y^a 2 z 2 - 4 

Rationalizing the left member of the latter equation, we obtain (az + v / a 2 z 2 - 4 )dz = 2 du. 

whose solution is iaz 2 + - [— |/a 2 z 2 - 4-2 ln(az + v / a 2 z 2 - 4)] = 2 (u + b). 

^ a 2 

A complete solution is then a 2 z 2 + azy/a 2 z 2 - 4 - 4 ln(az + v/a 2 z 2 - 4 ) = 4 a(x + ay+b). 
Note that a 2 z 2 - az y/a 2 z 2 - 4 + 4 ln(az + v/a 2 z 2 ~4 ) = 4 a(x + ay+ b), obtained from 
= 5 du, is also a complete solution. 


dz 


+ /a 2 z 2 - 4 
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TYPE IV: f t (x,p) = f*(y 9 q). 

8 . Solve i/p - 1/9 + 3x = 0 or \/p + 3* = 1 / 9 . 

Set }/p + 3x = a and 1/9 = a. Then p = (a — 3*) and 9 = a 2 . A complete solution is 

= f(a-3x) 2 dx + a 2 /cfy +6 or z = - ^(a-3 %) 3 + a 2 y + 6 . 


z = Jp dx + fqdy + b 

There is no singular solution. 


9. Solve 9 = -px + p 2 . 

Set p 2 -px = a and 9 = 0 . Then p = ±(x + Zr 2 + 4a ). 

A complete solution is z = £/(* + /x 2 + 4a )<& + ajdy + 6 

or z = £(* 2 + *Zr 2 + 4a ) + aln(x + Zr 2 + 4 a ) + ay + 6 . 

Another complete solution is obtained by the method of Charpit in Example 8 . 
There is no singular solution. 


USE OF TRANSFORMATIONS. 
10. Solve pg = x n y n z 21 
The transformation 


or 


l-Z 


m+l 


z = 


-Z -l 

pz_ . qz 

n n 

* y 


n +1 


= 1 . 


l-Z 


X = 


m + l 


r = ^ = 2 - l p _L, 3z = bz dy _ -1 j_ 

n +1 3Z 3* cLT P x *‘ 2Y ~dy dY ~ Z q y n 


reduces the given differential equation to = i. 

3* 3Z 

This equation is of Type I and its solution is Z = aX + ~y + c. 

a 

l-Z *+l n+i 

A complete solution of the given equation is -_ = a * _ + -2. _ 

1 -i * + l a(n + 1 ) 

There is no singular solution. 


+ c. 


11. Solve x 2 p 2 + y 2 q 2 = z. 

1 ) The transformation 

X=lnx, Y = In y, Z = 2z±, 2? = - - = p*z _i , H . 2? £ . qyz ~t 


2X 2x dX 


3K 3y dY 
,2Z s 2 . ,3Z 2 


reduces the given equation to z(g) 2 + z(g) 2 = 2 0 r (g) 2 + (g)‘ = lt of Type I. 

A complete solution is Z = aX + bY + c or 4z = (o In* + 6 In y + c) 2 . where a 2 + fc 2 = 1. 
The singular solution is z = o. 

2) The transformation * = in *, Y = In y, p = — = — — = 1 li, „ _ 1 3* 

3* 3z d» * a*’ y ay 

reduces the given differential equation to (—) 2 + A 2 = 2 , 0 f Type III. 
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Bz dz Bu dz dz dz , 

We set z = F(X+aY) = F(u). Then - = a- . and 


dz. 2 2 ,dz .2 

M + a ( = 2 

cux du 


or /l + a 2 — = c/u. 


Integrating, 2 i/l + a 2 z 5 = u + 6 = Z+al+6 - In x + a In y + b* 

A complete solution is 4(l+a 2 )z = (lnz + a lny + b) 2 . The singular solution is z = 0. 


12. Solve 4 xyz = pq + 2 px 2 y + 2 qxy 2 . 


Let x = X 1 , y = Y 2 . Then p 


Bz 

, B z dX 

= 2X* — and 

dz dY 

= 2^ — 

Bx 

dX dx 

b* 

q BK dy 

Br 

we 

have z 

= + y^£ 

+ — — of Type II. 



dx dY 

Ba Bi 



2 2 l 

A complete solution is z = aX + bY + ab or z = ax + by + ab. 

Eliminating a and b from this and 0 = x 2 + b, 0 = y 2 + a, obtained by differentiating it 


with respect to a and b, the singular solution is found to be z + x 2 y 2 = 0. 


13. Solve p 2 x 2 = z(z-qy). 

The transformation Y = In y, X = In *, p 


Bz = Bzd£ = lBz ( ? = 1 Bz 

3* ' B* dx ~ x dX ' ydY 


reduces the given equation to -4) (—) 2 = z(z - —)» of Type III. 

dX 01 

We set z = F(X+ aY) = F(u). Then — = “•.= a and A) becomes A 2 = z 2 - az 

B X du W du du 


Then ~ = 4z(v/a 2 + 4 - a), 2— = (i/a 2 + 4 - a)du, and In z 2 = (v^a 2 + 4 - a)(u+b). 

du 2 2 

A complete solution is In z 2 = (va 2 + 4 - a)(lnx + a In y + 6). 

There is no singular solution. 


14. Solve p 2 + q - z (x + y) or (-) + (p = x + y. 

B7 B7 

The transformation Z = In z, p = z — . q = z — reduces the given equation to 

Bx By 


( ^) 2 + (M) 2 = * + y or <^)‘ - * = y - (^>‘. Of Type IV, 


BZ2 


,BZ2 


Bx By 


Bx 


By 


Set A 2 ~x = a = y-(—)*. Then — = <a+x) 2 and ~ = (y-a) z . 


BZ2 


BZ 


BZ 




Bx 


By 


Bx 


By 


A complete solution is Z = J(a+x) 5 dx + /(y-a) 5 dy + 6 


or In z = —(a + x) + -(y-a) + 6. 

3 3 


g- 18 - 
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CHARPIT’S METHOD. 


Solve 

16p 2 z 2 

+ 9<j 2 z 2 + 4z 2 

- 4 = 

= 0. 





Let 

/(z.y. 

z.p.g) = 16p 2 z 

2 + 9 q‘ 

2 2 .2 
z + 4z - 

4. 




Then 

II 

tel# 

O 

II 

313 

S'13 

= 32p 2 ; 

5 + 18q 2 z + 

8z, 

— = 32pz 2 , 
BP 

II 

tel# 

18<?z 2 , and the aux- 

iliary 

system 

dp 


dq 

dx 


dz 

dx dz 

df 

By 

"Z 

dp 

B/ 

dq 

-of 

Bp 

- 15 

+ 9 

dq 


dp 



dq 


dx 

dy 

dz 

32p 5 z + 

lSpq 2 z 

+ 8 pz 32 p 2 qz + 

18 <? 5 z + 8<?z 


-32pz 2 

-18 gz 2 

-32p 2 z 2 - 18q 2 z 2 


Using the multipliers 4z, 0, 1, 0 , 4p, we fihd 


and so 


4z(33p 5 z + 18 pq 2 z + 8pz) + l(-32pz 2 ) + 4p(-32p 2 z 2 - 18g 2 z 2 ) = 0 
dx + 4p dz + 4z dp = 0. 


Then x + ipz = a and p = - ~1 . substituting for p in the given differential equa¬ 
tion, we find (x-a) 2 + 9<jV + 4z 2 - 4 = 0 . Using the root q = —/l"-z 2 - , 

3z 

dz = p dx + qdy = - -~ dx + JL /l-z 2 _ _ a ) 2 dy or dy = — + A<*-«)<&] 


3z 


2i/1 — z 2 — jp(z — a) 2 


Then y-6 = - -/l-z 2 - 
2 


(«-«> + (y-fc ) 2 


4 ( *-a) or — — + z‘ = 1 is a complete 
4 9/4 


solution. This is a family of ellipsoids with centers on the xOy plane. The semi-axes of the 
lUpsoids are 2 units parallel to the *-axis, 3/2 units parallel to the y-axis, and 1 unit 
parallel to the z-axis. The singular solution consists of the parallel planes z = ±i. 

Another complete solution may be found by noting that the equation is of Type Hi. Using 
Fix, ay) - F(u) dnd setting p = d JL and , = « the given equation-becomes 


16 z 2 ( X )2 + *****&* + 4z 2 - 4 = 0 or 
da da 


z dz 


i/l6 


da. Then 


+ 9a 2 


-/l-z s 


/w 


r(u + 6 ) = 


+ 9a 2 


/l 6 + 9a 2 


■(* + ay + 6). 


2 de P r:l ete i SOlU ; i ° n ( ! 6 + 9a2)(1 - z2) = 4 <* + a > + 6 > 2 represents a family of elliptic cyl- 
nders with elements parallel to the xOy plane. The major axis of a cross section lies in 
the xOy plane and the minor axis is 2 units parallel to the z-axis. 




254 


NON-LINEAR PARTIAL EQUATIONS OF ORDER ONE 


SUPPLEMENTARY PROBLEMS 


Find 

a complete solution and the singular solution (if any). 

16. 

p = q" Ans • 

2 = fe 2 x + fey + c 

17. 

2 2 

P +P = 9 

_ 2 2 

2 = ax + fey + c where fe = a + a 

18. 

pq = p + q 

(b- l)z = fex + fe(fe - l)y + c 

19. 

2 = px + qy + pq 

2 = ax + fey + afe; s,s., 2 = —*y 

20. 

2 2 

p + q =4 2 

2 ( 1 +a 2 ) = (x+ay+fe) I s*s., 2 =0 

21. 

2 

pz = 1 + q 

2 ^ — 2v^ 2 — 4a 2 + 4a 2 In (2 + ^ — 4a 

22. 

z 2 (p 2 + q 2 + 1) = 1 

(1 + a 2 ) (1 — 2 2 ) = (x + ay+fe) 2 ; s.s., 

23. 

p 2 + pq = 4z 

2 

(l+a )2 = (x + ay+fe) ; s.s., z =0 

24. 

2 2 
p - x = q - y 

3(z-<>) = 2(*+a) 5/2 + 2(y + a) 3/2 

25. 

2 2 2 
yp - x q = x y 

4(o - l)y 7 = (3z-a* - b) 

26. 

2 2 2 

(l-y )*g + y p = o 

(2 z-ax 2 +b) 2 = 4a(y 2 - 1) 

27. 

**p 2 - yzg - z 2 = o 

Hint: Use X = 1/*. F = In y, Z = In z 

* In z = a + (a 2 - l)z In y + b* 

t 

28. 

x p 2 + y 2 zg - 2z 2 = 0 

Hint: Use X = l/x, Y = 1/y. Z = lnz. 

xy In z = fly + (a 2 - 2)* + bxy 

29. 

4 2 2 _ 
x p + y q * 0 

x 2 (zy + a + fey) 2 + ay 2 = 0 

30. 

2 2 

2py - q z = 0 

2 2 * a 2 x + ay 2 + fe 

31. 

q = xp + p 2 

2 * 2axe^ + 2a e 2y + fe 

32. 

zp - y 2 p + y 2 g - o 

y 2 2 = 2 (axy + ay 2 + a 2 + fey) 


Hint: ^ ; pz= a and g = j(l - -^) - 

p 5 -p 2 z y 

33 . pg + 2*(y +l)p + y(y + 2 )g - 2 (y + l)z = 0 

Ans. z = o* + 6 (y 2 + 2 y+o); s.s.. z + *(y‘ 


= 4(x + ay + fe) 
- 1=0 


+ 2y) = 0 




CHAPTER 31 


Homogeneous Partial Differential Equations of Higher Order 

with Constant Coefficients 


AN EQUATION SUCH AS 

1 ) (x 2 + y 2 )-^* + 2* 

Bx 3 BxB y 


B 5 z 


2 -i_.5 


By 5 


\ 2 ^ ^2 
+ 5 xy 

3x 2 


3 t ,_Bje_ + j Bz 3z 
3x3y By 


+ yz = e x+ > 


which is linear in the dependent variable z and its partial derivatives is 
called a linear partial differential equation. The order of 1) is three be¬ 
ing the order of the highest ordered derivative. ' 


2 ) 


A linear partial differential equation such as 

3 5 


2 3 J z 


3x 


+ xy - 

5 3x 2 3y 


+ 2 


3 5 z 


B 3 z 


. « - 2.5 

+ — = x + y. 

BxBy 2 3y 5 


in which the derivatives involved are all of the same order, will be called 
term Sene0US ’ alttlough there is no agreement among authors in the use of this 


HOMOGENEOUS LINEAR DIFFERENTIAL EQUATIONS WITH CONSTANT COEFFICIENTS. Consider 


3) 


A |* + B 

2* = 0, 



Bx 

By 

4) 

■^2 

A ±1 

+ 



dx 2 

BxBy 

By 2 

5) 

A — + 

si! + 

ctl = 


3x 2 

BxBy 

By 2 


= 0 , 


in which the numbers A, B, C are real constants. 

seen as we proceed that the methods for solving equations 3 )- 5 ) 
parallel those used in solving the linear ordinary differential equation 

f(D)y = Q(x) where D = —. 

dx 

We shall employ two operators, D x = ± and D y = JL , so that equations 
3)-5) may be written as * ° y 

3 '> f(D x ,D y )z = (AD X + BD y )z = 0, 

4,) { V> x ,D y )z = (AD Z X + BD x D y + CD 2 y )z = 0, 

3 ^ f(Pxt&y')z — (AD x + BD x Dy + CDy)z = x + 2y. 
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Equation 3') is of order one and the general solution (Chapter 29) is 

D 

z = 4>(y - -x), 4> arbitrary. 

A 

Suppose now that z = 4>(y + mx) = 4>{u), <j> arbitrary, is a solution of 4'); 
then substituting 


Bz _ efcft Bu _ m d4> i 
Bx du Bx du 


_ Bz _ dcf> Bu _ d<p 
y Z By du By du 


in 4 l ) we obtain 

(Am 2 +Bm+C) = 0. 
du 

Since <t> is arbitrary, d<t>/du is not zero identically; hence, m is one of the 
roots m = of 4m 2 +Bro + C = 0. If z = ^(y + irux) and z = tf> 2 (y+ m 2 x) 

are distinct solution of 4 1 ). Clearly, 

z = 4> 1 (y+m 1 x) + <£ 2 (y+/n 2 x) 

is also a solution; it contains two arbitrary functions and is the general 
solution. 

More generally, if 

6) f(D x ,D y )z = (D x - m^y) (D x - m 2 D y ) .( D x -m n D y )z = 0 

and if m l ^ m 2 ^. ^ m n , then 

7) z = ^(y+ffiiX) +c£ 2 (y+m 2 x) +. + <Pn(y + m n x ) 

is the general solution of f(D x ,D y )z = 0. 

EXAMPLE 1. Solve <£>* - D x Dy - 6D 2 y )z = (D x + 2D y )(D x -ZD y )z =0. 

Here, m 1 = -2, m 2 = 3, and the general solution is y = <£i(y-2x) + <&(y + 3*). 


See also Problems 1-2. 

If B t = b, .. = m k ^ m k+i t . ^ m n i so that 6) becomes 

6') f(D x ,D y )z = (D x -m l D y ) k (D x -m k ^ 1 D y ) . (D x -m n D y )z = 0, 


the part of the general solution given by the corresponding k equal factors is 

cf> 1 (y^m 1 x) + x4> 2 (y + m t x) + x 2 <£ 3 (y + nJjX) +. + x 1 <f>k(y + m x x ) > 

and the general solution of 6 1 ) is 

z = <i> 1 (y^rn 1 x) + x0 2 (y+m 1 x) +••••• + x k 1 <£k(y + /n 1 x) + 4>k*i (y + m fe+i x ) 

+. + 4>n(y 

where . 4>n are arbitrary functions. 

EXAMPLE 2. Solve ( D 5 X - D^Dy - SDJ) y + l2D 5 y )z = (D x - 2Dy) (D x + 3 D y )z = 0. 

Here, n 1 = =2, m 3 = -3 and the general solution is 2 = <£ t (y +2x) + x<f> 2 (y + 2x) + 0 3 (y-3x). 

See also Problems 3-4. 
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If one of the numbers, say m 1( of 6) is imaginary then another, say m,, is 
the conjugate of m 1 . Let m 1 = a + bi and m a = a-foi so that 6) becomes 

6") f(D x ,D y )z = lD x ~ (a+bi)D y ] [D x - (a-bi)D y ](D x - m a D y ) .( D x -m n D y )z = 0. 

The part of the general solution given by the first two factors is 

4> x (y + ax + ibx) + 0i(y + ax — ibx) + i [0 2 (y + ax + ibx) - 0 2 (y + ax - ibx )], 

(fin 02 arbitrary, real functions), and the general solution of 6") is 

Z = 0i (y + ax + ifax) + 0 t (y + ax - ibx) + i [0 2 (y +ax + ibx) - 0 2 (y + ax - ibx) ] 
+ 0 3 (y+/n 3 x) +. +0 n (y + m n x). 


EXAMPLE 3. Solve (/£ - + 2Z)>’ - 5^0* + ZD))z 

= (Z) x - 0* + id + i Vxi )Dy] [ d x + id - i /Ti)P y ] 2 = 0. 

Here, % - « 2 -1, ® 3 = - id + ii/II), m A - - id - ivTl), and the general solution is 

* = 0i (y + *) + *0 2 (y+*) + 0 3 [y - id + iv^TT)*] + 0 3 [y - i(i-iy1T)x] 

+ - id + ivll)*} - 0 4 {y - i(l - iyTI)*}]. 

See also Problem 5. 


The general solution of 

® ^ f(D x >Dy) z = (AD X + BD x Uy + CDy)z = x + 2y 

consists of the general solution of the reduced equation 
4,) f(D x ,D y )z = (AD Z X + BD x D y + CD 2 y )z = 0 

of 4') as P the com^lewntaly 1 factiin ofV)? 11 ° f th ® general solution 

In setting up procedures for obtaining a particular integral of 
8) f(D x ,D y )z = (D x - miDy )(D x -m 2 Dy) . (D x -n, n D y )z = F(x,y), 


we define the operator 


f(D X .Dy) 


by the identity 


f(D x ,D)~ -i- 

* f(D x ,D y ) 

The particular integral, denoted by 
_ _ 1 


F ( x >y) = F(x,y). 


- F (x,y) = 


f ( D x’ D y) (D x - mi T^UD^^Dy) .(^-/n^) F( ' X,y)t 

may be found, as in Chapter 13, by solving n equations of the first order 


9) id = 


Ac “ m nD> 


F(x>y)> = 


At *“ m n -l Dy 




z = u„ = 


71 ~ n-- 7T “ n -i • 

D x “ 
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Note that each of the equations of 9) is of the form 
10) p - mq = g(x,y) 

and that we need only a solution, the simpler the better. In Problem 6 below, 
the following rule is established for obtaining one such solution of 10): 
Evaluate z = Jg(x,a-mx)dx, omitting the arbitrary constant of integration, 
and then replace a by y+mx. 


EXAMPLE 4. Solve (D x - DJ) y - 6D*)z = (D x + 2D y )(D x - 3D y )z = x + y. 

Prom Example 1, the complementary function is z = <t> i(y-2x) + <£ a (y+3*). 

To obtain the particular integral denoted by z = - 


a) Set u = 1 _ (x +y) and obtain a particular integral of (D x - 3 D y )u = * +y. 

D x -3D y 

Using the procedure of Problem 6, we have u - J(x+ a -3x)dx - ax-x and, replacing a 

by y + Zx f u = xy + 2x 2 . 

b\ Set z = 1 u = —i_ (xy + 2* 2 ) and obtain a particular integral of 

D x + 2 D y D x + 2 Dy 


(D x + 2 D y )z - xy + 2* 2 . 

Then z = J[*(a + 2*) + 2* 2 ]d* = \ax 2 + J* 5 and, replacing o by y-2x, i = \x*y + 

2 u 

1 2 1 3 

Thus the general solution is z = 4\(y-2x) + <£ a (y-*-3*) + -x y + -* • 

See also Problems 



8-9. 


The method of undetermined coefficients may be used if F(x,y) involves 
sin(ax + by) or cos (ax + by). 


EXAMPLE 5. Solve 

(D x + bDJ) y + 5D 2 )z = [D x - ±(-5 + SE)D y ] [D x - i(-5 - Vb)B y ]z * *sin(3z-2y). 

The complementary function is z = 4>i[y + £(-5 + v€)*] + fabf + i(-5 - »€)*]. 
Take as a particular integral 

z = A* sin(3*-2y) + Bx cos(3*-2y) + C sin(3*-2y) + D cos<3*-2y). 


D 2 z = (6A-9D)cos(3x-2y)- (6B +9C)sin(3*-2y) - 94* sin(3*-2y) - 9 Bx cos(3*-2y), 

DjiyX * (-24 + 6D)cos(3*-2y) + ( 2 B + 6C)sin(3*-2y) + 64* sin(3*-2y) + 6B* cos(3* -2y). 

D* z = _ 4 P cos(3* -2y) - 4C sin(3* - 2y) - 44* sin(3*- 2y) - 4B* cos(3* - 2y). 

and (i£ + SDjxDy + 5B 2 )z = 4* sin(3* -2y) + Bx cos(3*-2y) + (C + 4B) sin(3*-2y) 

+ (D - 44) cos(3*- 2y) = * sin(3*-2y). 


Then 4 = 1, B » C = 0, D * 4 and the particular integral is 

z = * sin(3*-2y) + 4 cos(3*-2y). 


The general solution is 


Z - <t>i[y + i<-5 + y/5)x] + <£ a [y + £<-5 - ✓£)*] + * sin(3*-2y> + 4 cos<3*-2y). 

See also Problem 10. 
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Short methods for obtaining particular integrals, analogous to those of 
Chapter 16, may be used. 


a) 


_1_ e ax + by 


f(D x ,D y ) 


—1— e *x+by ' provided f(a,b) ^ 0. 

f(a,b) 


If f(a,b) = 0, write f(D x ,D y ) = (D x - ^D y ) r g(D x ,D y ), where g(a,b) ? 0; then 


(D x -l» y f 


_1 _ ^ax + by _ _ 1 


«(a,6) 


ax+by _ 1 x ax + by 

g(a,b) r!® 


b) 


f(D 2 ,D x D y ,D 2 ) 


f(D 2 ,D x D y ,D 2 ) 


sin (ax + by) = 


cos (ax + by) = 


f(-a 2 ,-ab,-b 2 ) 

1 

/(—a 2 , —ab, —b 2 ) 


sin (ax + by) and 

cos(ax + by), 


provided /(-a^-ab.-b 2 ) ^ 0. 


EXAMPLE 6, Solve (D x -3D x D y + 2D y )z = (D x -D y )(D x -2D y )z = e 2x+ 5> + S in(x-2y). 

The complementary function is z = $i(y+*) + <£ 2 (y+2x). 

Now 


J_ e 2^+3> 


D*-3DJ) y + 2D 2 2 2 — 3*2*3 + 2*3 


1 J2x+3y 1 2x + 3V , „ .. 

a -- e = '7 e is one term of the 

2 _ _ _ _ 4 


particular integral. Since <t> ± (y+x) includes e** y t we write 


J_ .*+> _ 1 i 1 *+X 1 / 1 x+y 1 xvy x+v 

.* -a_n<r-77T' '■-JfrZ' ’ 


I$-ZD x n y + 2D y b x -D y D x -2D y Qx~by 1 - 2*1 


Also, 


D 2 x -ZDJ) y + 2D 2 y 


sin(x - 2y) = 


1 ~T sin(x-2y) = --!• sln(x-2y). 

15 


-1-3(2) +2 (-1) (-2) 

Thus, the general solution is z = 4> t (y + x) + <£ 2 (y + 2x) + i e 2x+5> -xe x+;y - i-sin(*-2y). 

4 15 


c) If F(x,y) is a polynomial, that is, F(x,y) = I.p ij x i y j , where i,j are posi¬ 
tive integers or zero and p ij are constants, the procedure illustrated below 
may be used. 

EXAMPLE 7. Solve (D^-D^y-GD^x * x+y, (Example 4.) 

For a particular integral, write 

—---r(*+y) « 4 ---r<*+y) - — {[1 + ...](* + *>} =—(* + *+—) 

* 4 

+ “ “(2*+y) = g x + 2* X* Note that Dy(* + y) = 1 and -i = Jcfe , 

Af Ar Ac 


See also Problems 11-13. 
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SOLVED PROBLEMS 

1. Solve 0% +20^ -D x Dy -2d])z = (D x - D y )(D x + D y )(D x + 2D y )z = 0. 

Here m x = 1, m 2 = -1, m 3 = -2 and the general solution is 

z = 4> t (.y+x) + 4>t(y-x) + 4> a (y-2*). 

5 D^Dy + 5£> x D y + 3Dy)z = (D x - 3D y )[D x - (1 + - (1 - ^)O y ]z = 0. 

3, #2 = 1+1^5, I 3 = 1-v^ and the general solution is 

2 = 4> t (y + Zx) + <£ 2 [y + (1 + v^)*] + <As[y + (l-v'S)*]. 

3. Solve (D x + 30*0,, - 4D y )z = 0> x -Dy)(D x + 2Dyf z = 0. 

Since = 1, m 2 = m 3 = -2, the general solution is 

z . = 4>i(y + *) + <t>*(y-2x) + x <t> a (y-2xy. Another form of the 

general solution is z - <j> i(y+*) + <£ 2 (y~2*) + V ^aiy-2x). 

4. Solve (l£ - + l £)2 = (D* - Dy) 2 (Dx + D y ) 2 z = 0. 

Here = m 2 = 1, m 3 = m 4 = -1 and the general solution is 

z = <£j.(y+*) + x<f> 2 (y + x) +0 3 (y-*) + x<fr A (y-x). 


2. Solve (D x - 
Here = 


5. Solve (fll -2D x D y + 5D 2 )z = [£> x - (1 + 2i)D y ][D x - (1 - 2i)D y ]z = 0. 

Since m = l + 2i, m 2 = l-2i, the general solution is 

2 = <My+* +2ix) + A(y+*-2ix) + i[<^> 2 (y+*+2i*) - <£ 2 (y+*-2ix)], 
where <^>i, $ 2 are real functions. 


If we take <t> ± (u) 

= COS u 

and 

<£ 2 ( u ) = e U , 

then since 


ibx 

€ 

= cos 

bx + 

i sin bx. 

sin bx = 

1 , ibx - ibx. 

«(• - • >• 

-ibx 
e 

= cos 

bx — 

i sin bx. 

cos bx = 



cf> l (y+x+2ix) = cos(y+x) cos( 2 ix) - sin(y+x) sin( 2 ix) 

= cos(y+x) cosh 2 x - i sin(y+x) sinh 2 x, 

4>i(y +x —2ix) = cos(y + x) cos( 2 ix) + sin(y+x) sin< 2 ix) 

= cos(y + x) cosh 2 x + i sin(y+x) sinh 2 *. 

, y+x+2ix y+x-2ix y+x 2ix -2ix. _ nie y * X sin 2x. 

<£ 8 (y+x+2ix) - <£ 2 (y+x-2ix) = e y - e = e (e - e ) tie sl "^* 

Thus, we obtain as a particular integral 

z = [cos(y+x) cosh 2 x - i sin(y + x) sinh 2 x] + [cos(y + x) cosh 2 x + i sin(y+x) sinh 2 * ] 

+ i(2ie y * x sin 2 x) = 2 cos(y+x) cosh 2 x - 2 e sin 2 x. 

Note that 2 is a real function of * and y. 
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6 . Show that a particular integral of p-mq = g(x,y) maybe found by integrating dz - g(x f a-mx)dx, 
omitting the arbitrary constant of integration, and then replacing a by y + mx. 


The auxiliary system is 
first two terms, we have y 


— = = -- Integrating the equation formed with the 

1 -m g(x 9 y) 

+ mx = a* Using this relation, the equation 


dx dz 

1 g(*»y) 


becomes 


dx = dz 
1 g(x,a-»w) 


Then z = fg(x,a-mx)dx and, in order that no arbitrary constants be involved, we replace 
a by y+mx in the solution. 


7* Using the procedure of Problem 6 , find particular integrals of 

a) p+3q = cos(2 x + y), b) p-2g = (y + l)e 5 *. 

a) Here m - -3 and g(x,y) = cos(2*+y). 

Then z = fg(x t a-mx)dx = Jcos(2x + a + 3x)dx - isin( 5 x + a) and, replacing a by y-3x, the 

5 

required particular integral is z = ^sin( 2 *+y). 

5 


6 ) z = fg(x,ct-mx)dx = f(a-2x + l)e iX dx = i(a + l)e 5 * - -xe ,X + -e }X . 


Replacing a by y + 2x, we have z = -(y + 2x +1)6** - -xe ix + -e ix = + -le 3 *. 

3 3 9 3 3 


8 . Solve (D x + 2D x Dy - 8D y )z = (D x - 2D y ) (D x + 4D y )z = v< 2 x + 3 y 
The complementary function is z = <£i(y + 2%) + <^ 2 (y- 4 *). 

To obtain the particular integral denoted by 


W~2D y)( D x + *D y) We ° btainfr0m 

(Ac + 4D-y)u = /2x + 3y the solution u = /[2x + 3(a-mx )] ly/2 dac = /[2x + 3(a+4*)] 1/2 d* 

= /(14x +3a) 1/2 d* = i(14* + 3a) 5/2 = —(2x + 3y) 5/2 

21 21 

and from (D x -2D y )z = u = -L(2jc + 3y) 5y/2 , the solution 

z = [(2* + 3(a-2*)] 5/Z d* = - —(3a-4*) 5/2 = -—(2 * + 3y) 5/2 . 

21 210 210 

The general solution is z = <fi 1 (y+2x) + <£ 2 (y-4x)-— (2* + 3y) 5/2 . 

210 


9 . Solve (D x - 2D y f (Dx + 2D y ) z = e 2x * y . 

The complementary function is z = 4>t(y + 2x) + x<f> 3 (y + 2x) + 4> 3 (y- 3*). 

To obtain the particular integral denoted by --_ e 2x;+3 ' we obtain 

(D x -2D y )(D x -2D y )(D x + 3D y ) 

from (D x + 3D y )u = the solution u = /e 2x+(a+}x) d* = Je 5 * 40 d* = I e 5 * + ° = 

5 5 
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1 1 r 2 x+(a- 2 x) , 1 cl 1 2 x+y t 

from (D x -2D y )v = u = y the solution v = -J e dx = -xe * g* e 

1 + v Ira* 1 2 a 12 2x+y 

and from (Dc-2D y )z = v - ^xe y the solution z = - J ace dx = —ac e = — % e 


1 2 2x+^ 

The general solution is z = <£ t (y + 2x) + x0 2 (y+2ac) + <£ 3 (y- 3x) + —x e 


10. Solve (l£ + D x D y - DJ>\ - Z)’)z = (A + fly) 2 (D x - fly)* = e* cos 2y. 

The complementary function is z = 4>x(y + * < £a(y“*) + (y + *)* 

Take as a particular integral z * Ae x cos 2y + Be sin 2y. Then 

o’z * Ae* cos 2y + Be* sin 2y, D^z = -4Ae* cos 2y - 4 Be* sin 2y. 

= - 2Ae* sin 2y + 2 Be* cos 2y, d’z = 8 Ae* sin 2y - 8Be* cos 2y. 

Substituting in the given differential equation, we have 
(54 + 10B)e* cos 2y + (5B - 104)e* sin 2y = e* cos 2y, so that A = 1/25 and B * 2/25. 

The particular integral is z = ± e* cos 2y + ^ e* sin 2y. and the general solution 

25 25 / 

lx 2 x 

is z = <fi t (y-x) + x<fiz(y-x) + (fi a (y + x) + — e cos 2y + —e sin 2y. 


11. Solve (£^ - 2D x Dy)z = D X (D X - 2D y )z = e 2 * + * 5 y* 


The complementary function is z = 0i(y) + <£a(y + 2x). 

A particular integral is given by —— - e 2 * + —— -* 5 y- The first term yields 

D 2 x -2DJ)y D x - 2D x D y 


1 e 2 * - -e 2 *. Writing the second term 


( 2) 2 - 2 ( 2 ) ( 0 ) 


— — l —x 5 y = — (1 + 2^ + ....)* 5 y = ~(x 5 y + —x) * -^(* 5 y + I*'). 


D 2 D y 

u x i_2 — 


d; 


D„ ' n 2 D x d 2 2 


we 


, 5 0 

5 o 1 2x x y x 

obtain ^ • The general solution is z = <£i (y) + </>2(y+2x) + -c + + gjj * 


5x+y 


12. Solve (fl* - 7fl*fl 2 - 6Dy)z = (fl* + D y )(D x + 2fl > )(fl* - 3D > )z = sin(x + 2y) + e^ T '. 

The complementary function is z - <t>±(y-x) + 0 2 (y-2x) + <£ 9 (y + 3x). A particular in- 

1 


tegra] is given by 


(Ac + Ay) (Ac — AtAy “ ®^y ^ 


sin(x + 2y) + 




(Dx-3Dy)^+ 3DJ)y + 2D*) 


(Note. The separation in the first term is one of convenience, i.e., we could have written 
1 sin(x + 2y). The separation in the second term is necessary, how- 


(D x + 2Dy)(D x -2D x Dy-3Dy) 


ever, since e* x + y is part of the term <f> 3 (y + 3x) of the complementary function.) 
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For the first term: 


(D x +Dy)(D*-D x Dy~6Dy) 


sin(* + 2y) = 


D x + Dy -1 + 2 + 24 


sin(x + 2 y) 


1 4 ~ Ay 

25 Dl -D 2 y 


sin(* + 2y) = 


~j-C4“Ay> sin(*+2y) = - -L cos(*+2y). 


For the second term: _1_ e 3*+> 

(Ac — 3 Ay) (Ac 3 AcAy * 2 Ay) 


Ac-3 Ay 9+9+2 


_ 1 e 5AC+> _ 3x+> 

2 OAC- 3D3, 20 * e 

The general solution Is 2 = <4 O'-*) + 4> 2 (y-2x) + <*> 3 (y + 3*) - -I C os(*+2y) + J-*e 3 * +y . 

75 20 

13* Solve ( D x —7D x Dy - 6i)^)z = cos(x —y) + % 2 + *y 2 + y^ # 

The reduced equation is that of Problem 12. A particular integral is given by 


1 1 
- - cos(* -y) + - ,—t _ 

(D x + D y )(D x -D x Dy-6Dy) D x - 1DJ)*- 6Z)’ 


2 2 5 
(* + xy + y). 


(Note that cos (2 -y) is part of the complementary function; hence, the corresponding fac- 
tor ( D x + Dy ) must be treated separately.) 

For the first term: -i_/■ns/r_vs - 1 1 _, 

— - — — cos(*-y) - - -—cos (x-y). We must 

(A* + Dy) (D x -DyDy- tty 4 4 + 4 

solve ( D x + D y )u = jcos(ac-y), obtaining u = i / cos [*- (a + *)]<** = -fcos(-a)dx 

= -x cos (-a) = cos(* -y). 


For the second term: - z _^ 2 ±rv 2 rJ\ _ 1 .2 

Dl-iD^-eol d * d ’ 

4(1-7^- 6-f) 

4 Dl 

D 2 5 

, i [„« . . -La,*., * 

^x ^ K d 2 n 3 


2 2 5 

(* + *y +y 5 ) 


x x 


The general solution is 


2 = <f> t (y-x) +<j> 2 (y-2x) + <£ a (y + 3*) + i*cos(*-y) + A* 6 + JL* 5 (i + 2ly) 


1+2 1 3 3 
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SUPPLEMENTARY PROBLEMS 


Solve each of the following equations. 
14. (D 2 - 8 D x D y + 15D 2 )z = 0. 


15- (D* - 2 DJ)y - Dy)l = 0. 


16. (D 2 - 4 DJ) + 4Z) 2 )z = 0. 


17. (Dj + 2 D*D y - Djfy - 2Dy)z = 0. 

18. + Dy y )z = 0. 


4ns. z = 0 t (y+3x) + 0 2 (y + 5x) 

Ans. z = 0i[y + *(l + '/2)] + 0 2 [y + z(l-v^2)] 

4ns. z = 4>i.(.y + 2x) + x0 a (y+2x) 

4ns. z = 0i(y + x) + 0 2 (y-*) + 0 3 (y-2*> 

4ns. z = 0 t (y) + *0 2 (y) + 0 3 (*) + y04<*) + 06 0-*) 
4ns. z = 0i(y-2x) + 0 2 (y-3x) + ^e* * 


19. (£T + 5D x Dy + 6Dy)z = e 

4ns. z = 4>i(y + ix) + 0i (y-i*) + i[0 2 (y + i*)- 0 2 (y-i*>] + ^(lSxV-x 6 ) 


20. CD* + D*)z = x 2 y 2 


21. tf£ - 30^ + iDy)z = e >+2x . 


180 

, , 1 2 >+2X 

4ns. z = 0i(y-x) + 0 2 (y + 2x) + *0 3 (y+2x) + -x e 


22. + 2D^J3y - /y) 2 - 2D’)z = <y + 2)e*. 4ns. z = 0iO + *) + 0sO'-*) + 0 3 (y-2*) + ye 


23. <f£ - 3D^By - 4£y£ + 12Dy)z = sin(y + 2x) 


4ns. z = 0i(y-2x) + 0 2 (y + 2x) + 0 3 (y + 3x) + -x sin(y +2x) 


g 

24. (Z)j - 3D X D 2 + 2 D^)z = /x + 2y. 4ns. z = 0i(y + x) + x0 4 (y+x) + 0 3 (y-2x) + ^ 25 (* + 2 y> 

25. $ + - 6D x Dy)z = x 2 + y 2 . 

4ns. z =0i(y) + 0 2 (y + 2 x) + 0 3 (y-3x) + —x — "jjj * y + g * y 

* 2 2 =5 -y+x y-zx y+2x 

26. (O’ - 4D*D y + 5D x Dy - 2 D')z = e + e + « 

1 2 y+x 1 y-2x y+2x 

4ns. z = 0 i(y+x) + x0 2 (y+ x) + 0 3 (y+ 2x) - ^x e - gg e + xe 

i n 9 y 2 

27. (D 3 - 20^ )z = 2 e + 3x y. 

1 2% 15 16 

4ns. z = 0i(y) + *0 2 (y) + 0s(y+ 2 x) + 5 e + 20 x y + go* 

28. (I)j - 3D % D 2 - 2 D^)z = cos(x + 2 y) - e y (3 + 2 x). 

4 ns. z = 0 i(y —x) + x 0 2 (y-x) + 0 3 (y + 2 x) + ^ sin(x + 2 y) + xe 3 * 


7/2 



CHAPTER 32 


Non-homogenous Linear Equations with Constant Coefficients 


A NQN-H0M0GENE0U5 LINEAR partial differential equation with constant coefficients 
s ucn as 

f(D x ,D y )z = ( D x - Dy +3D X + D y + 2)Z = ( D x + D y + 1) (D x - D y + 2)z = x 2 + xy 

is called reducible, since the left member can be resolved into factors each 
of which is of the first degree in \,D y , while 

f < D x’D y )z = (D x D y+ 2D*)z = D y (D x + 2D*)z = cos(x-2y), 
which cannot be so resolved, is called irreducible. 


REDUCIBLE NON-HOMOGEMEO® EQUATIONS. Consider the reducible non-homogeneous eons- 


1) - (a.D x t b.B, b,D y * c.). (a n B x t b.B, * c „)2 = 0, 

where the are constants. Any solution of 

2) ( a iD x + kDy + Ci )z = 0 

is a solution of 1). Prom Problem 5, Chapter 29, the general solution of 2) is 

3) z = e~ c i x/a i 0(a iy -b { x) , a 4 ^ 0, 


or 

3') 


z = e ~ Ciy/b i ^(a.y-b.x) , b f * 0, 


with 0 and </> arbitrary functions of their argument. Thus, if no two factors 
the Lnpra | ine a r fy dependent (that is, if no factor is a mere multiple of another) 
JJje? 3)^1 3'V D COnsists of the s um of n arbitrary functions of the 

EXAMPLE 1. Solve (24.0 y + l)(D t _3^ + 2), . 0. 

The general solution is , . t 3 .). Mote th.t the first ter. 

on the right may be replaced by e" x/ 2 ^( 2 y-z) and the second by e 2y/i ^ s(y + 3x) . 

EXAMPLE 2. Solve (2D x + 3D y -5)(D x + 2D y )(D x -2)(D y + 2)z = 0. 

The general solution is z = e ix/2 4> l( 2y-3x) + 4> i (y~2x) + e 2 * 4> a(y) + 04(x) . 

See also Problems 1-2* 
If 

4 ) f(B x .B,)z = . 0 . 

•here no two of the „ factors are linearly decent except as Indicated, the 
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part of the general solution corresponding to the k repeated factors is 
e" ClX /° l [<^ 1 (a l y-^x) + x<£ 2 (a t y-b t x) + ••• + x fe 1 <j> h (a t y-b t x)]. 

EXAMPLE 3. Solve (20^+ D y + 5) (1^ - 2D y + 1) z =0. 

The general solution is z = e~^ y 4> i(2y-x) + e [<^ 2 (y+ 2 *) + * 03 (y + 2*)]. 

See also Problem 3. 


THE GENERAL SOLUTION OF 

5) f(D x ,D y )z = (a ± D x + b t D y + c 2 ) (a 2 D x + b 2 D y + c 2 )- • • (a„D x + + c ») 2 = F(x.y) 

is the sum of the general solution of 1), (now called the complementary func¬ 
tion of 5)), and a particular integral of 5), 


6 ) 


z - 


f(D x ,D y ) 


F(x,y). 


The general procedure for evaluating 6) as well as short methods applica¬ 
ble to particular forms of F(x,y) are those of the previous chapter. 

EXAMPLE 4. Solve f(D x ,D y )z = (D x - DJ) y - 2 D y + 2D x - 

= (D x - 2D y )(D x +D y + 2 )z = ye* + 2xe~ y . 

gy . 

The complementary function is z = <t>i(y + 2x) + e <f> 2 (y-*)* 

4 ^ _ X 

1 * 1 _ * 


To evaluate 


f(D x ,D y ) ye " (D x -2Dy)(D x+ D y + 2) 


ye x , we first solve (D* + Dy + 2 )u = ye 


whose auxiliary systen, is ±-±-• We obtain y - * + « readily and the equa- 


1 1 y € x - 2 u 


tion 


2y 

du - ^ or ~ + 2u = ye x = (x + a)e x , This linear equation has e as integrating 


ye*- 2 « 1 * 


2x 


factor; hence, ue 

, 1 x 1 x 

and u = -ye - -e . 
3 J 9 


r ** 1 jx 1 }x 1 3* 1 5x 1 3* i/v_*ie 5 * 

' J(* + a)e 5 *<i* = ixe 5 *-^ 5 + 5 ae = i* e “5* S** 


We then solve (D, - 2 D y )z = « = iye* - ie* obtaining the required particular in- 


9 ' 

tegral (see Problem 6 , Chapter 31) 


To evaluate 


- /[|(a- 2 x)e* - ie*]^ = |ae* - §~* + ?e* - ie* 

- i(y + 2x)e*- fxe* + |e* = £<*♦§>•*. 

( 3 *e‘ 3 '), we solve (D x + + 2)u = 3xe _JI whose auxil- 


(D x - 2D y ) (D x + Dy + 2) 


iary system is 


dx ^ dy _ du # Then y = * + a, and from ——^- = — or 


1 1 3xe ~ y - 2 u 


3*e' y -2u 1 
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— + 2u - 3xe~ y = 3 (y-a)e~ y , ue 2y = 3 j(y-a)e y dy = 3 (y-l-a)e y = 3 (x-l)e y and 
dy 

u = 3(x- l)e~ y . Solving in turn (D x -2D y )z = u = 3(x-l)e' y , the required particular 


integral is z = 3/(x-l)e” a+ x dx = -(xe 

2 


V 


) = - 2 (x--)e 


The general solution is z - 4>t(y + 2x) + e~ 2 *0 2 (y-*) + i(y + |)e* + |(* - |)e 
EXAMPLE 5. Solve f(D x ,Dy)z = - 2D 2 + 6- 9Z) y + 5)2 

= (D x + Dy + 5)(Z^ - 2ZXy + 1)2 = e 2 **^ + e* + ^. 


The complementary function is z - e" 5% 0 t (y -x) + e~*<£*(y + 2x). 

For the particular integral corresponding to the first term of F(x,y), we use 

1 ax+by 1 ax+6y X/ , v , A 

- e * - e /(a,6) ^ 0, 

f(D x >D y ) /(a, 6) 


and obtain 


- 44 - 2 D* + 64-94+5 


2x+y _ _1_ 2x+y 1 2x+y 

” 4-2-2 +12-9 + 5 6 ” 5* 


In evaluating 


1 x+y 


f(D x ,D y ) 


e x * y , we note that /(1,1) = 0. This means that e X * y is a part 


of the complementary function. (To see this, take <£ 2 (y + 2x) = e y * 2x + </» 2 (y + 2x); then 

e~ x 4>z(y + 2x) = e" x [e y+2x + i/» 2 (y+2*)] = e*** + e"*'/' 2 (y +2x).) We write 

1 x+y 1 1 x+y 1 1 x+y 1 x+y 

- e - -e = - - e = - x e 

f(D x .D y ) 


4-24 + 14 + 4 + 5 


74-24 + I 


The general solutionis z = e - 5 *<4(y-x) + e *<4(y + 2x) + ie 23C+y + i* e x+31 , 

8 7 

See also Problems 4-5. 


The use of the formula 


7) 


f(D x ,D y ) 


Ve 


ax + by _ ^ax + 6y 


f(D x+ a,D y+ b) 


V, V=V(x,y), 


is illustrated below. 


EXAMPLE 6 . Solve (D* + 31^4 - 2D x )z = D X 0 X + 34 - 2)z = (x*+2 y)e 2x * y . 

The complementary function is z = 4> x (y) + x<£ 2 (y) + e 2 * <t> 3 (y-3x). A particular in- 


tegral is z = 


D x (D x +ZD y -2) 


-(x 2 + 2 y)« 2 * +y = e 2x *y 


( 4 + 2 ) ( 4+34 + 3 ) 


-(x + 2 y). 


Setting (4 + 34 + 3)u = x 2 +2y, the auxiliary system is — = ^ = -^ 

y 13 2 


x + 2y - 3u 
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Then y - Zx + a, and from ———- = — or — + 3u = x 2 + 2y, we have 

* +2y-3u 1 

■ / (x 1 , 6 * + 2a)e^ x dx - ul . . i , 2 . 2 , - » , 

39 27 3 39 27 3 

Next, setting ( D x + 2)v = u and making use of the integrating factor e 2 *, y being re¬ 
garded as a constant, ve 2x = fe 2x ( i* 2 - \x - g + |y>* = (I* 2 - + iy)* 2 * 

and v = i* 2 - JL* _ 11 + 1 y . 

6 18 108 3 J 

Finally, setting (Z^ + 2)rc = v t we have 

tn 2x _ r 2x1 25 17 1 . , .122 7 1 2 jc 

6 18 108 12 9 216 S 

, 1 2 2 7 1 

and u> = —%- x + + - v. 

12 9 216 6^ 

Then z = we 2x * y and the general solution is 

* = A(y) + *<&(y) + e 2 * <j> 3 (Zy-x) + (1.x 2 - \x + IL + iy)e 2X+y . 

9 216 6 

See also Problems 6-7. 

IRREDUCIBIE EQUATIONS WITH CONSTANT COEFFICIENTS. Consider the linear equation 
with constant coefficients 


8 ) 


f(D x ,D y )z = 0. 


Since D x D y (ce ax * by ) = ca b s e ax * by , where a, b, c are constants, the result of 
substituting 


9) 


z = ce 


ax + by 


in 8) is c f(a, b)e ax * by = 0. Thus, 9) is a solution of 8) provided 
10) f(a,b) = 0, 

with c arbitrary. Now for any chosen value of a (or b) one or more values of 
b (or a) are obtained by means of 10). Thus, there exist infinitely many pairs 
of numbers (a { , b { ) satisfying 10). Moreover, 


11 ) 


z = X c i e ai * +6iy , where f(a i ,b i ) = 0, 


i=i 


is a solution of 8). 

!f f(D x ,D y )z = (D x + hD y + k) g(D x , D y )z, 

then any pair (a,fa) for which a+hb+k = 0 satisfies 10). Consider all such 
pairs (a^bi) = (- hb^k .b*). By 11), 

z = X c e~ (hbi+k)x+biy = e _taf X c.e^-^ 


t=l 


1 = 1 



NON-HOMOGENEOUS LINEAR, CONSTANT COEFFICIENTS 


269 


is a solution of 8) corresponding to the linear factor (D x + hD y + k) of f(D x ,D y ). 

This is, of course, e~ kx <j>(y-hx), 4> arbitrary, used above. Thus, if f(D x ,D y ) 
has no linear factor, 11) will be called the solution of 8); however, if 
{(Dx.Dy) has m <n linear factors, we shall write part of the solution involv¬ 
ing arbitrary functions (corresponding to the linear factors) and the re¬ 
mainder involving arbitrary constants. 

Example 7. solve f{D c ,D y )z = <.b£+D x + D y )z = o. 

2 

The equation is irreducible. Here /(a,6)=a+a+6=0 so that for any a = a*, 6* = 
-a i (a i + 1), Thus the solution is 

00 00 

^ a -x+ 6. y a-x-a-(a • +1) y 

z = 1 1 = 2, 1 lt , with ci and arbitrary constants. 

t=1 i=l 

Example 8 . Solve (0,. + 2D y )(D x -2D y + 1)(D X -D^)z = o. 

Corresponding to the linear factors we have 4> x (y-2x) and e~*c/> 2 (y + 2x) respectively. 

2 2 2 
For the irreducible factor D^-Dy we have a - 6 =0 or a = 6. 

The required solution is 

oo 2 

/ -jc i XT' o,*x + o .y 

2 = Viiy-Zx) + e <P 2 (y + 2x) + 2, c { e * , with and 6^ arbitrary constants. 

i = l 

In obtaining a particular integral of f(D x , D y )z = F(x, y), all procedures 
used heretofore are available. 

EXAMPLE 9. Solve f(D x ,D y )z = (D x -D 2 y )z = e 2 ** 5 *. 

00 b-x b- 

From Example 8 , the complementary function is z = ^ c^e ^ . 

i=i 

For the particular integral: —-— e 2 ** 5y = --- e 2 ** 57 _ _ 1 e 2?c+ 3^ 

2- (3) 2 7 

00 2 

The required solution is z = 5) c i e 5t * + 6t * - i e 2 ** 5 ^ 

i =1 

See also Problems 8-11. 

THE CAUCHY (ORDINARY) DIFFERENTIAL EQUATION f(xD)y = F(x) is transformed into 
linear equation with constant coefficients by means of the substitution x = e 
(see Chapter 17). The analogue in partial differential equations is an equa¬ 
tion of the form 

f( xD x >yD y )z = X c rs x r y s D x D y z = F(x, y ), c rs = constant, 
r,s 

which is reduced to a linear partial differential equation with constant co¬ 
efficients by the substitution 


x 


d ** 
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Example 10. Solve (* 2 D 2 + 2xyD x D y - xl0 x )z = * 5 /y 2 . 

The substitution * = e“, y = e v , xE^z = D u z, yD y z = D v z, x Z E)£z = D u (Di u -l)z, 
xyDJ) y - D u D v z, y 2 D y z = D v (D y - 1)2 transforms the given equation into 

[D U (D U -1) + 2D U D V - Djz = D U (D U+ 2D v -2)z = e 5 "' 2 * 

. 2ix # 1 5U—2V 

whose solution is 2 = <P±(v) + e <p 2 (v-2u) - -e 

Thus, the general solution (expressed in the original variables) is 

2 = <£i(ln y) + * 2 <MIn-£•) - or 2 = sM?) + *Va(-7) - • 

x z y y x y 

See also Problems 12-13. 


SOLVED PROBLEMS 

REDUCIBLE EQUATIONS. 

1. Solve (D x - D* + ZD X - ZD y )z = {D x - Dy) (D % + D y + 3)2 = 0. 

The general solution is 2 = 4>i(y + x) + e~ 5 *<£ 2 (y -*)• 


2. Solve Dx{W x - D y + 1)(D X + 2Dy ~ D* = 

The general solution is 2 = <£i(y) + e y <f>*t(2y +x) + e* <£ 3 (y-2X). 

3. Solve (2£^ + 3Dy - l ) 2 (Dx - ZDy + 3) 3 2 = 0. The general solution is 

2 = [<£ ± (2y-3x) + X<t> 2 (2y-Zx)] + e* [<£ 3 (y + 3x) + y<£ 4 (y + 3x) + y* <t> 6 (y + 3*)]. 


4 


. Solve (2 D x D y + Dy - 3Dy)2 = D y (2D x + D y -3)2 

The complementary function is 2 = <£i(x) + 

1 3 

- 3 cos(3x-2y) = - 

2D*Dy + D 2 -3Dy 2(6) - 4 -3Dy 


= 3 cos(3x-2y). 

e 5y <t> 2 (2 y-x). A particular integral is 

3 

cos(3x-2y) = - cos(3x-2y) 

8-3 Dy 


- + cos(3x-2y) = -^-(8 + 3Dy) cos(3x-2y) = ^-[4 cos(3x-2y) + 3 sin(3x-2y)]. 

64 - 9 D 2 y 100 50 

The general solution is 2 = <t> ± (x) + e* y 4> 2 (2y-x) + [4 cos(3x-2y) + 3 sin(3x-2y)]. 


5. Solve D x (D x + Dy-1) (D x + ZD y - 2)z = x 2 -4xy+2y 2 . 

The complementary function is 2 = <£i(y) + e x <£ 2 (y-x) + e 2 * <t> 3 (y- 3x). 

1 2 2 

-(x - 4xy + 2y ). 

D*(D* + Dy - 1) (D % + 3Dy - 2) 


A particular integral is denoted by 2 
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To evaluate it, consider -(x 2 -4xy+2y 2 ) = i --- <x 2 -ixy + 2y 2 ) 

D x +3D y -2 -l+$(D x + 3D y ) 

- - ^(.Dx + 3Dy) - k(J) x +3D. y) 2 - ♦ •• •](x 2 - 4xy + 3y 2 ) 

= it-(* 2 -4xy+ 2y 2 ) - (-5x + 4y) - 7/2] = - ±(x 2 - 4xy + 2y 2 - 5x + 4y + 7/2). 

Consider next ---(x 2 -4xy + 2y 2 -5x+ 4y+ 7/2) = ±- - -(x 2 -4xy + 2y 2 - 5x + 4y + 7/2) 

Dx+Dy- 1 1-(Ac+fly) 

= ±U + (Ac + D y ) + (Dc + Dy) 2 + •••](* 2 -4xy + 2y 2 -5x + 4y + 7/2) = i(x 2 - 4xy + 2y 2 -7x + 4y + ±). 

Finally, z = i-(x 2 -4xy + 2y 2 - 7x + 4y + i) = i(x 5 /3 -2x 2 y + 2xy 2 - 7* Z /2 +4xy +x/2). 

The general solution is 

2 = + e x <f> a (y-x) + e 23 * <t> a (y-3x) + ^(2x 5 - 12x 2 y + 12xy 2 - 21x 2 + 24xy + 3x). 


TYPE: —1 - e ax * by V(x, y). 

f(D x ,D y ) 

6 . Solve (D x + Dy-1)(D X +D y -3)(D X + Dy)z = e X * y * 2 cos( 2 x-y). 

The complementary function is z = e x 4> t (y-x) + e ,x <t> 3 (y-x) + <j> 3 (y-x). 

_1_ x+y+2 


For the particular integral. 


(D x + D y -1) (D x + D y - 3 ) (D x + fly ) 


cos( 2 x -y) 




(4 + Dy + 1) (Q, + Dy - 1) (D x + Z)y + 2) 


e cos( 2 z-y) 




+ 2Acfiy + - 1) (Af+ Cy + 2) 


cos( 2 x —y) = - +y+2 - 1 - cos( 2 x -y) 

D x + D y + 2 


1 x+y+2 D x +D y ~2 i «+-v +2 

2 e 2 2 cos( 2 x-y) = — e (Dx + D y -2) cos( 2 x-y) 

D x +2D x D y + Dy-4 10 

1 %+>+2 r 

" 20 c Lsin( 2 x-y) + 2 cos(2x-y)]. The general solution is 
* = e X 4> 1 (y-x) + e 5 *<£ 2 (y-x) + <^(y-x) - ^ e x+y * 2 [sin( 2 x-y) + 2 cos( 2 x-y)], 


7. Solve D x (P x -2Dy)(D x + D y )z = e* + 2 y (x 2 + 4 y 2 ). 


The complementary function is z = <t> t (y) + 0 2 (y + 2x) + <t> 3 (y-x). 
For the particular integral 
1 


D x (D x -2D y )(D x + D y ) 


e x * 2y (x 2 +4y 2 ) = e X+2 > 


(D x + 1 ) (£> x - 2 Dy - 3) (D x + D y + 3) 


2 2 

(* + )• we first 
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find u = ---(x 2 + 4y 2 ) = i -—--- 

D x +Dy + 3 1 + g (Ac + Dy ) 


(x 2 + 4y 2 ) 


= i[l - UDx + Dy) + l(D x +Dy) 2 +. ](x 2 +4y 2 ) 

3 o y 

= i[* 2 + 4y 2 - |(x + 4y) + = ^(9x 2 + 36y 2 - 6x - 24y + 10). 


then v = 


D x -2D y - 3 


i-_-J-« = - |[1- |(2 D y -D x ) + ^-Ac) 2 ‘ 


3 1 + |(2 Dy-D,) 


—(9x 2 + 36y 2 - 72y + 58), 
81 


and finally, z = - v 

D x + 1 


(1-D X + D X + •••)*> = - ^r(9* 2 + 36y 2 - 18* - 72y + 76). 


The general solution is 

1 2 2 x+2y 

z = 4> i(y) + <£ 2 (y+ 2x) + 4> 3 (.y-x) - rr(9* + 3 ®y - 18*-72y + 76)e 


TVP£: IRREDUCIBLE EQUATIONS. 


2 JC+V 

8 . Solve f(D Xf D y )z = (Dx-Dy)z = e 


The complementary function is z = 


2 «*. 4 


b,x*b:y 


from Example 9. 


The short method for evaluating the particular integral e y cannot be used, since 

I \^x *^y' 

f(a,b ) = /(l,l) = 0 . We shall use the method of undetermined coefficients, assuming the par- 

4 *+y D x +y 

ticular integral to be of the form z = Axe + Bye . 

Now D r z = (A+Ax+By)e X * y . Dlz = (Ax+ 2B+By)e x+y and (D x -D 2 )z = (A-2B)e %+y = e x+> ; 
hence A-2B = 1. Taking A =1. fi=0, we have as particular integral z = xe ; taking A = 0, 
B = - i . we have 2 = - $ye x+y ; and so on. Choosing the first, the required solution is 

00 2 

v* *+y 


9 . Solve (2D 2 - Dy + D x )z = x 2 - y. 

^ a.x + b.y 2 2 

The complementary function is 2 = » 2a i -6^ + a i = 0. 


The particular integral 


1 . 2 . 1 1 

—— - (* - y ) * “ "7 - ^ 

2D X -Dy +D X D 2 y l _ Dx + 2Dx 

°y 


(X 2 - y) 


_L ri + d ** 20 * + (^x+2d 2 ) 2 

°y D 2 y D) 


. 2 1 r 2 2 * + 4 2 

+ •••](* -y) = --rt*-y + —— + t ] 

D 2 D 2 D y 
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= -± (x *-y +X y* + 2y\y'/l2) - - \x 2 y 2 + \y’ - - ±/ - ^. 


6 360 


The required solution is z = ^ c-e 


i =1 


H X ± + > 1 2 2 1 ? 1 « 1 4 16 

“ 2 * y + e^“ 12 ^- 6 ^-aio 3 ' 


10. Find a particular integral of (D x + D y ) (D x -D y -D y )z = sin(2x+y). 


A particular integral is given by 
1 


(D* + D y )(D x -D y -D 2 y ) 


sin( 2 x+ y) = 


D x D y - fly - *D X + 5fly - 4 


sin( 2 x+y) = 


(-4 +D y )(D x -D y + 1 ) 
1 


sin( 2 z + y) 


5D y - 4D X - 5 


sin( 2 x +y) 


5Dv-4Dr + 5 1 r 

— 1 --- sm(2x + y) = - — [5 sin(2x + y) - 3 cos(2x + y)]. 


25D y -40D x D y +16D x -25 


The method of undetermined coefficients with z = A sin( 2 * + y) + B cos( 2 * +y) may also be 
used here. 


11. Find a particular integral of (D x ~2D y + 5) (D 2 + D y + 3)z = e 5 ** 1 ** sin(*-2y). 


A particular integral is 


(4-2Dy + 5)(I% + D y + 3) 


e 3x+ * y sin(x- 2 y) 


3x+*y 


(D x -2D y )(D x + 6D x +Dy + 16) 

_ 1 _ 

M x -UD x D y -2D* + l 5 D x -Z0D y 


sin(x- 2 y) = e 


ix*ny 


(D x - 2D y ) (6D X + D y + 15) 


sin(*- 2 y) 


sin(*- 2 y) = I e ^ x *'*y -^- sin(x- 2 y) 

5 34-60^-4 


. 1 „?*+>*> 3Dx -6Dy + 4 . 1 fcr+iiv 

5 2 2 sin(*-2y) = - e (3D x —6D y + i) sin(x-2y) 

9D 2 -3GD x D y + 36D y ~16 1205 y 


1 3%+ 

= " 1205 6 ^ 15 cos(x “ 2 y> + 4 sin(x- 2 y)]. 


TYPE: f(xD x ,yD y )z = 0. 

12. Solve {xJ^Dy - yD x Dy)z =0 or (x 5 y 2 D$ - *V^)« = 0. 

The substitution * = « u . y = «\ x } y 2 £^D y z = D u (D u -l)(D u -2)D v (D v -l)z, 
x y 5 D x D y z = D U (D U - 1)D V (D V -1)(D V ~ 2)z transforms the given equation into 

AA(Az “■ 1) (A; — 1) — D v )z = 0 . The required solution is 

1 = <t>! (v) + <£ 2 (u) + e v <t> g (v) + e v <j> 4 (u) + <4(v + u) or, in the original variables, 

= $i(ln y) + ^> 2 (In *) + i^ 3 (ln y) + y^ 4 (ln *) + <£ 6 (ln xy) 


z 
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13. Solve (* 2 l£ - 4 yDl - 4 yD y - 1)2 = *V In y . 

The substitution *=e“, y = e v transforms the given equation into 

9 2 214+3V 

[D u (D u -l)-4D v (D v -l)-4D v -l]z = (D u - 4D V - D u - l)z =ve 


A particular integral of this equation is given by 


2 u+jv 


D*-4Dl-D u -l 


= e 


214+ 3 V 


<Z>„+2) 2 - 4(Z)„+3) 2 - (4 + 2) - 1 


v ~ e 


214 + 31 ; 


D 2 - 4D 2 + 3A* - 24D v - 35 


1 24 

By inspection, a solution of (Z)*-4£>* + 3D u -24D v -35)u> = v is found to be w = - —v + j" 

a ' (35) 

Hence, the particular integral is z -- 214 + 31 ; ( 35v _24). 

(35) 


The required solution of the given differential equation is 
00 


- - * c a i u * b i v _ j_ e 2 ^+ 3 ^ (35^24) or, in the original variables, 

^ ' 1225 


- 2 

i = 1 
00 

2 = 

i = l 


X c iX ai y bi - -i- *V (35 In y - 24), a* - 4b* - <*. - i = 0. 
1225 


SUPPLEMENTARY PROBLEMS 
Solve each of the following equations. 


14. 

(D x +D y + 1) (4 - 2 D y - 1)2 = 0. 


Ans. 

2 = e~ x 4>t (y 

- 2 ) + e x 4>z(y + 2x) 

15. 

(D x + 2 Dy - 3) (D x + Dy- 1)2 = 0. 


Ans. 

2 = e ix 4>t(y 

-2*) + e*<4(y - 2 ) 

16. 

(2D X + D y +l)(D x +ZD x D y -ZD x )z = 0. 


Ans. 

2 = <^>i(y) + 

e~ y <t>z( 2y-x) + (y - 

17. 

(D x Dy+Dy)U) x -Dy-2)Z ^ 0. 


Ans. 

2 * <^l(2) + 

<4(y-*> + e 2x< ^ 3 (y+ 2 ) 

18. 

(D x + 2 Dy)(D x + 2D y + 1) (4 + 2Dy + 2 ) 2 Z 

= 0. 





Arts, z = <4(y-2*) + *”* 

4(y- 

2x) + e 

~ y [<t> a (y-2x) 

+ y<£*(y- 22 )] 

19. 

(D x +Dy)(D x +D y -2)z = sln(* + 2y). 






Ans. 2 = + ^^(y- 5 

0 + i^ 

[6 cos(* + 2y) - 9 sin(x+2y)] 

20. 

(D x + Dy “1) (Djf + 2Dy + 2)2 = c 

+ yd 

-2x). 




Ans. 2 = e x ct>i(y-x) + e“ 

'V*(y 

-2*) + 

3,1 ! 

* y+ 2 + 78 C 

5 x+«ry 

21. 

<Z) 2 +44+4-1)2 = e* + e‘ x . 


Ans. 

2 = e"*<4(y) 

+ e x 4> z (y-x) + ixe* - 


1 -x 
2 Xe 
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22 . 

23. 

24. 

25. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 


(J)^-D x Dy-I^+D x Dy)z = (* + 2)/* 5 . 4ns. z = &(y) + <£ 2 (y+*> + e <t> 3 (y-x) + In * 

iy J 

(?D x Dy-2Dy-D y )z = cos(3y + 2x). Ans. z = <&(*) + e 5 <£ 2 (3y + 2x) - - sin(3y + 2x) 

(DZ + D X D -Dy+D x -D )z = e**~* y . 4ns. z = X - \^' iy . a* + a { 6 { -6j+a.-6 i = 0 


(3[£-2D$ +D x - i)z = 3 e* +> sin(*+y). 


Ans. z = 2, c^e - e 

(l£+2D x Dy-2Dy + 3 )z = e* +y cos(x + 2y). 


GL*X t 6*7 yx iu 2 2 

^ e 1 - e X y cos(x + y), 3^ - 2 b i + - 1 = 0 


tr t t 


Ans. z - ^2, C{ 


e a i x * b i y _ cos(x + 2y), a? + 20 ^ 6 ^ - 26^ + 3 = 0 

13 


9 -9r 2 2 

(D*+D x D y +D x +D y +\)z = e (x +2y )• 


4ns. z= X^^*^ + — e _25C ( 9* 2 + 18 y Z + 18 * + 12y + 16), a^+ajfc^+b.+l = 0 


(D^D y +Dy-2)z = e 2 ^ cos 3x + e* sin 2y. 

Ans, 2 * 2 Cze ^ ^ ~ e 2 ^ cos 3x - — e*(cos 2y + 3 sin 2y), a ify + b 2 -2 = 0 

^ 1 16 20 

-y 2 D$-3xDi c + 2yDy)z = 0. Ans. z = ^(ln xy) + /0 2 (ln x) = ^ ± (xy) + y 5 vM*) 

(x 2 D£-2xyD x Dy-3y 2 Dy + xB x -3yDy) = z 2 y sin(ln z 2 ). 

Ans. z = <£i(x 3 y) + faiy/x) - ^ x 2 y[4 cos(ln x 2 ) + 7 sin(ln x 2 )] 

00 

(x 2 D 2 +xyD x Dy-2y 2 Dy-xD x -6yD y )z = 0. Ans. z * <t>i(y/x 2 ) + x 2 <£ 2 (xy) 

(x 2 [£ -xyDi^Dy — 2y 2 Dy +xD x -2yB y )z = ln(y/x) - 1/2. 

Ans. z = <j> t (x 2 y) + <£ 2 (y/x) + ±(ln x) 2 lny + ± lnx lny 


5 3 

, 2 n 2 n 2 n n 2 2 n 2 2 n 2 X +y 

(* y^x^y “ ~ + y Dy}z * ^ 

1 x 5 -v 3 

Ans. z = x+ y<£*(*) + <£ 3 (*y) - g( 

o xy 



CHAPTER 33 


Partial Differential Equations of Order Two 
with Variable Coefficients 

THE MOST GENERAL LINEAR PARTIAL DIFFERENTIAL EQUATION of order two in two indepen- 
dent variables has the form 

1) Rr + Ss + Tt + Pp + Qq + Zz = F 

where R,S t T t P,Q,Z t F are functions of x and y only and not all R t S,T are zero. 
Before considering the general equation,a number of special types will be 


treated. 





TYPE I. 





2a) 

r = tl 
Bx 2 

= F/R = 

Fi(x,y) 


2b) 

s = 

Bx By 

= F/S = 

y) 


2c) 

t = 

By 2 

= F/T = 

Fg(x,y). 


These are reducible equations with constant coefficients (Chapter 
more direct method of solving will be used here. 

32), but a 

example 1. 

Solve s = x - y. 




Integrating 

B 2 z 

5 = - = x - y with respect to y, 

B*By 

p = ^ = *y - iy 2 + '/'(*). 

ox 

Kp arbitrary. 

2 2 * 

Integrating this relation with respect to x, z = ±x y - £xy + <p t (x) + 

where ~4> x {x ) = <//(*) and $ 2 (y) are arbitrary functions. 
dx 


TYPE II. 





3a) 

Rr + Pp = 

R + Pp 

Bx 

= F 


3b) 

Ss + Pp = 

S & + Pp 
By 

= F 


3c) 

Ss + Qq = 

S |2 + Qq 

OX 

= F 


3d) 

Tt + Qq = 

T $2. + Qq 
By 

= F. 



These are essentially linear ordinary differential equations of order one in 
which p (or q) is the dependent variable. 
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Example 2. Solve xr+2p = (9* + 6)e 5 * . 

Considering p as the dependent variable, x as the independent variable, and y as con¬ 
stant, the equation is x ~ + 2p = (9* +6)e 5x+2 ' y for which x is an integrating factor, 

ox 

Integrating x 2 + 2xp - (9x 2 + 6x)e ix+2y , we have 
Bx 

= ± (9x 2 + 6x)e' X+2y - I e 5 * + 2 >(l - £? + ^ - )(9x 2 + 6x) 

Dx * 3 9 

■ 3.V” 2 ’ . *,(,) or p ■ |i . 3e*'» , i *,<,>. 

* 2 

3x + 2y 1 

Then 2 = e - - 4>i(y) + </> 2 (y) is the required solution. 


7TPE III. 


4a) ffr + Ss + Pp = F or R*£+s^ = F-Pp 

Bx By 

4b) Ss + Tt + Qqr = F or S^+T^ = F-Qq. 

Bx By 

These are linear partial differential equations of order one with p (or q) 
as dependent variable and x,y as independent variables. 

EXAMPLE 3. Solve 2xr-ys + 2p = 4xy 2 or 2 X ^ = 4xy 2 - 2p. 

Bx By 

Using the method of Lagrange (Chapter 29), the auxiliary system is — - fjH = dp 

~y 4xy 2 - 2 p 

Prom the first two ratios, we obtain readily xy 2 = a. 

By inspection, 2y‘*(2x) + 2py(-y) - y 2 (4xy 2 - 2p) = 0. Thus, 

2 y*d* + 2 pydy-y 2 dp = 0 or 2 dx - - ~ P — =0, and _ 2x = 6. 

/ y 2 

The general solution is p/y 2 - 2x = "/'(xy 2 ). Then 

P = ^ = 2*y 2 + yV(xy 2 ) and z = x 2 y 2 + </> 1 (xy 2 ) + 0 2 (y), where — <£ t (xy 2 ) = y 2 i/i(xy 2 ). 

B* 


7YP£ iK. 


tfr + Pp + Zz 


or r!- 1 + p 1 *! + zz = F 
^v 2 Bx 


5b) Tt + + Zz = F or T — + O ££ + Zz = F 

By 2 * 

These are essentially linear ordinary differential equations of order two with 
x as independent variable in 5a) and y as independent variable in 5b). 
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2 5x + 2 y 

EXAMPLE 4. Solve t - 2xq + X z = (* -2)e 

2* 2 2 5%+ 2y 

The equation may be written as ( D y - 2xD y + x )z * (D y -x) z = (*-2)e 

The complementary function is 2 = e X ^<j> t (x) + xe % ^4>^{x) and a particular integral is 

„ 3%+2y 

_L_ ( *_ 2 )e 3 ** 2> = - x : - 2 - e 3 *+ 2y = 2- 

(Ay-X ) 2 ( 2 -Jf ) 2 *" 2 

3%+2y 

The required solution is i = e xy <t>i(x) + xe xy 4> i (x) + -— • 

* -2 

See also Problems 1-8. 


LAPLACE’S TRANSFORMATION. This transformation on 

1) Rr + Ss + Tt + Pp + Qq + Zz = G(u, v) 

consists of changing from the independent variables x,y to anew set u,v, where 

6) u = u(x,y), v = v(x,y) 

are to be chosen so that the resulting equation is simpler than 1). By means 
of 6), we obtain 



Let 

1') R '*uu + S ' z uv + T ' Z VV + P ' z u + Q' z v + Zz = F 

be obtained by making the above replacements in 1) and rearranging. We shall 
need only the coefficients 

R' = R(u x ) 2 + Su x u y + T(u y ) 2 and T' = R(v x ) 2 + Sv x v y + T(v y ) 2 . 

We note that both are of the form 

7) *(f*) 2 + S£ x £ y + T(g y ) 2 = (a£ x + b£ y )(e£ x + fg y ). 

i) Suppose b/a £ f/e; then, if for u we take any solution of ag x + bg y = 0 and 

for v any solution of e£ + = 0, 1) is transformed into 1*) with R'= T'= 0. 

x y 
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EXAMPLE 5. Solve a) x 2 (y-l)r - x(y 2 -l)s + y(y-l)t + xyp - q = 0, 

6 ) y(x + y)(r-s) - xp - yq - z =0. 

a) Here 7) is x 2 (y-l)(g x ) 2 - x(y 2 -l)£J y + y(y-l )(^) 2 = 0 

or x 2 (g x ) 2 - x(y + l)g x g y + y(i y ) 2 = <rg x -yg y )(xg x -£ y ) = 0. 

Now x£ x -ygy = 0 is satisfied by g=u=xy and xg x -gy = 0 is satisfied by g=v = xe y . 

Moreover, it is easily shown that these solutions also satisfy the given differential equa¬ 
tion. Hence, the required solution is 

z = 4>i(xy) + 4> z (xe y ). 


b) Here 7) is y(x + y) [<4 > 2 - ££ y ] = 0 or < 4 - 4)4 = 0. 

Now =0 is satisfied by £=x + y and ^=0 by £ = y. However, neither of these 

solutions will satisfy the given differential equation. 

We take u = * + y andv = y. Then p = z u , q = z u +z v , r = z uu . s = 2 ^ + z uv , and the 
given differential equation becomes 

-y(x + y)z uv - XZ U - yz u - yz v - 2 = 0 or uvz uv + uz u + vz y + z = 0. 

This may be written as 


z uv + ~ z u + ~ Z V + ~~ z - — (— + -*) + -(— + ~z) = (-5. + i)(~ + hz) = 0. 

v v u » v Bu dv v U Bu v Bu u Bu v 


Let — + -z = u>; then — + = 0 and wu - i/r(v). Now 

Bv v Bu u 


B z 1 

- + - 2 = W 

Bv v 


= “^ 00 . + <£*(“)» and 2 = J 0 i(v) + ^ 02 (a). 


where ~\(v) = v*dj(v) and d>x(v) = The required solution is z - . 

dv * * + y y 


EXAMPLE 6 . Solve * 2 r - y 2 t + p* - qy = * 2 . 


Here 7) is * 2 (^) 2 -y 2 (^) 2 = (*£ x -y£ y )(*£ x +yf y ) = 0. 

Now xg x -ygy =0 is satisfied by £=xy and x£ x + yg y = 0 by f = */y. It is found read¬ 


ily that these solutions satisfy the reduced equation o?r-y 2 t +px-qy = 0 ; hence, the com¬ 
plementary function is z - <f> ± (x/y) + <£ 2 (*y). However, this complementary function may be 
obtained along with the particular integral as follows. Take u-xy and v-x/y\ then 


P-y*U + yV 


q = xz u - — v 


r = y 


+ 2z uv + — 


2 Z VV * 


t = x 2 z. 


'uu 


2 2 

n x X 2 x 

~ 2 2 z uv + 4 z vv + “T z v 9 

y y y 


and the given equation becomes 




or 


i • 


Integrating first with respect to u, z y = ^(v) + , 

and then with respect to v, z = <f> t (v) + <£ 2 (u) + ^uv = <t> ± (x/y) + <£ 2 (*y) + £* 2 , 

where ~4>i(v) - 

4 J See Problems 9-10. 
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ii) Suppose b/a = f/e ; then + s € x € y + T (€ y '> ~ m ( a € x + b € y '> • 

case is treated in Problem 11. 

NON-LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF ORDER TWO. One possible method for 
solving a given non-linear partial differential equation of order two 

8) F(x,y,z t p t q,r t s,t) =0 

is suggested by severalcf the examples of linear equations above. In each of 
Examples 1-3, the first step consisted in finding a relation of the form 

9 ) u = ip(v), i p arbitrary, 

where u = u(x,y f z f p f q) and v = v(x t y, z, p, q) , from which the given differen¬ 
tial equation could be derived by eliminating the arbitrary function. Such a 
relation 9) is called an intermediate integral of 8). For example, p-xy+^y 2 
= i/j(x) is an intermediate integral of s = x-y, (Example 1). 

It can be shown that the most general partial differential equation having 

u = \p(v) t yp arbitrary, 

where u = u(x t y, z t p,q) and v = v(x,y, z,p,q), as intermediate integral has 
the form 

10) Rr + Ss + Tt + U(rt — s 2 ) = V, 

where R t S,T,U,V are functions of x,y, z,p,g. However, it is evident from the 
definitions of R,S ,that not every equation of the form 10) has an in¬ 
termediate integral. The discussion below concerns Mongers method for deter¬ 
mining an intermediate integral of 10), assuming that one exists. 

TYPE: Rr + Ss + Tt = V . Consider the equation 

11 ) Rr + Ss + Tt = V, 

that is, 10) with U identically zero. Since we seek z as a function of x and 
y, we have always 


12,) 

c/z 

Bz ^ 

- — dx + 

Bz , 

— dy = 

p dx + 

qdy. 



Bx 

By 



12 2 ) 

dp 

= *£dx + 

1! 

■& 

r dx + 

s dy, 


Bx 

By 



12 x ) 

dq 

= + 

l# 

ii 

s dx + 

t dy. 

3 7 

Bx 

3y 




dp - s dy , dq - s dx 

Solving the latter two for r = ---- t -T- 

dx dy 

in 11), we obtain R dp + Ss + T = v 

13) s[R(dy) 2 — S dxdy + T(dx) 2 ] = Rdydp + Tdxdq 


and substituting 

or 

- V dx dy. 
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The equations 

14 x ) R(dy) 2 - Sdxdy + T(dxf = 0 

14 2 ) R dy dp + T dxdq - V dxdy = 0 

are called Monge*s equations. 

Suppose R(dy) 2 - S dxdy + T(dx) 2 = (Ady + B dx) 2 = 0. If now 
u = u(x,y,z,p,q) = a, v = v(x t y, z, p,q) = b satisfy the system 

A dy + B dx = 0 

R dy dp + T dxdq — V dxdy - 0, 
then u = <//(v) 

is an intermediate integral of 11) since u = a, v-b satisfy 13) and, hence, 

11 ). 

Suppose R(dy) 2 - S dxdy+T(dx) 2 = (A t dy +B ± dx) (A 2 dy + I? 2 dx) =0, 
where A ± B Z - A 2 B t ^ 0 identically. We now have two systems 

A ± dy + B t dx = 0 T i4 2 c(y + £ 2 dx = 0 

_ /? dy dp + T dxdq - V dxdy = 0 ^ [ /? dydp + Tdxdq - V dxdy = 0. 

If either system is integrable, we are led to an intermediate integral of 11); 
if both are integrable, we have two intermediate integrals at our disposal. 
Procedures for finding a solution of a given equation for which intermediate 
integrals have been obtained will be discussed in the examples and solved 
problems. 

Example 7. solve 9 (yg + z)r - p(2yq+z)s + yp 2 t + p 2 q = o. 

Here R = q(yq + z), S = - p(2yq + z) t T = yp 2 , V = - p 2 q; Monge's equations are 
R(dy) - Sdxdy + T(dxf = q(yq+z)(dy) 2 + p(2yq + z)dxdy + yp 2 (dx) 2 

= (<? dy + pdx) [(yq + z)dy + ypdx] = 0 

and Rdydp + T dxdq - V dxdy - q(yq + z)dydp + yp 2 dx dq + p 2 qdxdy = 0. 

[ q dy + p dx = 0 
2 2 

q(yq + z)dy dp + yp dx dq + p q dxdy - 0. 

Combining the first equation and 12i), we have dz - 0 and z = a. Substituting in the second 
equation dy = -p dx/q, obtained from the first, we obtain 

(yq +z)dp - p(y dq + q dy) = 0. 

We add -p dz = 0 to this, obtaining 

(yq + z)dp - p(y dq + qdy + dz) =0 or ^ 

P y<? + * 

with solution ~~ ~ = *>. Then yq + z = p«/(z) is an intermediate integral. The Lagrange 

system for this first order equation is . From ^ ~ we obtain vz = a 

/(*) -y z -y z J 
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dx dz 


and from = — we obtain x = J f(z) — = 4>\(z) + 6. Thus, the required solution is 

f(z) 2 z 

* = 4>i(z) + 


Consider next the second system 


(yq + z)dy + ypdx = 0 
2 2 

q(yq + z)dy dp +ypdxdq+pqdxdy = 0. 


Prom the first equation, pdx + qdy = -zdy/y; then dz = -zdy/y and yz = a. Substituting 
from the first equation, the second becomes 

dp dq dy _ 
qy dp - py dq - pq dy = 0 or _ - — - — = 0 

with solution qry/p = 6. Then gy = p-g(yz) is an intermediate integral. The Lagrange sys- 


tem is 


dx dy 


g(y*> -y 


= JL t dz = 0. Then 2 * a and the first equation 


dx dy 


g(ya) -y 


has solution 


x = - Jg(ya)— = <£ 2 (ya) + We thus obtain x =<£ 1 ( 2 ) + </> 2 (yz) as before. 

y 

The solution may also be obtained by using the two intermediate integrals simultaneously. 

2 z*g{yz) 

Upon solving them for p = -- » q - -77 -r 

/(*) - g(y*) yif(z) - g(y*)J 

and substituting in p dx + qdy = dz, we have yz dx + zg(yz)dy = yf(z)dz - yg(yz)dz. 
Writing /( 2 ) = zf ± (z) and g(y 2 ) = -yzgi(yz). this equation becomes 

dx = f t (z)dz + gi(yz)[z dy + yd 2 ] 
and, integrating, x = <£i(z) + ^(y*)- 

See also Problems 12-16. 


TYPE: Rr + Ss + Tt + U(rt-s 2 ) = V. Consider equation 10) with U ^ 0. By 

substituting r = — ~ s — > t = —— s — as in the preceding type, we obtain 

dx dy 

s[R(dy) 2 - S dxdy + T(dx) 2 + U(dx dp+dydq)] = R dy dp + T dx dq + U dpdq-V dx dy. 

The equations 

15 x ) R(dy) 2 - S dx dy + T(dx) 2 + U(dx dp + dy dq) =0 

15 2 ) R dy dp + Tdxdq + U dpdq - V dxdy = 0 

are called Monge’s equations . Note that when 1/ = 0, these equations are 14 x ) 

and 14 2 ). However, unlike 14 x ) and 14 2 ), neither can be factored. 

We shall attempt to choose \ = k(x,y,z t p,q) so as to obtain a factorable 
combination 

16) \[R(dy) 2 - S dxdy + T(dxf + U(dx dp +dydq)] + R dy dp + T dx dq + U dpdq - V dx dy 
= (a dy +bdx + c dp) (a dy + /3 dx + y dq) 

= aa(dy) 2 + (a/3 + ba)dx dy + b/3(dx) 2 + c/3 dx dp + ay dy dq + ca dy dp 

+ by dx dq + cy dp dq = 0. 
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Comparing coefficients, we have 

aa=Rk, a/3 +ba=-Sk-V, b/3 = Tk, cB = Uk = ay, ca = R, by=T, cy = U. 

The first relation will be satisfied by taking a = k and a = R; this choice de¬ 
termines b-T/V, f3 = kU, e = 1 , y=U. The remaining relation a/3 + ba = -Sk-V 

takes the form T a _ y or 


t/A 2 + — = — sk - V 
U 


17) 


. 2.2 


U k + SUk + TR + uv = 0. 


factored^ 17} WiU haVe tW ° distinct roots k = K f k = K- thus, 16) can be 


18 a ) 

18 2 ) 


(k t Udy + Tdx + Udp) (Rdy + k t Udx + Udq) = 0 
(k s Udy + Tdx + Udp) (Rdy + k^Udx + Udq) = Q. 


and 


There are four systems to be considered. The system k.Udy + Tdx + Udp = o 
iripn+inlnv V t P - ~,° . im Pli es (K-K)Ucty = 0 and, hence, unless kj. = k 2 , Udy=0 

imn?io« iw S n lm -i ar ^' system + ^Udx+Udq = 0. Rdy+ k 2 Udx + Udq = 0 
implies Udx = o identically. We therefore shall use only the systems 


19 ) f + and f KUdy+ 

L Rdy + k^Udx + Udq = 0 [ Rdy+k t 

Each system, if integrable, yields an intermediate integral of 10). 


Tdx + Udp = 0 
Udx + Udq = 0. 


Example 8 . solve 3« - 2(rt-s 2 ) = 2 . 

Here. 8*0. S=3. T = 0, t/=-2, V = 2. Then U*>? + SUk+ TR + UV = 4k 2 - 6k- 4 = 0 
“ 5 ^ = 2. We seek solutions of tbe systems 


[ h-iUdy + Tdx + 
Rdy + \JUdx + 


Udp = dy - 2 dp = 0 
Udq = -4 dx - 2 dq = 0 


and 


f KUdy + Tdx + 
L Rdy + k t Udx + 


Udp = - 2c£> = 0 

Udq = dx - 2dq = 0. 


Tl e t' h /~ 2P h“ “ d 2 * + , " fc; then (1 > = /<2* + 9) is an intermedi- 

. the SeC ° nd SySte,B * 2 y + P = a And x-2q = 6; then (U) 2y+p = g(x-2o) 

lon^r lntei T^? ia r i “ tegra1, Slnce « APPears In the argument of both / and g, it is no 

? talD H a SOlUtiOD ° f the 6lVen equati0n solving two arbitral functions 
by solving for p and q and substituting in dz = p dx + q dy. 

Integrally 1 lnvolvine “rbitrary constants from the intermediate 

■ho- j a P •^( 2x+ 7)* To obtain an integrable equation, take f(2x+q) = a(2*+o) + B 
where a and B are arbitrary constants. The Lagrange system for <?> P ’ 


is 


y - 2p s a(2* + q) + /3 or 
= 


2p+ aq = y - 2a* - /3 


2 a y — 2a* - /3 

Prom the first two members, a* = 2y + <f. Substituting fora*, the last two members become 


dy 

a 


dz 


- 3y - 2f - /8 


or adz = (-3y-2i-B)dy and a* = - §/ - -ft, + 


Thus, 02 = -y - (2ax +B)y + <t>i(ax - 2y) is a solution of the given equation involving 
one arbitrary function and two arbitrary constants. 
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Treating the second intermediate integral similarly, we take 2y + p = y(x -2q) + 8 or 
p + 2 yq = yx - 2y + 8 , where y and 8 are arbitrary constants. The corresponding Lagrange 

Prom the first two members, y = 2 yx + £. Now the first 

1 2 y yx - 2 y + S 


. . dx dy 

system is — = — 


dx 

and third members become — = 


dz 


_ _ _ and z = - $yx 2 - 2gx + 8 * + 17 . Thus, 

1 _ 3yx - 2 ^ + 8 2 


z = _ ( 2 y-S)z + 4> i (y-2yx) is also a solution involving one arbitrary function and 

2 

two arbitrary constants. 

A solution involving two arbitrary functions of parameters k and /x will next be found. 
Set 2x + q = A. and x-2q = fj. so that x = (2\+pt)/5. Then (i) and (ii) become y-2p = 
f(k) and 2y + p = g(^), and y = [/(X.) + 2g(pt)]/5. Now 

(iii) p ■ ity - /(A.)3 = - 2y + g(A0 and 

(iv) q - \ - 2x - % (x — 

Substituting the second value of p and the first value of q in dz = p dx + qrfy, we have 
dz = [-2y + g(/L4)]flk + (X - 2*)dy 

= - 2 (ydx + xdy) + ig(u) [2 d\ + dfj.] + -X.[/'(A.)<f^-+2g'(/z)ci/x] 

5 3 

= - 2(y + xcfy) + -[\g'0u.)cfyz+ g(/z)cf\] + i [kf'(k) + /(\)]d\ - -f(k)dk + -gi&dfi 

5 5 J 


and 


z = - 2 *y + -Ag(/x) + ~kf(k) - 4>i (M + 
5 o 

= - 2 xy + Xy - 0 i(X.) + <£s>(m)* 


This solution may have been obtained by using the first value of p in (iii) and the sec¬ 
ond value of q in (iv). 


Coa o1cn Prnhlomc 17-1 ft. 


SOLVED PROBLEMS 

1. Solve r = x 2 e~ y or —- x 2 e 

B* 2 

One integration with respect to x yields p = ~ = “g" e ^ + and tlie secon< * iirte " 

gration with respect to x yields z = ~rz € * + x 4>x(y) + 

2* Solve xy 2 s = 1 - 4* 2 y. 

Integrating ■ * x -1 y 2 - 4xy 1 with respect toy, r~ = “ x y - In y + </>(*)• 

Bx By a* 

Integrating this with respect to x, z * - - In* - 2x 2 lny + 4> i(x) + <Pz(y), 
where — <£ i(x) = i//(x). 
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3* Solve xys - px - y 2 . 

Bp 

y ^ - p 

&y i 2 

Integrating - - - = - with respect to y, we get £ = 2 + ,/,(*) or _ = L- + w,(*). 

y y * Bz x r 

Integrating with respect to *. we get z = /in* + y<£ l( *) + 0 2 (y), where —^(x) = ,/,(*). 

dx 

4. Solve t - xq - - sin y - * cos y, 

Integrating |i - *g = -(sin y + * cos y), using the integrating factor « -x> , we obtain 

e xy q = - fe~ xy (sia y + * cos y)dy = e' xy cos y + ^(*1 or g = ^ = cos y + e x ^(*). 

A second integration, with respect to y, yields z = sin y + e xy d> ± (x) + <£„(*) 
where ^(x) =4<(x)/x. ^ 


5- Solve sy - 2xr -Ip - 6 xy. 

The auxiliary system for the equation 2*^ - y^£ = -&cy _ 2p is — = **!- 

2 x -y - 6 *y- 2 p 

Prom the first and second ratios, we find xy 2 = a. By inspection, 

2 /( 2 *) - ( 2 yp + 2 *y 2 )(-y) + y 2 (- 6 *y- 2 p) = 0 
S0 that 2 y 3 <A - ( 2 yp + 2xy 2 )dy + y 2 dp = 0 . 

or /(cfr + 2 xdy + 2ydx) - 2 y(p + 2 *y)dv n anrf p + 2 *y t 

V 4 2 

y y 

2 i , 2. 


Thus, we obtain as solution p + 2xy = y 2 i/>(*y 2 ). Then 

2 - - 2 . , . . B 


B* ** y + y ^ (xy 1 811(1 2 = ~* 2 J' + 4>x(xy 2 ) + <t> 2 (y), where <f> x (xy 2 ) = y 2 <fi(xy 2 ). 

OX 


6. Solve 


+ yt + 9 = 10* y. 


The auxiliary system for the equation x^S. + y 5i = 10 x 3 v ^ 1s * dy dg 

^ ^ * ' > " IO.V-, 

Prom the first two ratios, x/y = a. By inspection, 

(q-8x 5 y)x - 2 *\y) + *( 10 * 3 y-g) = 0 

so that (q-8x 5 y)dx - 2 x*dy + xdq = 0 . or * dq + qdx = & 3 y d* + 2 /dy, 

and 9* = 2*% + 6. 

The general solution is qx = 2*V + i//(y/*). Thus, 

— - 2x y + ~^(l) and z = * 3 y 2 + + <£ 2 (*), where ^<^( 2 ) = ji/'Cj)* 
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7. Solve t - q - l)z = xy 2 - x 2 y 2 + 2* 5 y - 2*\ 

XX 

The equation may be written as [Dy - D y - - 1)]^ = W ~ x y + 2x y - 2* . 

The complementary function is z = e + e 

For a particular integral we try z = Ay 2 +£y + C, where A,£,C are functions of x or con- 
stants. Then [D* - D y - ±(±-1)]* = 2A-2Ay-B - (-^ - j) (Ay 2 + By+ C) = xy 2 -x 2 y 2 + 2x 3 y-2* 5 . 
identically. Equating coefficients of the several powers of y , we have 

- <— - -)A = *(1 - *), -2 A - (-1 - i)B = 2* 5 . 2A-B- (-L- \)C = -2* 5 . 

2 * X x 

X 

v/jc y » y/x | 3 2 

Then A = ~* 5 , £ = C = 0 and the required solution is z = e <£i(*) + e (*) “ * y • 


8. Solve ys + p - yq - z = (1 - x)(l + In y). 

This equation is solved readily by noting that it may be put in the form 

B 2 z * 1 3* _ 2* _ £ = + iz) - (- + iz) = — (l + m y). 

Bx By y B* By y Bz By y By y y 

Setting , = ^ + i z. the equation becomes - » = ±^<1 + 1" y) for which e - * is an 

By y Bx J 

integrating factor. Then 

e ~ x w , 1 + lny f(e~ x -xe~ x )dx = 1 + ln -- (xe~ x ) + <A(y) and * = * 1 + e * ^ (y) ' 

y y 

In turn, integrating * + i* = + e*0(y). using the integrating factory, we find 

By y y 

yz = * J y (l + In y)cfy + e x J y y\p(y)dy = xylny + e x ^(y) + 


LAPLACE'S TRANSFORMATION. 

9. Solve t - s + p - q(l + 1/x) + z/x = 0. 

Setting ) 2 - = 0 and solving, we have £ = * and £ = * + y. 


For the choice u = * and v-x\y, P = z u + z v > Q = z v s z uv’ ¥z vv‘ * z vu* 


3 Bz 


1 ,Bz 


stituting in the given equation, we have z uy - \ 2 ) ^ + x ^Bv ^ 

Let - z = w; then — + - = 0 and uw = u(|^ - z) = 'P(v). 

- ^ 11 ov 


Bt> 


Bu u 


v 

Integrating — - z = - we have e _v z = ^ ^(v) + <£(“) or z = ^ < M V > + e ^ (u)> 

Bi> u 
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x+y 


In the original variables, z = - - faix+y) + e x * y <t>(x) = - f(x + y) + e y g(x). 


where f(x + y ) = e X+y (p^x + y) and g(x) = e* <£(*). 


10. Solve xys - x 2 r — px - qy + z = - 2x 2 y . 


Prom xyg x g y - x 2 (£ x ) 2 = = 0, we obtain f = y and £ = xy. 

Using u = xy, v = y, p = yz u , q = + z„, r = y 2 z uu , s = z u + xyz uu + yz utJ , the given 

differential equation becomes 

2 i z 1 7 , 1 _ 2u B ,Bz 1 1 dz 1 2u 

uv- v u - a V uv z - - ~2 ~ v Z) " " v Z) = - ~i‘ 

tw or . . -2sf * .*<,>. 


Integrating w = _ i 2 = - + u we have - = !L + u ^(v) + <£ 2 (“) 

v z v V 2 


Bv v 

2 2 

U 


or 


2 = —- + uv ^(v) + v <£*(u) = —- + u X. t (v) + u </> 2 (u). 

In the original variables, z = xy k ± (y) + y 4>*(xy) + x 2 y = x4> t (y) + y<t>*(xy) + x 2 y. 


11. Solve x 2 r - 2xys + y 2 f - xp + 3yq = 8y/x. 

Here x (f*) - 2xy€ x £ y + y 2 (£y) 2 = (x€ x - yg y ) 2 = 0, and since the factors are not dis¬ 
tinct we obtain only g = xy. 

We^set u=xy and take v=y; then p=y V q-xz u + z v . r-y'z^. « «^+*y W y W 

t = x z uu + '* xz uv + z vv and the given differential equation becomes 

y 2z vv + 3 y*v = 8yA or v 2 z w + 3^ = 8u 2 /u, 
an equation of the Cauchy type. However, it is seen that v is an integrating factor; hence 
v * z vv + 3v % = 8t,5 / u and «> 3 z„ = 2V*/u + 

Then Zy = ^ + -l<£(u) and 2 = ^-^r<A(u) + <£i(u) 

v “ 2t> z 

v 2 1 , , 

— + + <£i(«) 

v 2 


0 t Uy) + -1 '{'(xy) + 2; 


or z = ^(xy) + x 2 <p 2 (xy) + 2 , where <p(xy) = x 2 y 2 <£ a (*y). 
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MONGE 9 S METHOD. 

12* Solve qs - pt = q 5 . 

The Monge equations are qdxdy + p(dx) - 0 and pdxdq + q dxdy - 0. 

Prom the first equation, qdy + pdx = 0; then dz - p dx ^ qdy - 0 and z - a. 

Substituting qdy = -pdx in the second equation yields dq - q dx = 0; thus 1 /q + x = b 

and 1/q + x = f(z) or bc-f(z)]q = -1 is an intermediate integral. 

The required solution is obtained by solving this first order equation; thus 

xz - J f(z)dz = -y + 4>*(x) or y + xz = <£ ± (z) + where </> t (z) = f(z). 


2 2 2 
13* Solve q r - 2 pqs + p t = pq . 

The Monge equations are (q dy + pdx) 2 = 0 and q dydp + p dxdq - pq dxdy = 0. 

From the first equation, qdy + pdx = 0; then dz=pdx + qdy = 0 and z = a. 

Substituting qdy = - pdx in the second yields -q dp + p dq + pq dx = 0 or - ^ + ^ + c& = 0 
and e*g/p = 6. Thus e x q -p/(z) = 0 is an intermediate integral. The Lagrange system 

for this equation is = —- * dz = 0. 

/<*> - e* 

Prom the second equation, z = c. Then the first becomes -- = with solution 

/(c) - e * 


e x /f(c) + y - cL As required solution, we find 


y = - e*//(z) + <M 2 > = e x (j> ± (z) + <f> a (z), where <f> x (z) = - l//(z). 


14* Solve x(r 4 - 2zs + x 2 t) = p + 2* 5 . 

The Monge equations are (dy) 2 - 2xdxdy + x 2 (dx) 2 = (dy-xdx) = 0 
and x dydp + x^ dxdq - (p + 2 x^)dx dy = 0. 

We seek a solution of the system dy - xdx = 0, x dydp + x 5 dxdq - (p + 2x 5 )dx dy = 0. 
From the first equation, x 2 -2y = a. Substituting dy = x dx in the second, we get 

xdp + x 2 dq - (p + 2x*)dx = 0. 

3 2 

Using the integrating factor 1/x 2 , we obtain the intermediate integral p+xq -x +xf(x —2 y). 

The Lagrange system is — = ~ = -—— • The first two members yield x —2y - c 

1 * x* + xf(x 2 -2y) 

and then the first and third become ^ = -- • Solving, 

1 x* + xf(c) 

z = jfX* + £* 2 /(c) + 4>(c) or z = 4*“ + %x 2 f(x 2 -2y) + <p(x 2 -2y). 

V)m Solve g(l + q)r - (1+ 2q)(l + p)s + (l + p) 2 t = 0. 

The Monge equations are 

9(1 + 9)(dy) 2 + (1 + 2q) (1 + p)dx dy + (1 + p ) 2 (dx) 2 - Lq dy + ( 1 + p)dx] [(1 + q)dy + (1 + p)dx] = 0 

2 

q(l+q)dydp + (1 + p) dx dq - 0• 


and 
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Consider first the system 

q dy + (1 + p)dx = 0 
q(l+ q)dy dp + (1 + p) 2 dx dq = 0 . 

Prom the first equation, pdx + qdy - -dx; then dz = - dx and x + 2 = a. The substitution of 
q dy = -(1 +p)dx in the second yields 

-(1 + q)dp + (1 + p)dq = 0 

from which we obtain -— E = 6 . Thus, = f(x + z) is an intermediate integral. 

1 + q 1 + q 


Consider next the system 

(1 +q)dy + (1 + p)dx = 0 
q(l + q)dydp + (l + pfdxdq = 0. 

Prom the first, pdx + qdy = -(dx + dy) so that dz = -(dx + dy) and x + y + z^a. The substi¬ 
tution of (1 + q)dy = ~(l+p)dx in the second gives -qdp + (1 + p)dq = 0 which is satisfied 

by —E = 6 . Thus, —E = g(x + y + z) is an intermediate integral. 


Solving the two intermediate integrals for p = 


q - ' 


in the relation pdx + qdy = dz, we have 
(fg+f-g)dx + fdy = ( g-f)dz , 


* dz 


dx = dx+ dy + dz + dx + < 

g(x + y+z) f(x + z) 


£-/ ’ g“/ 

/gctc = -f(dx + dy+ dz) + g(dx+dz) 9 
and x = <f>±(x + y + z) + <£ 2 (x + 2 ). 


and substituting 


Solve (*-z)[*q 2 r-q(* + 2 + 2p*)s + (2 + px + pz + p 2 3c)t] = (1 + p)q 2 (* + 2 ). 

Monge’s equations are 

*9 2 (dy) 2 + q(* + 2 + 2px)dx dy + (1 + p) (2 + px) (dx) 2 = [q dy + (1 + p)c&] [*q dy + (z + p*)dx] = 0 
and (i-z) [*q 2 c(y dp + (l+pHz+paOo&dq]- (1 + p)q 2 (* + z)d* dy = 0 . 

Consider first the system 

qdy + (1 + p)dx = 0 

(x-z)xq 2 dydp + (1 + p) (z + px) (x - z)dx dq - (1 + p)q 2 (x + z)dx dy = 0 . 

Prom the first equation, pdx + qdy = -dx-, then dz = -dx and * + z = a. Substituting qdy = 
-(l+p)c£x, z~a-x in the second, we have " 

-(2 x-a)xqdp + (2 x - a) (a- x + px)dq + (l+p)gac£x = 0 . 

To solve this equation, consider x as a constant so that dx = 0. Then i) becomes 

-(2 x-a)xq dp + (2 x - a) (a - x + px)dq =0 or x(q dp-pdq) - (a-x)dq - 0 

and —To determine ^(x), we take the differential of this relation, 

q(x dp + pdx-dx) - (xp + a-x)dq = q 2 dp 
and obtain xq dp - xpdq = q 2 dp - pqdx + qdx + adq - xdq. 


Prom i), xq dp — xpdq = (g*^a) (a ~x)dq + (l+p)qadx 

2 x - a 


(a-x)dq 


■ (1 + p)qadx 4 


2 x - a 
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then 


q 2 dp — pqdx+qdx + adq-xdq = (a - x)dq + ^ 

2x- a 


# = dx - 




dx 


and 


Thus, 


q(2x-a) 2x- a 2x- a 

*£-— Zl = * p + * = /(* + *) is an intermediate integral 

q(2x-a) q(x-z) 


- b = f(x +2). 


Consider next the system 

xqdy + (2 + px)dx = 0 

9 2 

(x-Z)xq 2 dy dp + (1 +p)(z + px)(x - z)dx dq - (1 +p)q (x + z)dxdy = 0. 

Prom the first equation, pdx + qdy =-zdx/x\ then.cfe = — zdx/x and xz-a • Substituting 
xqdy = -(2+px)dx, -z = a/* in the second, we have 

ii) -xq(x 2 -a)dp + x(l + p) (x 2 - a)dq + (1 + P)q(x 2 + a)dx = 0. 

Considering x as a constant, this becomes q dp - (l + p)cfcj = 0 and we have ~ 'P(x)* From 

2 

this relation we find qdp - (1 + p)dq = q dp , while from ii) qd!p-(l+p)cfq = ——-<&• 

*(* -a) 

Then dip = cfe = - - a - dx - (- — + — — )<ft, In ip - - In * + ln(x 2 - a) + In fa, 

r 0 9 2 x 2 

q x(x -a) x(x -a) « -a 

2 

and 0 Z fl ^ = 1 Iff. Thus, = g(xz) is an intermediate integral. 

x 9 q(x-z) 

f ~~ xg 

Solving the two intermediate integrals, we find p = -- and q = 

xg-f 

dz = p dx + qdy = ^~ dx + —-— cfy or f(x+z) (dx + dz) + dy = 

xg-f xg-f 

Thus, y + <^> 1 (x + 2) = <Ps(xz) is the required solution. 


-; then 

xg-f 

zg(xz)dx + xg (xz)dz • 


17* Solve 3 r + s + t + (rt - s 2 ) = -9. 

Here, = 3, S=T=l/ = l, K=-9; then 

(y 2 *. 2 + SUk+TR + l/K = X. 2 + x - 6 = 0 and = 2. X 2 = -3. 

We seek solutions of the systems (see equations 19)) 
kJJ dy + Tdx + Udp = 2 cfy + dx + dp = 0, Rdy + dx + Udq - 3dy - Zdx + dq = 0 

and V/dy + 7\ix + Udp = -Zdy + dx + dp = 0, fldy + M/c& + Udq = 3cfy + 2cix + dq = 0. 

Prom the first system, we have 2y + x + p-a, 3y-3x + q = fa; thus, p + 2y + x =/(q + 3y-3x) is- 
an intermediate integral. Prom the second system, we have -3y + x + p = c, 3y + 2x+q = d; 
thus, p -3y + x = g(q + 3y + 2x) is an intermediate integral. Since q appears in the argument 
of both / and g, it will not be possible to solve for p and q as before, and it will not be 
possible to find a solution involving two arbitrary functions. We give two solutions involv¬ 
ing arbitrary constants. 

Replacing the arbitrary function / of the first intermediate integral by a(q + 3y-3x) +/3, 
we obtain 

p + 2y + x = a(q + 3y -3x) + ft or p - aq = (3a- 2)y - (3a + l)x + /3 
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for which the Lagrange system is — = — = -- 

1 -a (3a-2)y-(3a + l)x+/S 


dz 


• Prom — = we find 
1 -a 


y + ax = £ ; then — = 




dz 


and 


1 (3a-2)y- (3a + l)x +/3 -(3a. 2 +a+l)x + 3a£ - 2<f + fi 

z = - £(3a 2 +a + l)x 2 + (3a£-^+/3)x + T) = - £(3a 2 +a + l)x 2 + (3ay + 3a 2 x -2y- 2ax + /3)x + 77. 

Thus, 2 = i(3a 2 -5a-l)x 2 + (3a-2)xy + fix + <£i(y + ax) is a solution involving one arbi¬ 
trary function and two arbitrary constants. 

Replacing the arbitrary function g(g + 3y + 2x) of the second intermediate integral by the 
linear function y(q + 3y + 2x) + 8, we obtain 

p - 3y + x = y(q + 3y + 2x) + 8 or p - yq = 3(7 + l)y + (2y -l)x + 8 


for which the Lagrange system is — - 


dz 


-- . Prom ~ » we get 

1 -7 3(y + l)y + (2y-l)x+S 1 -7 


dx 


dz 


dz 


y + yx = g ; then __ 

1 3(y + l)y + (2y- 1 )* + 8 -(3y 2 + y +1)* + 3y£ + 3£ + 8 

2 = - i(3y 2 +y + l)x 2 + (3y£+3£ + S)x + 77 . 

Thus, z = i(3y 2 +5y-1 )* 2 + 3(y + l)*y + 8 * + <£ 2 (y+yx) is also a solution. 


and 


18. Solve xqr + ( p + q)s + ypt + (xy-1) (rt - s*) + pq = 0. 

Here, R=xq, S = p + g, T = yp, tf = xy-l, V- - pq\ then 
U A. + *SI/A + TR + UV = (xy -1) 2 X. 2 + (p + g) (xy - 1)A + pg = 0 and 

[ - p dy + yp + (*y - i)dp = o 

. 

xqdy - qdx + (xy - l)cfg = 0 
grable since neither equation is integrable. 


\ = -~r» ^2 

xy -1 


xy -1 


The system is not inte- 


Consider next the system -qdy + ypdx + (xy-l)dp = 0, xqdy - pdx + (xy-l)dq = 0. 

We multiply the second equation by y, add the first, and divide by xy-l to obtain 
q dy + dp + ydq = 0 and thus p + yg = a. Again, we multiply the first equation by x, add 
the second, and divide by xy-l to obtain p dx + x dp + dq =0 and thus xp + q = 6. How¬ 
ever, the form of the resulting intermediate integral xp + g = /(yg+p) or yg + p=g(xp + g) 
does not permit a solution involving two arbitrary functions. 

To obtain a solution, involving one arbitrary function and two arbitrary constants, we 
replace /(yg + p) by the linear function a(yq+p)+fi in the first form of the intermedi¬ 
ate integral above and have 

(x-a)p + (l-ay)g = fi. 

The corresponding Lagrange system is = —L_ = . prom the first two members we 

x-a 1-ay fi 

obtain aln(x-a) + ln(l-ay) = In g or (x-a) a (l-ay) = £, and from the first and third 
members we get z = fi ln(x-a) + 77. Thus, the solution is 

z = fi ln(x- a) + 4>[(x-<x) a (l-ay)] # 
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SUPPLEMENTARY PROBLEMS 


Solve. 


19. 

r - xy 

1 3 

4 ns. z = x 0 j.(y) + <p 2 (y) + g* y 

20 . 

2 2 
s - % + y 

z = <M*) + <My> + |<* 3 y+*y 3 ) 

21 . 

t = - x 2 sin(xy) 

Z = y <£i(*) + <£ 2 (*) + sin(zy) 

22 . 

xr - p = 0 

z = * 2 ^(y) + 4>t(y) 

23. 

xr + p = l/x 

z = <£i(y) in* + <£ 2 (y) + l/* 

24. 

yt - q = 2 x 2 y 

z = y 2 4> i(*) + &>(*) + *V iny 

25. 

ys — p = xy 2 sin(xy) 

z = y <M*) + ^> 2 (y) - sin(zy) 

26. 

t + <j = xe 

z = e~ y 4>t(x) + <£ 2 (z) - xye y 

27. 

r + s = 3y 2 

z = <M*-y) + ^(y) + *y 3 

28. 

2 5 V 

xyr + x s - yp = x e 

z = <f> i(* 2 -y 2 > + <^ 2 (y) + i* 2 ^ 

29. 

2 yt - xs + 2 q = x 2 y 

Z = <Pi(x 2 y) + tf> 2 (x) + i* 2 y 2 

30. 

« 2 * 2 
xr + ys + p = 8 xy + 9x 

z = <M*/y) + <^ 2 (y) + * 2 y 2 + * 3 

LAPLACE’S TRANSFORMATION. 


31. 

6 r - s - t = 18y - 4x 

4ns. z = 4> t (x- 3y) + <£ 2 (*+ 2 y) + y( 2* 2 + y 2 ; 

32. 

*(*y-l)r - (x 2 y 2 -l)s + y(xy-l)t + (*-l)P 

+ (y-!)9 = 0 4ns. z = 4>i(xe y ) + 4‘i(ye X ] 

33. 

x(y-x)r - (y 2 -* 2 )s + y(y-*)t + (;y + *)(p- ( 

q) = 2 (* + y + l) 


Hint: Let x + y = u, xy=v. 

4ns. z = 0i(* + y) + 0 2 (*y) + * - y + ln * 

34; 

2 2 ^ ^ 

(y-l)r - (y -1 )s + y(y - l)t + p - q = 2 ye ( 1 -y) 

4ns. z = (M* + y) + 4> 2 (ye x ) + (* + y)y 2 * x 

35. 

xyr-(x 2 -y 2 )s-xyt + py-qx = 2 (x 2 -y 2 ) 

4ns. z = 0 1 (x 2 + y 2 ) + 4>z(y/x) - xy 

36. 

r-2s + t + p- g = e*(2y — 3) - 
Hint: Let x + y = u, y-v. 

Ans. z = 0 t (* + y) + e y <p s (x + y) + xe'*' + ye 

37. 

y 2 (r - 2s + t) - y(p-q) - z = y 2 

4ns. z = y <£ t (x + y) + - <£ 2 (x+ y) + -y 

MONGE’S METHOD. 


38. 

(e X - 1 ) (qr-ps) = pge* 1 . 1 .: p 

G.S.: * = ^>i(z) + <£ 2 (y) + e X 
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39. r - 3s - lOt = - 3 

1.1.: 

p + 2q * <// t (y + 5*), p - 5q = </» 2 (y - 2z) 


G.S.: 

z = <£i(y+5*) + <t>n(y-2x) + xy 

40. q 2 r-2pqs+p 2 t = 0 

1.1.: 

/> = 9</<(z). G.S.: *0 t (2) + y = <£ 2 ( 2 ) 

41. qr - (1 + p + q)s + (1 + p)t = 0 

1.1.: 

p-q = \p t (x+z), p + 1 = (J </> 2 (* + y) 


G.S.: 

2 =/(* + *) + g(* + y) 

42. (l-q) 2 r - 2(2-p-2q +pq)s + (2-p) 2 t 

= 0 

1.1.: -—- = «/»(y + 2x - 2 ) 

2 -P 

g.s.: * + y<£i(y + 2*- 2 ) = <£ 2 (y + 2*- 2 ) 


43. 5r - 10s + 4t - (rt-s 2 ) = - 1 

!• I*: 3y + 4x-p = /(5y + 7x- q), 7y + 4x-p = g(5y + 3 x-q) 

Sol.: z = 2x 2 + 3xy + |y 2 - 2ax 2 -/3x + 4> ± (y + ax) or 2 = 2* 2 + lxy+ |y 2 + 2yx 2 - Bx + <£ 2 (y + yx) 

44. 2r- 6s + 2t + (rt - s 2 ) =4 

1.1.: 2y + 2x + p = / (2y + 4x + q), 4y + 2x + p = g(2y + 2x + q) 

Sol.: 2 = cue 2 + fix - (jc + y) 2 + <£ ± (y + ax) or 2 = -yx 2 + 8 x-x 2 - 4xy-y 2 + <£ 2 (y+yx) 


45. 3r- 6 s + 4t - (rt-s 2 ) = 3 

1.1.: 3y+4x-p = /(3y + 3x~q). Sol.: 2 = 2x 2 + 3xy + |y 2 + fix + <£(y+ ax). 


2 

46. yr-ps + t + y(rt- s ) = - 1 

1 .1.: yp+x = f(q +y). 

A 

47. xqr - (* +y)s + ypt + xy(rt - s 2 ) = 1-pq 

1 .1.: xp + y = /(yq + x). 


Sol.: 6 a 2 2 = 2y 5 -3a 2 y 2 + 6 axy + 6/3y + <^>(ax +iy 2 ). 


Sol.: 2 = ax + y/a + /3 lnx + 0(* a y). 
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Damping factor, 134 
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Infinite series, 197 
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Lagrange system, 239 
Laplace's transformation, 278 
Legendre equation, 220 
Legendre linear equation, 108 
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Linear ordinary differential equation, 
of order one, 13, 35 
of order n, 78 

with known particular integral, 123 
Linear partial differential equation, 

238, 276 

Loci, extraneous, 68 

Monge's method, 280 

Newton's law of cooling, 51 
Newton's second law of motion, 49 
Non-homogeneous linear partial differential 
equation, 
reducible, 265 
irreducible, 268 

Non-linear partial differential equation, 
244, 280 

Operators, factorization of, 112 
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of differential equation, 1 
reduction of, 122 
Origin, 

of ordinary differential equation, 1 
of partial differential equation, 231 
Orthogonal trajectories, 43 

Parameters, variation of, 93 
Partial differential equations, 1, 231 
Partial fractions, method of, 88 
Particular integral, 79, 257, 266 


Particular solution, 7 
p-discriminant, 69 
Picard's method, 186 
Primitive, 1 

Recursion formula, 198 
Reduction of order, 122 
Regular singular point, 206 
Runge's method, 188 

Separation of variable, 15 
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Variation of parameters, 93 



SCHAUM'S OUTLINE SERIES 

including 

THEORY AND SOLVED PROBLEMS 


COLLEGE PHYSICS 

Including 625 SOLVED PROBLEMS 
Edited by CAREL W. van der MERWE. Ph D„ 

IWmiot of Physics, New YarL University 

COLLEGE CHEMISTRY 

including 325 SOLVED PROBLEMS 
Edited by CHARLES O. BECKMANN, Ph.D,, 

Frofeuor of Chemistry, Columbia University 

and 1EROME L, ROSENBERG. Ph.D,, 

Professor of Cffemryfry, University of PiHjrburffi 

First Yr. COLLEGE MATHEMATICS 

including 1850 SOLVED PROBLEMS 

By FRANK AYRES, Jr., Ph.D., 

Prafesjor B f Atatbemcdrci, CfcVirMOri College 

COLLEGE ALGEBRA 

including 1940 SOLVED PROBLEMS 
By MURRAY R. SPIEGEL, Ph,D„ 

Professor of Math., Rensselaer Polytech. fniL 

TRIGONOMETRY 

Including 6S0 SOLVED PROBLEMS 
By FRANK AYRES, Jr., Ph.D., 

Prefeuor of Mathematics, Dickinson Caffe go 

MATHEMATICS OF FINANCE 

including 500 SOLVED PROBLEMS 

By FRANK AYRES,Jr,, Ph.D., 

Professor of Adatbematfes, Dickinson College 

STATISTICS 

Including B75 SOLVED PROBLEMS 

By MURRAY R. SPIEGEL, Ph.D,, 

Professor of Math., Rensselaer Polytech, frtxf, 

ANALYTIC GEOMETRY 

including 345 SOLVED PROBLEMS 
By JOSEPH H. KINDLE, Ph.D., 

Profeijor of Moffremahcs, University of Cincinnati 

CALCULUS 

including 1175 SOLVED PROBLEMS 
By FRANK AYRES. Jr„ Ph.D., 

Professor of AflofbemaJfcs, Drctjnyoiu Callage 

DIFFERENTIAL EQUATIONS 

including 560 SOLVED PROBLEMS 
By FRANK AYRES. Jr., Ph.D., 

Professor of Mathematics, Dickinson Cat lege 

ABSTRACT ALGEBRA 

including 785 SOLVED PROBLEMS 
By J. FANG, Ph.D,, 

Illinois University 

Topics 

VED PROBLEMS 

0 ., 

Inst. Of Hraaftlyn 

VED PROBLEMS 

Diction College 


VECTOR ANALYSIS 

including 480 SOLVED PROBLEMS 
By MURRAY R. SPiEGEL, Ph.D., 

Profoutor of Math., Rensselaer Polylech, fjuf. 

ADVANCED CALCULUS 

including 925 SOLVED PROBLEMS 
By MURRAY R. SPIEGEL, Ph.D., 

Professor of Math., tiamreJaer Poly tech, Inst , 

COMPLEX VARIABLES 

including 640 SOLVED PROBLEMS 
By MURRAY R, SPIEGEL, Ph.D., 

Professor of Math., Rensselaer Polyteth. Inst. 

DESCRIPTIVE GEOMETRY 

Including 175 50LVED PROBLEMS 
By MINOR C. HAWK, Head of 

£rtglfioerrng Graphics Dept., Carnegie Inst, of Tech,. 

ENGINEERING MECHANICS 

including 460 SOLVED PROBLEMS 
By W. G. MeLEAN, B.S. in E.E., M.S., 

Professor of At*chon/cj, Lafayette College 

and E. W, NELSON, B.S. in M.E., M< Adm. E, 
Engineering Supervisor, Western Electric Co. 

STRENGTH OF MATERIALS 

including 430 SOLVED PROBLEMS 

By WILLIAM A, NASH, Ph.D.. 

Professor of Eng, Mechanics, University of plot Ida 

MECHANICAL VIBRATIONS 

including 225 SOLVED PROBLEMS 
By WILLIAM W. SETQ, B.S. In M.£„ M.S., 

M echo nicer ! Eng. Dtpt-, San Jose Slate College 

FLUID MECHANICS and HYDRAULICS 

including 475 SOLVED PROBLEMS 
By RANALD V. GILES, B.S,, M.S. in C.E., 

Prof, of Civil Engineering, Drenel Inst, of Tech, 

MACHINE DESIGN 

including 320 SOLVED PROBLEMS 

By HALL, HOLOWENKO, LAUGHUN 

Professors of Mechanical Eng„, Purdue University 

BASIC ENGINEERING EQUATIONS 

including 1400 SASIC EQUATIONS 
By W.f. HUGHES, E. W. GAYLORD. Ph.D. 

Assoc, Prof, of Mech. Eng ., Carnegie Inst, of Tech* 

ELEMENTARY ALGEBRA 

including 2700 SOLVED PROBLEMS 
By BARNETT RICH, Ph.D., Brooklyn Tech. H.S. 

PLANE GEOMETRY 

Including 350 SOLVED PROBLEMS 

By BARNETT RICH. Ph,D., 
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TEST ITEMS IN EDUCATION 

including 3100 TEST ITEMS 
ByG, J.MOULY,Ph.D., L. E. WALTON, Ph.D., 

Professors of Education, University of Miami 





























